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Abstract

The most important results and ideas in basic mathematical finance.
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1 Measure.

1.1 Null Sets.

Definition 1.1. (Nu// Set). A null set is a set that can be covered by a sequence of intervals
of arbitrarily small total length. Given any € > 0, there exists a sequence of intervals
(In)n>1 such that:

e n
n=1

and

i I(I,) <e
n=1

Problem 1.1. Show that we get an equivalent notion if in the above definition we replace
the word intervals by any of these: open-intervals, closed-intervals, intervals of the form
(a, b] or intervals of the form [a, b).

Proof: Let A be a null set. Then, we can cover it by a sequence of intervals, such that total
length of the cover can be made as small as we please. Mathematically,

o0 o0
Ve > 0,3(In)nz1, A C | In, such that Y I(I,) <

n=1 n=1

DN ™

Let I,, = [an, by] and define:

€ €
Jn = (an_ 2n+27b’ﬂ+ 2’!L+2)



Since, I,, C J,, it follows that:

Moreover,

() = L) + 575
> () :Zl([n)+2—2 (1+;+ 212 + )
n=1 n=1
cfof . 1
22 1-1/2
=€

Consequently, A can be covered by a sequence of open intervals, whose total length can
be made arbitrarily small. This closes the proof. O

Theotem 1.1. If (N, )n>1 #5 a sequence of null sets, then their countable union

is also null.

Proof. Since Ny is null, there exists a sequence of intervals (I}}) such that Ny C (Jpo; I}
and 2211 Z(I,i) <

Since Ny is null, there exists a sequence of intervals (IZ) such that Ny C |Jp—, I and
2k W) < 55

Since N is null, there exists a sequence of intervals (I i) such that N; C (Jpo, I ,i and
et UI}) < 555

Clearly, we have:

(@:
=
N

KCS
ng

o}

<
Il
—

<
Il
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ZZZ(I,@)<2%+2%+...

j=1k=1
S [1+1+1+...
22 2 22
G
=3 <e
Consequently, N is a null set. O

A singleton set {x} is a null set-let Iy = [z — §, 2 + §],I,, = [z, ] for n > 2. Thus,
any countable set is a null set, and null sets appear to be closely related to countable sets -
this is no surprise, as any proper interval is uncountable, so any countable subset is quite
sparse when compared with an interval, hence makes no real contribution to its /ength.

However, uncountable sets can be null, provided their points are sufficiently sparsely dis-
tributed, as the following example due to Cantor shows:

1. Start with the interval Cy = [0, 1], remove the open middle one-third, that is the interval
(%, %), ontaining Cy which consists of two intervals [0, %] and [%, 1].

2. Next, remove the middle third of each of these two intervals leaving C'y, consisting of
four intervals [0, %], [%, g], [g, g] and [g, 1].

3. At the nth stage, we have a set C), consisting of 2" disjoint closed intetvals, each of
length =L Thus, the total length of C', is (2)".

We call
oo
C={)Cn
n=1

the Cantor set. Now, we show that C' is null as promised.

Given any € > 0, choose n such that (%)n < €. Since, C C C, and C, is a union of
disjoint intervals of total length less than €, we see that C' is a null set. All that remains to
be checked is that C'is an uncountable set.

Problem 1.2. Prove that C is uncountable.

Proof. 1et x € C be an arbitrary point.

Starting with Iy = [0, 1], for all n € N, define the sequence of intervals (I},), whetre
I, = [an,by], (Ly) and (R,,) as:



1
LnJrl = |:an»an + 3n+1:|

1
RnJrl = |:bn - 3n+17bn:|

I - Ln+1 ifr e L7l+1
1= .
n R,11 otherwise

Cleatly, the left-end point of I, 41, is @y, if £ € Ly41, otherwise it is b, — 3,1% =

an + 3% — 3,1% =an + 3,1% To summarize:

0 .
_Jan =+ Tl ifx € L7L+1
bt = 2. ifzeR
an + zarr i@ € Ry

We have that, since C C [0,1], it implies © € Iy. By construction, if € I, then
S In+1.

Hence,

where z, € {0, 2} and (by induction)

rel,, VnéeN

Pick an arbitrary € > 0. We can choose N such that I(Iy) = 3%\7 < e. Consequently, for
aln > N, |a, — x| <I(I,) < €. Hence, (a,,) — .

Thus, x can be written in the ternary system as an infinite-length (non-terminating) string
of 0s and 2s. Thatis = (0.212223 . ..),.

By Cantor’s diagonal argument, the collection of all infinite-length (non-terminating) bi-
nary strings consisting of 0s and 2s is uncountable. So, C' is uncountable. O

1.2 Outer Measure.

Definition 1.2. (Outer measure) The outer measure of any set A C R is given by:

/j,* (A) = ianA



where

Zs= {Zl([n) : I, are intervals ;| A C U In}
n=1

n=1

We say that the (I,,),,>1 covers the set A. So, the outer measure is the infimum of lengths
of all possible covers of A (Note again, that some of the I,, may be empty; this avoids hav-
ing to worry whether the sequence (I,) has finitely or infinitely many different members.)

Cleatly, *(A) > 0 for any A C R. For some sets A, the series Y-, [(I,,) may diverge
for any covering of A, so 1*(A) may be equal to co. Since we wish to be able to add the
outer measures of various sets we have to adopt a convention to deal with infinity. An
obvious choice is @ + 00 = 00, 00 + 00 = 00 and a less obvious but quite practical
assumption is 0 X 0o = 0, as we have already seen.

The set Z 4 is bounded from below by 0 so that the infimum always exists. If r € Z4,
then [r, +00] C Z 4 (cleatly we may expand the first interval of any cover to increase the
total length by any number). This shows that Z 4 is either +00 or the interval (z,00) or
[, 00] for some real number 2. So, the infimum of Z 4 is just z.

First, we show that the concept of a null set is consistent with that of Outer measure.

Theorem 1.2. A set A C R is a null set if and only if ;1 (A) = 0.

Proof. (== direction).

Suppose that A is a null set. We wish to show that inf Z4 = 0. To this end, our claim is,
that given any € > 0, there exists 2 € Z4 such that 0 < z < e.

By definition of a null set, we can find a sequence of intervals (I),)n>1 covering A such
that >~ I(I,) < €/2andso > -, I(I,) is an element of Z 4.
(&<=direction).

Suppose that A is a set such that £*(A) = 0. Thatis, inf Z4 = 0. Pick an atbitrary € > 0.
By the definition of inf, there exists 2 € Z 4, such that z < €. But, a member of Z4 is the
total length of some covering of A. That is, there exists a covering (I;,) of A, with total
length smaller than €. Since, € > 0 was arbitrary to begin with, this is true for all € > 0.
Hence, A is a null set. O

This combines our general outer measure with the special case of zero measure. Note that,
5*(0) = 0 and * ({x}) = 0 and 1*(Q) = 0.

Next, we observe that @ is monotone: the bigger the set, the greater is its outer measure.

Proposition 1.1. If A C B, then p*(A) < p*(B).



Progf. Let (I,,) be an atbitrary covering for B. Then, B C (J;2; I,,. Since A C B, it
follows that A C Uzozl I,,. Thus, (I;)n>1 covers A. So, every cover for B covers A.
Consequently, Zp C Z4.

Now, B \ A is non-empty, so let x € B\ A.
Now, let (J,,) be a covering for A, where J,, = (an, by,). Define:

gl =

n

{(an,m) U(z,by) ifxed,

Jn otherwise

(J},)n>1 covers A, but not B. Let z = Y - I(J},). Thus, there exists z € Z4, such
that 2 ¢ ZB.So, Zp C Z,.

By the properties of inf, it follows that inf Z4 < inf Zp. Thus, u*(A) < p*(B). O
Theorem 1.3. The outer measure of an interval equals its length.

If I is an interval, we have:

Proof. 1f I is unbounded then, it is clear that it cannot be covered by a system of intervals
of with finite total length. This shows that ;1*(I) = 0o and so p*(I) = I(I) = oc.

So we restrict ourselves to bounded intervals.
Step 1. p*(I) < I(I).

Take the following sequence of intervals. I; = I, I, = [0,0] for all n > 2. Then,
Sooe  UTy) = UT). So, U(I) € Zy. But, p*(I) = inf Z; < I(I).

Step 1L I(T) < p*(I).
(i) I = [a,b]. We shall show that for any € > 0 :

l(la, 0] < p*([a, 0]) + € )

Pick an arbitrary € > 0. By the definition of outer measure, there exists a sequence of
intervals (I,) such that :

infZp = p* (1) < Y U(I) < w(I) + % (1.2)
n=1

We shall slightly increase each of the intervals to an open one. Let the endpoints of I, be
an, by, and we take:



€ €
Ip = (an - W,bn‘F W)

It is clear that

so that:

We insert this in 1.2, and we have:

hE

1) < ' ([a, ) + ¢ (13)

3
Il
-

The new sequence of intervals cover [a, b], so by the Heine Borel theorem, we can choose a
finite number of .J;, to cover [a, b] (the set [a, b] is compact in R). We can add some intet-
vals to this finite family to form an initial segment of the sequence - just for the simplicity
of notation. So, for some finite index m we have:

m

[a,0] € | Jn

n=1
Let J,, = [en,dp]. Put ¢ = min{ey,...,cm} and d = max{ds,...,dy}. Then, the
above covering means that ¢ < a and b < d and hence I([a,b]) < d — ¢.

Next, the number d — ¢ is certainly smaller than the total length of J,,,n =1,2,3,...,m
(some overlapping takes place) and

a,b) <d—c <Y I(Jn) 1.4)

j=1

Now, it is sufficient to put (1.3) and (1.4) together to deduce (1.1). (The finite sum is less
than equal to the sum of the series, since all terms are non-negative) Letting € — 0, we

have the desired result. [([a, b]) < p([a, b)).



(ii) What if I = (a, b)?

Fix an arbitrary € > 0 as before. As before it is sufficient to show (1.1). We have:

1((a,b):z([a+§,b—§]) te

(o )
{ From part I }
< p*((a,b))+€

{ By monotonicity of outer measure (1.1)}
(i) I = (a,b] or I = [a,b).
I(I)=1((a,b)) < u*((a,b)) { From part II }
< w*(I) { Monotonicity of Lebesgue Measure }

This closes the proof.
Theorem 1.4. (Countable Subadditivity). The outer measure is countably subadditive.

For all sequences of sets (Ey,), we bave:

U*(U En) < ZU*(En)
n=1 n=1

(Note that both sides might be infinite bere.)

Proof: (A warm-up)

Let’s first prove a simpler statement:

p(ErU Ep) < p*(Er) + p*(E2)

Take an € > 0 and we show an even easier inequality:

po(Ey U Ey) < p*(Er) + p"(Ep) + €
By the definition of outer measure,

10



There exists a sequence of intervals (1) covering F; such that:

Ey) <Y I} < p(Br) +
n=1

There exists a sequence of intervals (I2) covering Fo such that:

w*(Eq) < Zl(]ﬁ) < w (E9) + =

Now, the sequence of intervals I, I, I3, I3, ... covers 1 U Es. Hence,

Since € was arbitrary, this is true for all € > 0.

Choosing € = %, passing to the limit as 7 — 0o, we have:
p (B U Ey) < p*(Eq) + p*(E2)
(Proof of the theorem.)

If the right-hand side is infinite, then inequality is of course true. So, suppose that > o, u*(E,) <
0. For each given € > 0 and k > 1, find a covering sequence (I¥) of Ej, with :

= €
Z UIn) < i (Bx) + o

The iterated series

Z <Zl([,’§)> < Zu*(Ek) +e< o0

k=1 k=1

11



Now, I{, I3, 1?13, 12,1}, . . . is a countable sequence (since N x N is countable) that
covers (Jp—; Ex. So,

w (G Ek) < i (il@’i)) < iu*(Ek) +e
k=1 k=1 \n=1 k=1

To complete the proof, we simply let € — 0. O

Problem 1.3. Prove that if u*(A) = 0 then for each B, u*(A U B) = p*(B).

Proof. Let B be an arbitrary set. By countable additivity of outer-measure, we have:

1(AU B) < u*(A) + 1" (B)
“(B)

Since B € A U B, by the monotonicity of outet-measure,

p(B) < p*(AUDB)
From the above discussion, it follows that, u*(A U B) = p*(B). Since, B was arbitrary,
this must be true for all sets B. This closes the proof. O

Problem 1.4. Prove that if u*(AAB) = 0, then p*(A) = p*(B).

Progf. We know that, A C B U (AAB). Hence:

w*(4) < 1" (BU (AAB))
{ Monotonicity of Outer Measure }
< 4*(B) + u*(ADB)
{ Countable Subadditivity }
=n(B)

On the other hand, B C AU(AAB). Hence, p1*(B) < p*(A). Consequently, it follows
that

12



Proposition 1.2. The outer measure is translation invariant.

WH(4) = (At 1)
Jor each A and t.

Proof: Tet A C Rand ¢ be a fixed real.

Let (I,) be any sequence of intervals covering A. Then, I}, = [a, +t, b, +1] is a covering
for A+ t. Now, [(I})) = I(I,) forallm € N. So, >_>°  I(1,) = o2, I(I,). Hence,
if z € Zg, it follows that 2 € Z 44+ and vice-versa. Consequently, Z4 = Za4¢. So,

inf Z4 = inf Z444. Therefore, p*(A) = p* (A +t). O

1.3 Lebesgue measurable sets and Lebesgue measure.

With the outer measure, subadditivity as in Theorem (1.4) is as far as we can get. We wish to
however, ensure, that, if the sets (E,, ) are pairwise disjoint (thatis E;NE; = 0,7 # j) then
the inequality in Theorem (1.4) becomes an equality. It turns out that this will not in general
be true for the outer-measure. But our wish is entirely a reasonable one: any length function
should atleast be finitely additive, since decomposing a set into finitely many disjoint pieces,
should not alter it’s length. Moreover, since we constructed our length function via the
approximation of complicated sets by simpler sets (thatis intervals), it seems fair to demand
a continuity property : if pairwise disjoint I, have union F, then the lengths of sets B;, =
E\ Uy, Ex may be expected to decrease to 0 as n — oo. Combining this with finite
additivity leads quite naturally to demand that length be countably additive, that is:

w* (U En> =Y ' (En) when E;NE; =0 fori# j (1.5)
n=1

n=1
We therefore turn to the task of finding the class of sets in R which have this property.

Definition 1.3. A set E is Lebesgue measurable if for every set A C R we have:

pr(A) = p* (AN E) + p* (AN EY) (1.6)

We write £ C F.

We obviously have A = (AN E) U (AN EY), hence by countable subadditivity (1.4), we
have:

P (A) < p* (AN E) + p* (AN EY)

13



for any A and E. So, our future task of verifying countable additivity property (1.5) has
simplified: £ € F if and only the following inequality holds:
W (A) = i (AN E) + (AN EC)

forall A C R.

Now, we give examples of measurable sets.

Theorem 1.5. (2) Any null set is measurable.

(i) Any interval is measurable.

Proof. (i) If N is a null set, then by Theorem (1.2), the null set has outer measure zero, so
w*(N)=0.Forall A C R,since ANN C N and AN NC C A. Thus,

WANN) + i (ANNC) < @' (N) + ' (A)
WHANN) + (AN NC) < e (4)

(ii) Let E = I be an interval. Suppose, for example, I = [a,b]. Take any A C R and
€ > 0. Find a covering of A with:

< SUL) < A) +e

Clearly, the intervals I}, = I, N [a,b] cover AN [a,b] and hence Y I(1},) € Zan(a,p)>
that is,

*(ANa,b]) Z
The intervals I]) = I, N (—o0,a) and I = I,, N (b, +00) cover AN [a, b, so

o0

(AN [a,b]°) Z 11"y + (1"

Since, the intervals I, U I/ U I cover A, it follows that:

14



p(ANJa,b]) + p*(ANia,bl¢

Letting € — 0, we have the desired result. O

The fundamental properties of the class F of all Lebesgue measurable subsets of R can
now be proved. They fall into two categories: first we show that certain set operations on
F produce sets in F(these are what we call closure properties) and second we prove that
for sets in F the outer measure p* has the property of countable additivity announced
above.

Theotem 1.6. (Closure properties of F)

()R e F.

@ IfE € F, then E€ € F.

@) If By, € F, foralin =1,2,3,... then\Jo—, E, € F.

Moreover, if Ey, € F, foralln =1,2,3,...and E; N E; = 0 fori # j, then:

oo

*( U E,) = ZN*(En) (1.7)

Remart. This result is the most important theorem in this chapter and provides the basis
for all that follows. It also allows us to give names to the quantities under discussion.

Conditions (i)-(iii) mean that F is a sigma-algebra. In other words, we say that a family of
sets is a sigma-algebra, if it contains the base set and is closed under countable unions, and
complements. A [0, 00)-valued function defined on a sigma-algebra is called 2 measure if
it satisfies countable additivity (1.7) for pairwise disjoint sets.

An alternative, rather more abstract and general approach to measute theory is to begin
with the above properties as axioms, L.e. to call the the triple (2, F, (1) a measure space, if
 is an abstractly given set, F is a sigma-algebra of the subsets of  and p : F — [0, 0]
is a function satisfying countable additivity. The task of defining the Lebesgue measure on
R then becomes that of verifying, with F and p = p* on F defined above, that the triple
(Q, F, ) satisfies these axioms.

Although the requirements of probability theory will mean that we have to consider such
general measure spaces in due course, we have chosen our more concrete approach to the
fundamental example of Lebesgue measure in order to demonstrate how this important
measure space arises quite naturally from the considerations of the /ngzhs of sets in R and
leads to a theory of integration which greatly extends that of Riemann. It is also sufficient
to allow us to develop most of the important examples of probability distributions.

15



Proof. (1) Let A C R. Note that ANR = A, R® = (}, so that ANRY = (). Thus, the
equation (1.6) now reads, p*(A) = p*(A) + p*(0) which is obviously true, since ) is a
null set and p* (@) = 0.

(2) Suppose E € F and take any arbitrary A C R. We have to show (1.6) for E€, that is:

i (A) = p* (AN EC) + p* (AN (E€)C) 19

but since (E€)¢ = E, this reduces to the condition for F which holds by hypothesis.
(3) We split the proof (iii) into several steps. But first:

A warm up. Suppose that E1 N Ey = 0, Ey, E5 € F. We shall show that £y U Fy € F
and p* (B U Ey) = p*(Eq) + p*(E2).

Let A C R. We have the condition for Ey:

W(A) = (AN By + u* (AN ES) 19)

Now, we apply (1.6) for Eo with AN EY in place of A.

(AN ES) = p* (AN ES 1 Ey) + u* (AN EC 0 ES)
— (AN (B N By)) + p* (AN (BS N ES)

The situation is depicted in the figure below.

0 C

Figutre. The sets A, Fy and Es.
Since Ey and Ej are disjoint, E{' N By = E,. By De-Morgan’s laws, B N EY =
(E1 U E5)%. We substitute and we have:

AN ES) = i (AN By) + p* (AN (Ey U E2)°)

16



Substituting this into (1.9), we get:

p*(A) = p (AN Ey) + p* (AN Ey) + p* (AN (B U Ey)©) (1.10)

Now, by the subadditivity property of ©*, we have:
W(ANE) +u* (ANEy) > ((ANE;) U (AN E?))
= p* (AN (E1U Ey))

So, (1.10) gives:

pH(A) = p* (AN (B U Ey)) + w (AN (Ey U B»)Y)

which is sufficient for £y U E5 to belong to F.
Finally, let A = E; U Es. Then, the equation (1.10) yields:

W (E1 U Ep) = p*(Er) + p*(B)

We return to the main proof of (iii).

Step 1. Our claim is: if pariwise disjoint Ej, K = 1,2,... are in F then their countable
union is in F and countable additivity (1.5) holds.

We begin as in the proof of the Warm Up and we have:

p(AN B+ p* (AN EY)
(AN Ey) 4+ u* (AN Ey) + p* (AN (B U Ey)©) (1.11)

= ®

* *
&2
[

(See (1.10)).
Fs3 is also measurable. Let A = AN EC N ES. Then:

W (ANESNES) = (ANES NES NE;) + p* (AN ES NEY N EY)

But, EY N ES N B3 = E3 since they are pairwise disjoint. So,

P (AN (ByUEy)Y) = p* (AN Es) 4+ p* (AN (Ey U By U E3)“) (1.12)
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Substituting the value of (1.12) in equation (1.11), we get after n = 3 steps:

3 C
pH(A) = p(ANE) +pt | A (U Ek> (1.13)
k=1

We proceed by mathematical induction. We induct on k. Our hypothesis is, that after n

C
) (1.14)

steps, we expect:

pr(A) =" p*(ANEy) + 1 Aﬂ(
k=1

x>
£C=

Let’s assume that

c
pr(A) =Y (AN Ey) +ut | A (U Ek) (1.15)

is true.

C
Since E,, € F, we may apply the definition (1.6) with A = A ( Z;ll Ek)

(i) )+ oG] ) oG
(116)

Now we make the same observations as in the Warm Up:

(U

- n c
( U ) ﬂ By = ( U En> {De-Morgan’s laws }
k=1

k=1

C \

> m E, =FE, {E; are pairwise disjoint}

~£

Inserting these into equation (1.106), we get:
n—1 c n C
e (an(Un) ) =wineen (an(05)
k=1 k=1
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and inserting this into (1.15), we get :

n—1 n C
pH(A) = (AN Ey) + @ (AN Ey) 4 it ﬂ(U&)
k=1 k=1

This proves the induction hypothesis.

As will be seen at the next step, the fact that Y}, are pairwise disjoint is not necessary
in order to ensute that their union belongs to F. However, with this assumption we
have equality in (1.14)which does not hold otherwise. This equality will allow us to prove

countable additivity (1.7).

Since:

k=1 k=1
from (1.14) by monotonicity of measure, we get:
n n ¢
pr(A) =" p (AN Ey) + p* Aﬂ(U Ek)
k=1 k=1
n (o9} c
S ST LI SR PYe (U E>
k=1 k=1
By the Order Limit Theorem, the inequality remains true, if we pass to the limit, as 7 — 00:

Z“ (AN Ey) + p* Aﬂ(UEk> 1.17)

By countable sub-additivity of p* (Theorem (1.4)) :

C8

)

k

i/ﬁ AN Ey) > p* (Aﬂ(
k=1

and so:
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(A > (Aﬂ (IQ Ek>> +ur | AN (;Q Ek>0 (1.18)

So, we have shown that | J;- ; E), € F and hence the two sides of (1.18) are equal.

The right hand side of (1.17) is squeezed between the left and right of (1.18). That is:

e (on(ge)) ()
< g:u*(AﬂEk) +ut | AN (IQE/@>0

w*(A)

IN

Consequently,

oo 0 C
pH(A) =Y (AN Ey) +p [ A (U Ek> (1.19)
k=1 k=1

The equality here is a consequence of the assumption that Ej, are pairwise disjoint. It
holds for any set A so we may insert A = U;il Ej. The last term on the right is
zero, because the length of the empty set, u*(#) = 0. And, since the E; are disjoint,

(U;il Ej) N Ex = Ej. As a result, we have:

w \UE | =D w(E)
j=1

Jj=1

Step 2. Out claim is, if F, By € F, then Ey U Ey € F (not necessarily disjoint).

Again we begin as in the Warm Up:

i(A) = (AN By) + u* (AN ES) (1.20

Next applying the definition (1.6) to Ey and with A N EY in place of A we get:

(AN ES) = u* (AN ES N By) + p* (AN ES N ES)
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We insert this into (1.20) to get:

p(A) = (ANEL) + (AN ES N Ey) 4+ (AN EC N ES) (1.21)

By DeMorgan’s law, E{' N ES = (Ey U E3)© so as before:

p(ANEY NES) = p* (AN (E1U E2))
Now, consider the set (AN E1) U (AN ES N Ey). This, can be written as: AN (Fy U
(ESNEy))=AN(ELUES)N(ELUEy) = AN (EL U Ey).
By Countable Subadditivity of p*, we have:

p (AN Ey) + p*(ANES N Ey) > p* (AN (B U Ey))

Inserting these facts into (1.21), we get:

pH(A) 2 pH (AN (B U Er)) + p* (AN (BL U B,)Y)

as required.

Step 3. Our claim is, if B, € F, k= 1,2, ..., n, then the finite union £1 U E U ... U
E,, € F. (not necessarily disjoint)

We argue by induction. Suppose that the claim is true for n — 1. Then,

EiUFEU...UE,=(E1U...UE,_1)UE,

so that the result follows from Step 2.
Step 4. If 1, Ey € F,then E1 N Ey € F.

We have B, ES € F by (i), EY U E§ € F by step 2, and (ES U ES)C € F by (i)
again. But, by De-Motgan’s laws, this is (B¢ U E$)¢ = FE; N Es.

Step 5. The general case: if Ey, Ey, ... ate in F, then so is the countably infinite union
Ur=1 Ex-

Let By, € F,k =1,2,.... We define the auxiliary sequence of pairwise disjoint sets Fj,
with the same union as Fy:
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F=FE
Fy=E,\E, = E;NEY
Fs = F3\ (Ey U FEy) = E3N (Fy U Ey)©

F,=E,\(EyUF,U...UE,_1)=E;N(E;U...UE, )¢

By steps 3 and 4, we know that all F}; are in F. By the very construction, they ate pairwise
disjoint, so by step 1, their union is in F. We shall show that:

oo (oo}
Jr=Un
k=1 k=1

The inclusion:

U Fp C U Ey
k=1 k=1

is obvious since for each k, F, C Ej; by definition. For the inverse, let a € U;il Ey.
Put S = {n € N : a € E,} which is non-empty since a belongs to the union. Let
no = minS € S. If ng = 1, thena € Ey = F}. Suppose ng > 1. So, a € E,, and
by definition of ng, a ¢ F,...,a ¢ En,—1. By the definition of Fj,,, this means that
a € Fy,soaisin U;ozl F},. This closes the proof. O

Using De-Morgan’s laws, we can easily verify an additional property of F.

Proposition 1.3. IfE, € F, k=1,2,..., then

oo
E = m By e F
k=1
Proof. F is closed under complementation. Thus, By, € F == E{ € F. Since, F is
closed under countable unions, |- ; Ef € F. And it follows that, (U:il E,?)C cF.
By De-Morgan’s laws, (-, E,CC)C = (Vs Ek. This closes the proof. O

We can therefore summarize the properties of the family F of Lebesgue measurable sets
as follows:

F is closed under countable unions, countable intersections and complements. It contains
intervals and null sets.
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Definition 1.4. (Iebesgine Measure). We shall write p1( E) instead of p*(E) for any E in F
and call p(F) the Lebesgue measure of the set E.

The Lebesgue measure p : F — [0, 00] is a countably additive set function defined on
the sigma-algebra F of measurable sets. The Lebesgue measure of an interval is equal to
its length. The Lebesgue measure of a null-set is zero.

1.4 Basic Properties of Lebesgue Measure.

Since Lebesgue measure is nothing else than the outer measure restricted to a special class
of sets F, some propetties of the outer measure are automatically inherited by the Lebesgue
measure.

Proposition 1.4. Suppose that A, B € F.

(1) IfA C B, then p(A) < u(B).

(2)If A C B and u(A) is finite, then p(B \ A) = u(B) — p(A).
(3) w is translation invariant.

Since the empty set O € F, we can take E; = O for all i > n in (1.7) to conclude that 1 ebesgue
measure is finitely additive: if 5 € F are pairwise disjoint, then:

7 <U Ei) = ZM(Ei)

i=1
Remark. Property (2) is derived as follows. Since B = (B\ A) U Aand B\ A and A are
disjoint, u(B) = u(B \ A) + u(A). Consequently, u(B\ A) = u(B) — u(A).

Problem 1.5. Find a formula describing ;1(AUB) and p(AUBUC) in terms of measures
of the individual sets and their intersections (we do not assume that the sets are pairwise
disjoint).

Proof. We have:

AUB=(ANn(ANB)°)U(BN(ANB)°)U(ANB)

The three sets A\ (AN B), B\ (AN B) and AN B are pairwise disjoint. Consequently,
by finite additivity of the Lebesgue measure:

w(AUB) = pu(A\ (AN B)) + u(B\ (AN B)) + u(AN B)
= pu(A) = (AN B) + u(B) — (AN B) + (AN B)
{(ANB) C A u(A\ (AN B)) = u(A) — p(AN B)}
= p(A) +pu(B) — p(AN B)
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let B=BUC

(AU (BUC)) = pu(A)+n(BUC) — p(AN(BUC))
= p(A) + pu(B) + u(C) = u(BNC) = p((ANB)U (AN C))
= pu(A) + u(B) + p(C) = w(BNC) = u(ANB) — p(ANC)
+u(ANBNC)

O

Recalling that the symmetric difference AAB of two sets is defined by AAB = (A\ B) U
(B \ A) the following result is also easy to check:

Proposition 1.5. If A € F, and y(AAB) = 0, then B € F and u(A) = p(B).

Proof Null sets belong to F. Since AAB is a null set, it belongs to F. Now, A N B ¢
and A N B are subsets of AAB, they are also null sets and belong to F. We have:

w(A) = p(An (BUBY))
= (AN B) + u(An BY)
= (AN B)
And likewise, p1(B) = pu(A N B). Hence, u(A) = u(B). O

Lemma 1.1. Let (Ap)SSy, (Bn)22y be a sequence of sets. The difference of the union of sets is
contained in the union of the difference of sets. We have:

U4 |- UBn| cJMn-By)

n>1 n>1 n>1

Proof. We have:

A (ngl Bn) = A (n>13n)c
ol
- (A:;S)
E]l(ABn)



Thus,

O

Every open set in R can be expressed as the union of a countable number of open intervals.
This ensures that open sets in R are Lebesgue measurable, since F contains intervals and
is closed under countable unions. We can approximate the measure of any A € F from
the above by the measutes of a sequence of open sets containing A. This is clear from the
below result:

Theotem 1.7. (;)Forany e > 0, A € R, we can find an open set O such that :

AcCO, wO)<p(A)+e

Consequently, for any E € F we can find an open set O containing E such that 1(O \ E) < e.
(i) For any A C R, we can find a sequence of open sets Oy, ,such that:

Ac () On, u(ﬂ 0n> = u*(A)

n=1 n=1

Progf. (i) By definition of p1*(A) we can find a sequence (I,) of intervals with A C
UoZy Inand D07 U(1,) < p*(A) + €/2. That s,
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3(1,),, ACUIn, Zz % 1 (A)

Each I, is contained in an open intetval whose length is very close to that of I,; if the left
and right end-points of I, are a,, and by, tespectively, let J,, = (an — 5agz, bn + 271%)
Set O = UZO=1 Jn, which is open. Remember, that J,,’s are overlapping. Then, A C O
and

o0

Zz )= DU + 5 < (A +e

n=1
When p(E) < oo the final statement follows at once from (ii) in proposition (1.4), since
O\ E) = pu(0) — u(E) < e

When p(E) = 0o we first write R as the countable union of the finite intervals: R =
U,.(=n,n). Now, E, = EN ( n,n) has finite measure, so we can find an open set
On D E, with (O, \ Ey,) < 55%. The set O = | J,, Oy, is open and contains . Now,

SCONCD

c | JOn\ En)

sothat y(O\ E) <> (O \ Ey) <e

(i) In (i) use € = % and let O,, be the open set so obtained. With E = [, O, we obtain
a measurable set containing A such that yu(E) < p1(O,,) < p*(A) + L for each n, hence
the result follows. 0

Remark. Theorem (1.7) shows how the freedom of movement allowed by the closure prop-
erties of the sigma-field F can be exploited by producing, for any set A C R, a measurable
set O D A which is obtained from open intervals using two operations and whose mea-
sure(length) equals the outer measure of A.

Theorem 1.8. (Continuity Property of the I ebesgue measure) The Lebesgue measure (i preserves limits.
(1) Suppose that (Ay)5Ly is a sequence of measurable sets in F. Then, we have:

mlgrl@ﬂ(UA)/L(mlgnmUA)u(UA) (1.22)

=1 =1

) If Ay, C Ap1 is a monotonically increasing sequence of sets in F, then we have:
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im pi(A) = p ( U Am> (1.23)
m=1

B)If Ay, D Asy1 is a monotonically decreasing sequence of sets in F, then we have:

im p(Ap) = p ( N Am> (1.24)

m=1
Proof. (1) Define a new family of sets By = Ay, Ba = A3\ Ay, ..., B, = A, )\ Uzozl A;
and so forth. Then, we make the following claims:
Claim L.B; N B; = 0, forall ¢ # j.

We proceed by contradiction. Let m < n. Assume that there exists an element x €
B,, N B,,. It follows that:

x € (B NBy) <= (x € Bn)A(x € By)

C
In wotds, x belongs to both A, and the set (U;:ll A]-) . Since, m,n € Z,, and

. -1 .
m < n, we must have m < n — 1. If x € A,,, then it must belong to U;-Lzl Aj. This is
a contradiction. Hence, our initial assumption is false. By, N B,, is disjoint.

Claim IL. ;% A; = U;2, Bi.

We proceed by mathematical induction. The claim is vacuously true for n = 1, since
By = A; by construction. For n = 2, we have:

AL U Ay = (AU A) N (AU AD)
= ((A3U A1) NA) U ((A2U Ay) N AS)
=AU ((Ay AT U D)
=A; U(A2\ 4;)
=B UB;
Assume that the claim is true for n — 1. Define S = (Unil Ai>We have:

i=1
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{since the claim holds for n — 1}
n
= U B;
i=1

Hence, the proposition holds true for all n. Passing to the limit as 7 — 00, we have the
desired result. This closes the proof.

Since {B;,i > 1} is a disjoint sequence of events, and using the above claims, we get:

©9-(29
= ;M(Bz‘)

{Countable additivity }

Therefore:
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2 <U Ai) = ZM(Bi)

= fim 2 (B

{An infinite series converges to the limit
of the sequence of partial sums.}

m
= (U Bi)

i=1
{Finite additivity}

m

= fim p (U A)
i=1

{By construction}

() If A,, C Apya, then | J!2, A; = A,,,. Consequently,

(U] = (0] =
i=1

i=1

B)If Ay D Anyi,then Ay \ A, C A1\ Aptq. Thus, {A1\ Ay, n > 1} is an increasing
sequence of sets. From (2), it follows that:
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O

Remark. The proof of theorem (1.8) simply relies on countable additivity of p and on the
definition of the sum of an infinite series in [0, 00], i.e. that:

; p(Ai) = lim ; 1(A;)

Consequently, this result is true not only for the set function g, but any countably additive
set function defined on a sigma-field. It also leads us to the following claim, which, though,
we consider it here only for p, actually characterizes countably additive set functions.

Figure. The sets B, and A,, (light-gray).

Theorem 1.9. The set function |4 satisfies:

(1) p is finitely additive, that is, for pairwise disjoint sets (A;) we have:

K <U Ai) = ZH(Ai)

Sor each n;

(i) b is continnons at O, that is, if (By,) decrease to O, u(By,) decreases to 0.
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Proof. 'To prove this claim, recall that y : F — [0, 00] is countably additive. This implies
(i), as we have already seen. To prove (ii), consider a sequence (B,,) in F which decreases
to (). Then, A,, = By, \ Bp41 defines a disjoint sequence in F and Ufle A, = Bj.
We may assume that By is bounded, so that u(B,,) is finite for all n, so that, u(A,) =
w(Bpn \ Bnt1) = p(Br) — 4(Bn+1) > 0 and hence we have:

(B =3 u(A,)
n=1

= Z w(Bn) — p(Bpt1)

n=1

= lim (u(B1) — u(Bn))

n—roo

which shows that lim,, o pt(By) — 0. O

1.5 Borel Sets.

The definition of F does not lend itself easily to the verification that a particular set belongs
to JF in our proofs we have had to work quite hard to show that F is closed under various
operations. It is therefore useful to add another construction to our armoury; one which
shows more directly, how open sets(and indeed open intervals) and the structure of sigma-
fields lie at the heart of many of the concepts we have developed. We begin with an
auxiliary construction enabling us to produce new sigma-fields.

Theorem 1.10. Te intersection of a family of o -fields is a o-field.

Proof. Let Fy be o-fields for a € A (the index set A can be arbitraty). Put

F=()7Fa

a€cA

We verify the conditions of the definition.
1.Re€ F,foralla € AsoR € F.

2. If E € F,then E € F, forall &« € A. Since F, is a o-field, it is closed under
complementation, so E¢ belongs to F, for all @ € A. Hence, E€ € F.

3. If Ej, belongs to F fork =1,2,3,.. ., then B} € F, forall o, k hence, UZo:1 E €
Fo forallwand so | Jyo; By € F. O

Definition 1.5. Put

B = ﬂ {F : F is a sigma-field containing all intervals } (1.25)
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We say that B is the o-field generated by all the intervals and we call the elements of B
- Borel sets (after Emile Borel 1871-1956). It is obviously the smallest o-field containing
all the intervals. In general, we say that G is the o-field generated by a family of sets A if
G = N{F : F is a sigma-field such that F D A}.

Example 1.1. (Borel Sets) The following examples illustrate how the closure properties
of the o-field B may be used to verify that most familiar sets in R belong to B.

(1) By construction, all intervals belong to B and since B is a o-field, all open sets must
belong to B, as any open set is the countable union of open intetvals.

(2) Countable sets are Borel sets, since each set is a countable union of closed intervals
of the form [a, a] ; in particular N and Q are Borel sets. Since, B is a o-field, it is closed
under complementation. So, R\ Q - the set of irrational numbers belongs to B and it is a
borel set. Similarly, finite sets are also Borel sets.

The definition of B is also very flexible - as long as we statrt will all intervals of a particular
type, these collections generate the same Borel o-field:

Theorem 1.11. Ifinstead of all intervals, we take all open intervals, all closed intervals, all intervals of
the form (a, 00) (or of the form [a, 0), (—00,b) or (—00, ), all gpen sets, or all closed sets, then
the o -field generated by them is the same as B.

Proof: Let I be the set of all intervals and O be the set of all open intervals. Consider for
example the o-field generated by the family of open intervals O and denote it by C:

C= m{}- D O, Fis a sigma-field}

We have to show that B = C. Since open intervals are intervals, O C I (the family of all
intervals), then :

{Fo>I} Cc{F>0}

that is the collection of all o-fields F which contain [ is smaller than the collection of all
o-fields which contain the smaller family O, since it is a more demanding requirement to
contain a bigger family, so there are fewer such objects. The inclusion is reversed after
we take the intersection on both sides, thus C C B (the intetsection of a smaller family is
bigger, as the requirement of belong to each of its members is a less stringent one).

We shall show that C contains all the intervals. This will be sufficient, since B is the
intersection of such o-fields, so it is contained in each, and therefore B C C.

To this end, consider the intervals [a, b), [a, b], (a, b) (the intervals of the form (a, b) are
in C by definition):
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o= ) (e )

n=1

C as a o-field is closed with respect to countable intersection, so it contains the sets on the
right. The argument for unbounded intervals is similar:

(a,00) = U (a,n)

n=

—

and

The proof is complete. O

Remark. Since F is a o-field containing all the intervals, and 3 is the smallest such o-field,
we have the inclusion B C F, that is every Borel set in R is Lebesgue measurable. The
question therefore arises whether these o-fields might be the same. In fact, the inclusion
is proper. It is not altogether straightforward to construct a set in F \ B. However,
by theorem 1.7 (i), given any & € F, we can find a Borel set B D FE of the form
B =(,, On, where the O,, are open sets, such that ji(E) = p(B). In particular,

W(BAE) = u(B\ E) = 0

Hence, p cannot distinguish between the measurable set ' and the Borel set B we have
constructed.

Thus, given a Lebesgue measurable set /' we can find a Borel set B such that their sym-
metric difference EAB is a null set. Now, we know that EAB € F, and it is obvious
that subsets of null sets are also null, and hence in F. Howevert, we cannot conclude that
every null set will be a Borel set (if B did contain all the null sets then by theorem 1.7 (ii),
we should have

33



2 Expectation.

The goal of this section is to define the expectation of random variables and establish it’s
basic properties.

2.1 Lebesgue-measurable functions.

Integration is concerned with the process of approximation. In the Riemann integral, we
split the interval I = [a, b] over which we integrate into a partition {9 = a < 1 <
o < ... < x, = b}. Define I, := [zy_1,%,]. Then, we construct approximating
sums by multiplying the lengths of small subintervals by certain numbers a,, (related to
the values of the function in question; for example a,, = sup; f(z), a, = infy, f(z)):

> anl(Iy) 2.1
n=1

For large n, this sum is close to the Riemann integral f; f(z)dx.

Figure. Riemann sums.
The approach to the Lebesgue integral is similar but there is a crucial difference. Instead of

splitting the integration domain into various parts, we decompose the range of the function.
Again, a simple way is to introduce short intervals J, of equal length.
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Figure. Lebesgue sums.

To build the approximating sums, we first take the inverse images of J,, by f, that is by
f71(J5). These may be complicated sets, not necessarily intervals. Here the theory of
measure developed previously comes into its own. We are able to measure sets provided
they are measurable i.e. they are in F. Given that, we compute:

> anpu(f71 () 22)

where a,, € Jy, ot ap, = infJp, = yp—1 for example. The following definition guarantees
that the above procedure makes sense.

Definition 2.1. Suppose that E is a measurable set. We say that a function f : E — Ris
(Lebesgue)-measurable if for any interval I C R

) ={zrcR: flx)el}eF

In what follows, the term measurable (without qualification) will refer to Lebesgue-measurable
functions.

Ifall the sets f () € B, that is, if they are Borel sets, we call f Borel-measurable, or simply
a Borel function.
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The underlying philosophy is one which is common for various mathematical notions :
the inverse image of a nice set is nice. Remember continous functions, for example, where
the inverse image of an open set is open. The actual meaning of the word nice depends
on the particular branch of mathematics.

Remark. The terminology is unfortunate. Measurable objects should be measured (as with
measurable sets). However, measurable functions will be integrated. The confusion here
stems from the fact that the word zntegrable which would probably best fit here, carries a
more restricted meaning as we shall see later.

2.2 Simple Random Variables.
In the special case of probability spaces we use the phrase random variable to mean a mea-

surable function. That is, if (€2, F, P) is a probability space, then X : 2 — Ris a random
variable if for all z € R, the set X ~((—o0, z]) is in F:

{weQ: X(w)<z}eF

A function f : © — R is called simple if its image f(€) is a finite-set. That is, f can be
written as a finite linear-combination of indicator functions. We can write:

J@) =Y aida, @)

forallw € €, for some distinct ay, . .., an > 0 (values) and sets A1, ..., A, which form
a partition of (2.

A random variable X : © — R is called simple, if its image X (€2) takes a finite set
of values. That is, X can be written as a finite linear-combination of indicator random
variables. We can write:

n
X(w) =Y aila, (@)
i=1
for all w € Q, for some distinct aq,...,a, > 0 and events Aq,..., A,which form a

pattition of €. Note that: X > 0.

The abstract(Lebesgue) integral of a simple function f (with tespect to the measute p),
denoted [ fdy is defined as:

/ Fdn =" ar(A)
k=1

The expectation of the simple random variable X, denoted by EX is defined as :
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/XdIP’ —EX = Z zpP(Ay)
k=1

This equates to discretising the y-axis.

The expectation of a non-negative random vatiable X is defined as :

EX = sup{EZ : Z is simpleand Z < X }

Note that, we can always take Z = 0, so that, EZ = 0 and therefore EX is bounded
below by 0. That is, EX > 0.

The abstract(Lebesgue) integral of a non-negative function f is defined as:

/fdu = sup{/ qdp : q is simple and ¢ < f}

Again, we can always take ¢ = 0, so that [ gdu = 0 - Ig = 0. Therefore, [ fdu is
bounded below by zero and [ fdu > 0.

For an arbitrary random variable X, we can always write :

X=Xt-X"

where X = max{X,0} = X - I; x>0} and X~ = max{—X,0} = =X - I x<0}.

These are non-negative random variables and the expectation of X is defined as:

EX =EXT -EX~

Theotem 2.1. et X andY be simple random variables. Then, E(X +Y) = EX + EY.

Proof Let X = Y 7" axla, and Y = Y ' yilp, for some non-negative numbers
2k, Y1 and events A and Bj are such that the Ay and B partition 2. Then, the events
Ay, N By partition €2 and
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EX+Y)= > (x+y)P(AxNB)

k<m,l<n

= > wPANB)+ > yP(ANB)
k<m,l<n kE<m,l<n

:ZkaPAkﬁBl +Zylz AkﬂBl)
k<m I<n I<n k<m

= > ax(P(Ax N By) + P(Ax N By) + ... + P(Ax N By))
k<m

—l—Zyl (ALNB) +P(A3NB) +...+ P(A, N BY))
I<n

=Y aP(Ap) + Y uP(B)
k<m I<n

=EX +EY

2.3 Non-negative Random Variables.

Our main goal is to prove the linearity of expectation. We first establish a few basic prop-
erties of expectation for non-negative random variables.

Theotem 2.2. Let X andY be non-negative random variables. We have:

@IfAeF, thnBIy = [I4-dP=P(A).

(b) Monotonicity). If X <Y, then EX < EY.

(c) (Translation and Scaling) Fora > 0, E(a + X) = a + EX and E(aX) = aEX.
(@) IfEX =0, then X = O almost surely (that is P{X = 0} = 1).

(e) If A and B are events such that A C B, then EX14 < EX1p.

Proof. (a) I4is a simple random variable. Then, by the definition of the Lebesgue integral,
Els = [IadP =1-P(A).

(b) Let Sx, Sy be the set of all simple random variables which are less than ot equal
to X,Y respectively. Since X < Y, every simple random variable which is less than
or equal to X is also less than or equal Y. But, there exists simple random variables
that are less than or equal to Y but greater than X. Consequently, Sx C Sy. Thus,
{EZ : Zissimpleand Z < X} C {EZ : Zissimpleand Z < Y}. Therefore, it
follows that sup{EZ : Z is simple and Z < X} < sup{EZ : Z is simple and Z < Y}
Consequently, EX < EY.

(c) Let Z be an arbitrary simple random vatiable which is less than or equal to X. Then,
Z = Zk' 1 Tl a, where x> 0. We have:
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k=1
=a) P(Ay)+ Y zxP(A)
k=1 k=1
=a+EZ

Note that, for all simple random vatiables Z < X <—=a+ Z <a+ X.

E(a+ X) = sup{E(a + Z) : a + Z is a simple random vatiable and a + Z < a + X'}
= sup{a+ EZ : Z is a simple random variable and Z < X'}

a + sup{EZ : Z is a simple random variable and Z < X'}

=a+EX

Also,
E(aZ) =) axiP(Ay)
k=1
k=1
=aEZ
(V simple random variables Z)(Z < X)<=aZ < aX.
E(aX) = sup{EaZ : aZ is a simple random variable and aZ < a X}
= sup{aEZ : Z is a simple random variable and Z < X'}

= asup{EZ : Z is a simple random variable and Z < X'}
=aEX

(d) Forn > 1, wehave X > XTry51y > %I{XZL}‘ So, by (a) and (b), we have:

1 1
0=EX > -EI = ZP{X >
> Blix>1y =P

S|

But since P{X > %} > 0, we conclude that P{X > %} =0.

Now,
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P(X > 0)=P(| ) (X > %}) — Pim{X > %}) — lim (IP’{X > i}) —0

(¢) Cleatly, if A C B, then X - [y < X - Ip. 'Thus, by the monotonicity property,
EX14 <EX1p. O

The following lemma gives a way to approximate non-negative random variables with
monotone sequences of simple ones.

Lemma 2.1. If X is a random variable, then there is a sequence (Z,) of non-negative simple random
variables such that for every w € Q, Zp(w) < Zpy1(w) and Z,,(w) — X (w) pointwise.

Proof. For each positive integer 1, define

k-1
on 1{ k< X<} +nlix>n)
1

[\V)

n-
Ly =
k

Essentially, we are dividing the interval (0, 1) on the y—axis into 71 - 2™ strips, each of size
1/2™. Beyond the point X > n, Z, takes the constant value n.

If n = 2, this is what Z(w) looks like. It chops the interval [0, 2] on the ¥ —axis into 8
sub-intervals.
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Figure. The step function Za(w).

As n increases, Zp, (w) better approximates of X (w).
Pick any atbitrary w € €. Let € > 0.

By the Archimedean propetty, thete exists a natural number N; € N, such that Ny >
X(w).

We have that X (w) lies in an interval I,,, that is % < X(w) < 2% forsome 1 < k <
n-2" k€ Z*, foralln > Ny.

There exists No € N, such that {([,,) = 2% < eforallm > No.
Pick N = max{Ny, Na}. Then, foralln > N, |Z,(w) — X (w)| < e.
Thus, (Z,(w)) converges pointwise to X (w) for allw € .

Note that, the partition points at stage (n + 1) include the partition points at stage 1
and new partition points at the mid-points of the old ones. Because of this, (Z,) is a
monotonically increasing sequence. O

Lemma 2.2. If X is a positive random variable, and if (X, )22, is any sequence of positive simple

random variables increasing to X, then B[ X,| increases to B[ X].

Proof. Recall the definition of E[X]. We have:

E[X] = sup{EZ : Z is a simple random variable and Z < X}

Therefore, observe that if the sequence EX,, increases to some limit a, then X,, < X
implies EX,, <EX, solimEX, <EX, and so, a < E[X].

To obtain, that indeed a = E[X], it should be enough to prove that if Y is a simple
random variable such that 0 <Y < X, then E[Y] < a.

Suppose the random vatiable Y takes on m different values, say, a1, . . . , Gy, and let the
set Ay = {w : Y(w) = ax}. Choose € € (0,1]. The random variable ¥,, . = (1 —
€)Y1{(1_ey<x,} takes the value (1 — €)ay on the set Ap e = A N{(1—€)Y < X, }
and 0 on the set {(1 — €)Y > X, }.

At this point, I think a sketch is pretty helpful. Essentially, Y;, ¢ is a shifted step function.
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Yire

td step function

the shift

> w
Figure. The shifted step function Yy, c = (1 — €)Y 11 _¢y<x,-
Furthermore, it is obvious that ¥;, . < X,.
So, the expectation of this random variable is:
m
EY,c=(1-€> axP(An k) 2.3)
k=1

and by monotonicity, EY,, c < EX,, = a.

Now, recall that Y < lim,, X,,, and hence (1—¢€)Y" < lim,, X,,. It should be clear from the
diagram, intuitively, that, as m — 00, the set Ay, . = AxN{(1—€)Y < X,,} approaches
Ay,. Consequently, by the continuity of probability measure, P(A,, 1 ) — P(Ax). Hence,
taking the limit in (2.3) gives:

(1-€)> arP(Ay) = (1 - €EY <a
k=1

Letting € — 0 in the above, we deduce that E[Y] < q, as required. O
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Theorem 2.3. (Monotone Convergence Theorem). Let X1, Xa, ..., Xy be a sequence of random
variables converging almost surely to another random variable X . That is,

0<X; <X <X3<...<

almost surely, then

lim EX, =E( lim X,)=EX

n—00 n—oo

That is, expectation preserves limits.

Proof. Using lemma (2.1), for each n, we can choose an increasing sequence Yy, x, k =
1,2,3,... of positive simple random variables increasing to X, and set:

Zk — max Yn,k
n<k

Essentially, we have these sequences of positive increasing random variables (Y , k) — X1,
(Ya.5) = Xo,..., (Yo k) = X, And now, we construct a sequence (Zy,) by taking Zy, as
the maximum of the r.v.’s{Y% 1, Y 2, ..., Yi &, }. Thus, (Zy : k > 1) isanon-decreasing
sequence of positive simple random variables and thus it has a limit Z = limg_, o0 Zk.
Also,

Yonr <Zp < X3 <X almost surely Vn < k

Hence,
lim Yy, < lim Zp < X  almost surely
k—o00 k—o0

In other words,

X, <Z <X almost surely

Next, if we let n — 00, we have:

X =7 almost surely

Since the expectation is a positive operator, we have:
E[Yn,k] < E[Zk} < E[Xk] forn < k
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Fix n and let K — oco. Using lemma (2.2), we obtain:

E[X,] < E[Z] < lim E[X}]

T k—oo

Now, let n — 00 to obtain:

lim E[X,] <E[Z] < lim E[X;]
—00

n— oo

By the squeeze theorem,

O

Theorem 2.4. (Linearity of Expectations) Let X andY be non-negative random variables. Then,

E(X +Y)=EX +EY

Proof. By lemma 2.1, there exists monotonic sequences of non-negative random variables
(X,)52, and (V)52 such that (X,,) — X and (Y,;) — Y. Then, the sequence
X, +Y,, is also monotone, and by the Algebraic limit theotem for sequences, X, +Y,, —
X +Y. By theorem 2.1,

E(X, +Y,) =EX, + EY,

Passing to the limits, we get:

limE(X, +Y,) =limEX, +1imEY,

By the Monotone convergence theorem, E preserves limits, so,

E(X +Y)=EX +EY
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2.4 Fatou’s Lemma.

Theotem 2.5. (Fatou’s Lemma) Let' Y be a random variable that satisfies B[|Y'|]] < oo. Let
(Xn)S%y be a sequence of random variables. Then the following holds:
« IfY < X, for all n, then E [liminf,, 00 Xp] < liminf, 00 E [X5).

« IfY > X,,, forall n, then E [limsup,, , . X,| > limsup, ,  E[X,].

Proof. Firstly, if X, > Y, that is, (X1, X2, X3, .. .) is any sequence of random variables
bounded below, analogous to a sequence of real numbers, the point-wise limit,lim infy, _, o0 Xy,
always exists and therefore lim inf random vatriable is defined. Similatly, if X,, <Y, thatis,
(X1, X2, X3,...)isany sequence of random variables bounded above, then lim sup,, , - X,
always exists and therefore lim sup random variable is defined.

Fix some n € N. From the definition of infimum, we have:
inf X, Y <X,,—-Y, Ym>n
k>n
By the monotonicity property, it follows that:
E[iank—Y} <E[X,,-Y] Vm>n
k>n

The left-hand side is a constant real number. The right-hand side is indexed by m. So, this
inequality holds for a sequence of real numbers (a,,), m > n, where a, = X (w) —

Y(w).

Consider the set:

{am7 am+17 am+27 . }

This set is bounded below for all m > n. Hence, its infimum exists. 1 can take infimum
with respect to m, on both sides. By the order limit theorem, we have:

inf E [inf X — Y:| < inf E[X,, - Y] VYm>n
m>n k>n m>n

Thus,

]E{mka—y] < inf E[Xp - Y] Vm>n
k>n m>n
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Define Z,, = infy>n X — Y and S, = infy>n E [X,, — Y. So, we can write:

EZ, < S,

Passing to the limit as n — 00, by the Order limit theorem, we have:
lim EZ, < lim S,
n—oo n—o0

Note that, Z,, > 0, since X}, > Y. And Z,, is a sequence of monotonically increasing
random variables. Thus, lim Z,, exists. By the Monotone Convergence theorem,

lim EZ, =E [ Jim Zn] . [lirn inf X, — Y} < lim S, = liminfE[X,, — Y]
n—00 n— 00 n—00

n—oo n—oo

and so, it follows that:

E []im iann] < liminfE [X,]

n—oo n—oo

O

The DCT is an important result which asserts a sufficient condition under which we can
interchange a limit and expectation.

Theorem 2.6. (Dominated Convergence Theorem). Consider a sequence of random variables that
converges almost surely to X. Suppose that there exists a random variable Y, such that | X,,| <Y
almost surely for all v and B[Y'] < 0o. Then, we have:

lim E[X,] = E[X]

Proof. Since =Y < X,, <Y foralln € N, we can invoke both sides of Fatou’s Lemma:

E [lim iann} < liminfEX,,

n—oo n—oo
and
E [lim sup Xn] > limsup EX,,
n—oo n—oo
Thus,

EX =FE [lim iann} < liminfEX, < EX, < limsupEX, <E [lim sup Xn} —EX

n—oo n—oo

n— oo n—oon
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This implies that:

liminfEX,, = limsup EX,,

n—oo

n— o0
SO
lim EX,,
n— 00
exists and further
lim EX, = EX
n— o0

3 Gaussian Processes.

3.1 Random Vectors.

Consider a probability space (£, F,P). We can define several random variables on €2.
A n-tuple of random variables on this space is called a random vector. For example, if
X1, Xo, ..., X, are random variables on (9, F, P), then the n-tuple (X1, Xo,..., X,)
is a random vector on (§2, F, P). The vectot is said to be n-dimensional because it contains
n-variables. We will sometimes denote a random vector by X.

A good point of view is to think of a random vector X = (Xi,..., X,,) as a random
variable (point) in R". In other words, for an outcome w € §2, X (w) is a point sampled
in R”, where X;(w) reptesents the j-th cootdinate of the point. The distribution of X,
denoted f1x is the probability on R™defined by the events related to the values of X:

P{X € A} = ux(A) forasubset Ain R"

In other words, P(X € A) = pux(A) is the probability that the random point X falls in
A. The distribution of the vector X is also called the joint distribution of (X7, ..., X,,).

Definition 3.1. The joint distribution function of X = (X,Y) is the function F :
R? — [0, 1] given by:
Fx(z,y) = P(X < 2,Y <y) G.1)

Definition 3.2. The joint PDF fx(z1,...,%,) of a random vector X is a function fx :
R™ — R such that the probability that X falls in a subset A of R™ and is expressed as the
multiple integral of f(21, 22, ..., 2y) over A:
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P(X € A) z/ flxy, o, ..., xy)drrdas . . . day,
A

Note that: we must have that the integral of f over the whole of R™ is 1.

If F is differentiable at the point (2, y), then we usually specify:

2

Theorem 3.1. Let (X,Y") be the random variables with joint density function fx y (x,y). The
marginal density function fx () and fy (y) of the random variables X andY respectively is given by:

“+o0
fx(a) = / foxr (@ v)dy

+o00o
Iy () =/ fix.vy (@, y)ds

— 00

Proof. We have:

Fx(z) = P(X <)

y= +<>o
/ / fz,y)dydz

Differentiating both sides with respect to x,

y=+oo
fx(@) = / f (2, y)dyda
Yy

O

Definition 3.3. For continuous random variables X and Y with the joint density function
J(x,y), the conditional density of ¥ given X = x is:

Fyix (yle) = W

for all z with fx(z) > 0. This is considered as a function of y for a fixed x. As a
convention, in order to make fy|x (y|r) well-defined for all real x, let fy|x (y|z) = 0
for all z with fx (z) = 0.
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We are essentially slicing the the joint density function of f(x yy(x,y) by a thin plane
X = z. How can we speak of conditioning on X = x for X being a continuous random
variable, considering that this event has probability zero. Rigorously speaking, we are
actually conditioning on the event that X falls within a small interval containing x, say
X € (x — €,z + €) and then taking the limit as € approaches zero from the right.

We can recover the joint PDF f( x,v) if we have the conditional PDF fy| x and the cor-
responding marginal fx:

fxy)(@,y) = frix(wlz) - fx(x)

Theorem 3.2. (Bayes rule and 1.OTP) Let (X, Y') be continuons random variables. We have the
Jollowing continnous form of the Bayes rule:

Ixy (@ly) - fy ()

x) = 3.3
And we have the following continnous form of the law of total probability:
y=+oo
fx@ = [ Favlal) - fr )y
y=—00
Proof. By the definition of conditional PDFs, we have:
fX|Y(33|y) : fY(ZU) = f(X,Y)(%?J) = fY|X(y|$) - fx(x)
Dividing throughout by fx (), we have:
. fX\Y(l’|y) “fy(y) _ f(X,Y)(xvy)
fY|X (117) = =
fx (x) fx (x)
O

Example 3.1. (Sampling uniformly in the unit disc). Consider the random vector X =
(X,Y) corresponding to a random point chosen uniformly in the unit disc {(z,y) : %+
y? < 1}. X is said to have uniform on the unit circle distribution. In this case the PDF is
0 outside the disc and % inside the disc:

1
flzy) == ifz*+y*<1
Vi
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The random point (X,Y) has z-coordinate X and Y coordinate Y. Each of these are
random variables and their PDFs and CDFs can be computed. This is a valid PDF, be-

cause:

Vi—z?
JREEE / T
D Vi—az T
+v1—22
= ;/1 [y}_md

2 1
:—/ V1—a22dx
)

Substituting © = sin 6, we have: dz = cosfdf and /1 — 22 = cosf. The limits of
integration are § = —7/2 to § = /2. Thus,

2
// fz,y)dydx = —/ cos® 0df
D T J—x/2
1 /2
= 7/ (1 + cos20)do
T
1 /2
= — [94— sinZG]
s 2 —r/2
1
= — -7
m
=1
The CDF of X is given by:
Vi—z?
Fx(a) :/ / fdydx
Vi—zz T

|
[
—
[
8
n
&
8

I leave it in this integral form. The PDF of X is obtained by differentiating the CDF, so
it is:

fx(x) = g\/ 1— 22 (3.4)

™

Let’s quickly plot the density of X over the domain of the definition —1 < z < 1.
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0.4 B

0.2 B

Figure. The PDF of the random variable X.

Not suprisingly the distribution of the z-coordinate is no longer uniform!|

If (X1, X3, ..., X,) is a random vector, the distribution of a single coordinate, say X1
is called the marginal distribution. In the example 3.1, the marginal distribution of X is
determined by the PDF 3.4.

Random variables X1, Xs, ..., X,, defined on the same probability space ate said to be
independent if for any intervals Ay, Aa, ..., A, in R, the probability factors:

]P(Xl €A, Xo€A,.... X, € An) :P(X1 € Al)X]P)(XQ S AQ)XXIP(Xn € An)

We say that the random variables are independent and identically distributed (IID) if they
are independent and their marginal distributions are the same.

When the random vector (X1, Xa, ..., X,) has a joint PDF f(z1, 22,...,z,), the in-
dependence of random variables is equivalent to saying that the joint PDF is given by the
product of the marginal PDFs:

f(l‘l,z‘g, . ,LEn) = fl(JCl) X fg(IQ) X ... X fn(xn> (35)

3.2 Basic Probabilistic Inequalities.

Inequalities are extremely useful tools in the theoretical development of probability theory.

3.2.1 Jensen’s inequality.

Theorem 3.3. If g is a convex function, and a > 0, b > 0, with p € [0, 1], it follows that:
g(pa+ (1 —p)b) < pg(a) + (1 —p)g(b) (3.6)
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Proof. This directly follows from the definition of convex functions. O

3.2.2 Jensen’s inequality for Random variables.

Theorem 3.4. If g is a convex function, then it follows that:

E(9(X)) =2 g(EX) 37

Proof. Another way to express the idea, that a function is convex is to observe that the
tangent line at an arbitrary point (¢, g(t)) always lies below the curve. Let ¥y = a + bx be
the tangent to g at the point £. Then, it follows that:

a+ bt = g(t)
a+bx < g(x)

for all x.

Thus, it follows that, for any point ¢, there exists b such that:

g9(x) —g(t) = b(z — 1)

forall . Sett = EX and x = X. Then,

9(X) — g(EX) > b(X — EX)

Taking expectations on both sides and simplifying:

E (9(X)) — 9(EX)
Eg(X)

(EX —EX) =0

>b
> g(EX)

3.2.3 Young’s Inequality.

Theorem 3.5. Ifa > 0 and b > 0 are non-negative real numbers and ifp > 1 and ¢ > 1 are
real numbers such f/}al% + % =1, then:

al  b?
ab < >t 3.8)
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Proof. Consider g(x) = logx. Being a concave function, Jensen’s inequality can be re-
versed. We have:

3
ST N T N N
—_Rhm S
IS
=
+
—_ Q= Q-
=
N— N
AV

By the Monotonicity of the log x function, it follows that :

alP bl
ab < — + —
p q

3.2.4 Chebyshev’s inequality.

One of the simplest and very useful probabilistic inequalities is a tail bound by expectation:
the so called Chebyshev’s inequality.

Theorem 3.6. (Chebyshev’s inequality) If X is a non-negative random variable, then for every t > 0:
1
P(X >t) < EEX (3.9

Proof. We have:

by S lixeg - X

By the monotonicity of expectations, we have:
1
1
= P{X >t} < EEX
This closes the proof. 0
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There are several variants, easily deduced from Chebyshev’s inequality monotonicity of
several functions. For a non-negative random variable X and ¢ > 0, using the power
function P, p > 0, we get:

P(X > 1) =P(XP > ) < tipEXP (3.10)

For a real valued random vatiable X, every ¢ € R, using the square function z? and
variance, we have:

1 1
P(|X —EX|>1t) < t—2E|X ~EX|*= t—QVar(X) (3.11)

For a real-valued random variable X, every ¢ € R and A > 0, using the exponential
function e** (which is monotonic), we have:

P(X >t) = P(AX > M) = P(e?™ > eM) < WEe*x (3.12)

Our next inequality, the so-called Holder’s inequality is a very effective inequality to factor
out the expectation of a product.

3.2.5 Holder’s inequality.

Theorem 3.7. Letp,q > 1 be such that % + % = 1, For random variables X andY , we have:

E|XY| < (E[X?)"? (E]Y|)"/

Proof. From the Young’s inequality, for any a,b € R, p, ¢ > 1, we have:

a? bl
ab < — + —
p q
. X Y
Setting a = W and b = W, we get:
XYl 1o xp 1 v

(E|X?)V? (E[ye)/s ~ p E[X?] ¢ E[Y]

Taking expectations on both sides, and using the monotonicity of expectation property,
we get:
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E|XY| _1 EXP 1 EY[ 1 Loy
E|x?)P (E|lyepe ~ p E[XP| ¢ EY p ¢

Consequently,

E|XY| < (E|X?)"? (E|y|)"/

Let p = 2 and ¢ = 2. Then, we get the Cauchy-Schwarz inequality:

EIXY]| < [E(x2)]Y? [E(v2)]"?

In some ways, the p-th moment of a random variable can be thought of as it’s length or
p-norm.

Define:

I1Xl, = (E|X[?)"/"

O
3.2.6 Minkowski’s Inequality.
Theorem 3.8. For random variables X and'Y , and for all p > 1 we have:
X+ Y, < 1X1, + 1Y, (3.13)

Proof: 'The basic idea of the proof is to use Holder’s inequality. Let % =1- % or in other
words, ¢ = %. We have:

]E‘X”X —|—Y‘P—1 S (E|X|p)1/l7 (E|X + Y|(p71)q)1/q (a)
E|Y||X —|—Y‘P—1 < (E|Y|p)1/p (E‘X +Y|(p_1)‘1)1/q ()

Adding the above two equations, we get:

1/
E(X +Y[X + VP <B(X|+ V)X +YPY) < {@XP)Y7 + @y )/} (X +v]e-De)
EIX +Y]" < {IX], + Y], } EIX +Y]7)"/e

EX+YP)7 <X, + Y],
IX + Y, < IX1, + 1Y,
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3.3 A quick refresher of linear algebra.

Many of the concepts in this chapter have very elegant interpretations, if we think of real-
valued random variables on a probability space as vectors in a vector space. In particular,
variance is related to the concept of norm and distance, while covariance is related to inner-
products. These concepts can help unify some of the ideas in this chapter from a geometric
point of view. Of course, real-valued random variables are simply measurable, real-valued
functions on the abstract space €2.

Definition 3.4. (Vector Space).

By a vector space, we mean a non-empty set V' with two operations:

* Vector addition: + : (x,y) &> x+y

¢ Scalar multiplication: - : (a, x) = ax

such that the following conditions are satisfied:
(A1) Commutativity. x +y =y +x forallx,y € V
(A2) Associativity: (x +y) +z=x+ (y+z) forallx,y,z€ V

(A3) Zero Element: There exists a zero element, denoted 0 in V, for all x € V, such that
x+0=x

(A4) Additive Inverse: For all x € V, there exists an additive inverse(negative element)
denoted —x in V, such that x + (—x) = 0.

(M1) Scalar multiplication by identity element in F: Forallx € V,1:-x = x, where 1
denotes the multiplicative identity in F'.

(M2) Scalar multiplication and field multiplication mix well: Forall o, 5 € Fandv € V,
(@B)v = a(Bv).

(D1) Distribution of scalar multiplication over vector addition: Forall &« € F,and u,v €
V,a(u+v) = au+ av.

(D2) Distribution of field addition over scalar multiplication: Foralla, 8 € F,andv € V,
(a4 B)v = av + pv.

As usual, our starting point is a random experiment modeled by a probability space (€2, F, P),
so that () is the set of outcomes, F is the o-algebra of events and IP is the probability mea-
sure on the measurable space (£, F). Our basic vector space V' consists of all real-valued
random variables defined on (2, F,P). We define vector addition and scalar multiplica-
tion in the usual way point-wise.

* Vector addition: (X +Y)(w) = X (w) + Y(w).

* Scalar multiplication: (aX)(w) = aX (w)
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Clearly, any function g of a random variable X (w) is also a random variable on the same
probability space and any linear combination of random variables on (§2, F, P) also define
a new random variable on the same probability space. Thus, V' is closed under vector ad-
dition and scalar-multiplication. Since vector-addition and scalar multiplication is defined
point-wise, it is easy to see that - all the axioms of a vector space (Al)-(A4), (M1-M2),
(D1), (D2) are satisfied. The constantly zeto random variable 0(w) = 0 and the indicator
random variable I (w) can be thought of as the zero and identity vectors in this vector
space.

3.3.1 Inner Products.

In Euclidean geometry, the angle between two vectors is specified by their dot product,
which is itself formalized by the abstract concept of inner products.

Definition 3.5. (Inner Product). An inner product on the real vector space V is a pairing
that takes two vector v, w € V and produces a real number (v, w) € R. The inner product
is required to satisfy the following three axioms for all u, v, w € V and scalars ¢,d € R.

(i) Bilinearity:

{cu+dv,w) = c{u,w) +d(v,w) (3.14)
(u,cv + dw) = c{u,v) + d (u,w) (3.15)
(i) Symmetry:
(v w) = (w, %) 616
(iii) Positive Definiteness:
(v,v) >0 wheneverv #0 (3.17)
(v,v) =0 wheneverv =0 (3.18)
Definition 3.6. (Norm). A norm on a real vector space V' is a function ||-|| : V' — R
satisfying :
(i) Positive Definiteness.
Iv[[ >0 (3.19)
and
[lv] =0 ifand onlyifv=10 (3.20)

(ii) Scalar multiplication.
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[lewv] = fex] [Iv]] (3-21)

(iii) Triangle Inequality.

[+ vl < [Ix][ + Iyl (3-22)

As mentioned eatlier, we can define the p-norm of a random vatiable as :

I1Xl, = (E|X[?)"/"

(i) Positive semi-definiteness: Since |X| is 2 non-negative random variable, | X | > 0 and
the expectation of a non-negative random variable is also non-negative. Hence, (E| X |P)1/P >
0. Moreover, ||X||, = 0 implies that E[X[P = 0. From property (iv) of expectations,
X =0.

(ii) Scalar-multiplication: We have:

= (EleX|P)"/?
= (le[)"/ (B|X|P)"/P
= || - |IX],

leX1l,,

(i) Triangle Inequality. This followed from the Minkowski’s inequality.

The space of all random variables defined on (£, F,P) such that || X ||, < oo is finite is
called the L? space.

3.3.2 Orthogonal Matrices.

Definition 3.7. (Orthogonal Matrix). Let A be an n X n square matrix. We say that the
mattix A is orthogonal, if its transpose is equal to its inverse.

A=At

This may seem like an odd property to study, but the following theorem explains why it is
so useful. Essentially, an orthogonal matrix rotates (or reflects) vectors without distorting
angles or distances.
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Proposition 3.1. Forann X n square matrix A, the following are equivalent:
(1) A is orthogonal. That is, A’ A = 1.
(2) A preserves norms. That is, for all x,

[ Ax|| = x|

(3) A preserves inner products, that is, for every x, y€ R":

(Ax) - (Ay) =x-y

Proof. We have:

[4x]|* = (Ax)’ (Ax)
=x'(A"A)x
=x'Ix
=x'x

[

Consequently, ||Ax|| = ||x||. The mattix A preserves norms. Thus, (1) implies (2).

Moreover, consider

[AGx+y)|* = (Ax + Ay) - (Ax + Ay)
= (Ax) - (Ax) + (4x) - (Ay) + (4y) - (Ax) + (4y) - (4y)
= [1Ax]* +2(Ax) - (Ay) + || Ay||* {x-y=y-x}
= ||x||* + 2(Ax) - (Ay) + ||y||? { A preserves norms}

But, [|[A(x +y)||? = ||x + y||* = ||x]|* + 2x - y + ||y|?. Equating the two expressions,
we have the desired result. Hence, (2) implies (3).

Lastly, if A preserves inner products, we may write:

(Ax, Ax) = (x,x)
(Ax)' (Ax) = x'x
KA'Ax =0

Since x # 0, it must be true that x’ A’A — x’ = 0. Again, since x’ # 0, it follows that
A'A—-T=0. O
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Theorem 3.9. Ifq1,q2,...,qkr € V be mutually orthogonal elements, such that q; # 0 for all i,
then q1, 92, - - - , Qi are linearly independent.

Proof. Let

Clq1—|—62q2—|—...+6qu:0

Since {(q;,q;) = 1 and (q;,q;) = 0 whetre ¢ # j, we can take the inner product of the
vector (c1q1 + caq2 + ... + ¢iq; + ... + ckqg) with q; foreach i = 1,2,3,... k.
It results in ¢;||q;][* = 0. Since q; # 0, ||qi||> > 0. So, ¢; = 0. We conclude that
c1 =cy = ...=ci = 0. Consequently, q1,qz2, . . ., q% are linearly independent. O

Theorem 3.10. Ter QQ = [ qi1 92 --- qn ] be an m X v orthogonal matrix. Then,
{Qus .- Qn} form an orthonormal basis for R™.

Proof. We have Qe; = q;. Consequently,

(9i,9i) = qiqi

= (Qei)'(Qe:)
= e/iQ/Qez'
= e;[ €;
/
= ¢;¢;
=1
Assume that i # j. We have:
(i 95) = diqy
= ¢;Q'Qe;
= eje;
=0
From theorem (3.9), {q1, - - . , qn } are linearly independent and hence form an orthonor-
mal basis for R™. O
3.3.3 Quadratic Forms.
An expression of the form:
%' Ax



whete xis an X 1 column vector and A is an n X n matrix is called a quadratic form in x
and

n n

X/AX: E E Qi T;T 5

i=1 j=1

If A and B are n X n and x, y ate n-vectors, then

x'(A+ B)y = x' Ay + x'By

The quadratic form ot the matrix A is called positive definite if:

x'Ax >0 wheneverx # 0

and positive semidefinite if:

x'Ax >0 wheneverx # 0

Letting e; be the unit vector with it’s 4th coordinate vector 1, we have:

o

/
eiAei = [aﬂaig e Qe .am] = Q45

3.3.4 Eigenthingies and diagonalizability.

Let V and W be finite dimensional vector spaces with dim(V) = n and dim(W) = m.
Alinear transformation T' : V' — W, is defined by its action on the basis vectors. Suppose:

T(v;) =Y aiwi
1=1
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foralll <i < m.

Then, the matrix A = [T}g&" of the linear transformation is defined as:

aiq a2 . A1n

a1 a922 . agn
_A =

Am1 Am2 ceo Qmn

Definition 3.8. A linear transformaton T' : V' — V is diagonalizable if there exists

an ordered basis B = {vi1,...,v,} for V so that the matrix for T with respect to B is
diagonal. This means precisely that, for some scalars A1, Ag, . .., Ap, we have:

T(Vl) = >\1V1

T(VQ) - )\2V2

T(vn) = AV

In other words, if A = [T, then we have:

AVi = )\ivi
Thus, if we let P be the n X n matrix whose columns are the vectors v, v, ..., v, and
A be the n x n diagonal mattix with diagonal entries A1, Az, . . ., A, then we have:
A1
A2
A[vl Vo ... vn]:[vl Vo ... Vn]
An
AP = PA
A= PAP?

There exists a large class of diagonalizable matrices - the symmetric matrices. A squate
matrix A is symmetric, if A = A’.

Definition 3.9. Tet T : V — V be a linear transformation. A non-zero vectorv € V is
called the eigenvector of T, if there is a scalar A so that T'(v) = Av. The scalar A is called
the eigenvalue of T'.
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Lemma 3.1. Let A be ann X 0 matrix, and let \ be any scalar. Then,

E(\) ={x€R": Ax = Ax} = ker(A — \])

is a subspace of R™. Moreover, if E(X) # {0} if and only if X is an eigenvalue, in which case we call
E(X) the A-eigenspace of the matrix A.

Proof. We know that, F()) is a subset of R™. Moreover, if u,v € E()) , then A(ciu +
cav) = c1Au+ c2Av = A(ciu + cav). Consequently, ciu + cav € E(A). Thus, E())
is a subspace of R".

Moreover, by definition, A is an eigenvalue of A precisely when x # 0 vector in E()).
This closes the proof. O

Theorem 3.11. et A be am X n square matrix. If A is a singnlar matrix, then det A = 0.

Proof: By definition, a squate matrix is said to be non-singular, if it can be reduced to an
upper triangular form with all non-zero elements on the diagonal - the pivots, by elementary
row operations. A singular matrix is such that it’s echelon form has a row of zeroes, and
its row vectors are linearly dependent and det A = 0. O

Theotem 3.12. Let A be an X n square matrix. Then, X is an eigenvalue of A if and only if
det(A — M) =0.

Proof. X is an eigenvalue of A, if and only, the homogenous system of linear equations
(A — AI)x = 0 has non-trivial solutions. Consequently, the only possibility is that there
are one more free variables (more variables than the number of equations). In other words,

(A — AI) must be a singular matrix and det(A — AI) = 0. O

Example 3.2. Let’s find the eigenvalues and eigenvectors of the matrix

N

I
= O =
w = N
_ o

We begin by computing

1-Xx 2 1
det(A—X)=1] 0 1-x 0
1 2 1-2A

=(1=N1=X2=(1=2X
=1 -=N[1-X*-1)
=-A1-XN(2=-X)

63



Thus, the eigenvalues of A are A = 0, A =1 and A = 2.
We find the respective eigenspaces:

1) Fix A = 0. We see that:

1 21 x 0
010 z2 | =10
1 3 1 T3 0
The augmented matrix [A]b] is :
1 21 | 0
0101 0
1 31 |0

R3 — Ry, R3 — Ry and Ry — 2R5 leaves us with:

1|
0|
0|

So, x1 + x3 = 0 and x9 = 0. Here, x3 is a free variable. Thus,

O O
o = O
o O O

E(0) ={a(1,0,-1)la € R}

2) Fix A = 1. We see that:

0 2 1 T 0

0 0 O xo [ =1 0

1 3 0 T3 0
Thus, 22 + 3 = 0and x1 + 32 = 0. Here x3 is a free variable. Let z3 = —2a. Then,
T2 = o and 1 = —3a. Consequently,

E(1) = {a(-3,1,-2)|a € R}

3) Fix A = 3. We see that:

-1 2 1 1 0
0 -1 0 z2 | =10
1 3 -1 T3 0
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The augmented matrix [A]b] is :

R3 + Ry, R3 + 5Rs followed by Ry + 2R3 gives:

-1 0 1] 0
0 -1 0] 0
0 0 0 | 0

Thus, o = 0 and £1 — x3 = 0. Here a3 is the free variable. Hence,

E(2) = {a(1,0,1) : & € R}

Cleatly, there exists a basis B = {(1,0, —1), (—=3,1,—2), (1,0, 1)} with respect to which
the matrix of 1" is diagonal. Hence, A is diagonalizable.

Judging from the previous example, it appears that when an . X n square matrix has n
distinct eigen values, the corresponding eigenvectors form a lineatly independent set and
will therefore give a diagonalizing basis. Let’s begin with a slightly stronger statement.

Theorem 3.13. LetT : V. — 'V be a linear transformation. Suppose vi,va, ..., Vi are eigen-
vectors of T corresponding to the distinct eigenvalues My, A, . .., N, Then, {v1,va, ..., vk} isa
linearly independent set of vectors.

Progf. Let m be the largest number between 1 and k& (inclusive) so that {v1,..., vy} is
linearly independent. We proceed by contradiction. We want to see m = k. Assume that
m < k. Then, we know that {v1, . .., v;;, } is linearly independentand {v1, . . ., Vi, Vi1
is linearly dependent. Thus, v, 11 = ¢1vy + cova + ... + € Vi, such that atleast one of
€1,C2, ..., Cm are non-zero. Then, using repeatedly the fact that T'(v;) = A;v;:

0= (T — )\m+11)vm+1 = (T - /\m+1l)(61V1 + ...+ cmvm)
=1 (Tv1 - /\m+1IV1) + o (TVQ — )\m+1IV2) +...4+cm (TVm — )\m+1IVm)
=c1(M = Amg)vi +c2(A2 = Apg)ve + .o F Cn (A — A1) vim

Since A; # A1 fori = 1,2,3,...,mandsince {vq,va, ...V, } is linearly independent,
the only other possibility is ¢ = ¢2 = ... = ¢, = 0. But, this contradicts the fact that
V1 is an eigenvector and vy, 1 7# 0. Thus, it cannot happen thatm < k. Consequently,
m = k. O
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What is underlying this formal argument is the observation that: if v.€ E(X) N E(u),
then Tv = Av and Tv = uv. Hence, if A # u, then v = 0. That is, if A # u, we have
E(\) 0 B(n) = {0},

Corollary 3.1. Suppose V' is an n-dimensional vector space and T : V' — 'V has n distinct
etgenvalues. Then T is diagonalizable.

Proof. 'The set of n corresponding eigenvectors must be linearly independent and hence
form a basis for V. The matrix of T with respect to the eigenbasis is always diagonal. [J

The converse of this statement is not true. There are many diagonalizable matrices with
repeated eigen-values.

Definition 3.10. Let A be an eigenvalue of a linear transformation. The algebraic mul-
tiplicity of A is its multiplicity as a root of the characteristic polynomial p(t) that is, the
highest power of t — \ dividing p(t). The geometric multiplicity of A is the dimension of
the eigenspace E(\).

Proposition 3.2. Let X be an eigenvalue of algebraic multiplicity m and geometric multiplicity d.
Then, the geometric multiplicity is always bounded by the algebraic multiplicity, and 1 < d < m.

Proof. Suppose A is the eigenvalue of the linear transformation T'. Then, d = dim E(X\) >
1 by definition. Now, choose a basis {vi,va,...,v4} for E()A) and extend it to a basis
B = {v1,va,...,v,} for V. Then, the matrix of T with respect to B is of the form

M, B
A:
[ On-ayxa € }

The charactetistic polynomial p(t) of the matrix A is given by:

p(t) = det(A —tI)
= det((A — t)I4) - det(C — tI)
=\ =t)%det(C —tI)
Since the characteristic polynomial does not depend on the choice of basis, the algebraic
multiplicity of A is atleast d. O

Lemma 3.2. (Lagrange Multipliers) Suppose f, g : R™ — R are scalar-valned C* functions - that
is partial derivatives Oy, in all variables are continwons. Let S = {x € R™|g(x) = ¢} denote the
level set of g at height c. Then if f|s (the restriction of f to S) has an extremum point xo in S such
that N g(xq) # 0, there exists a scalar X such that

Vf(x0) = AVg(xo) (3-23)

66



Proof- Let’s visualize the situation for the case n = 3, where the constraint equation
g(z,y, 2) = c defines a surface S in R3.

Thus, suppose that Xg is an extremum of f restricted to S. We consider a further restriction
of f - to a curve lying in S and passing through xq. Let x(t) = (x(t), y(t), 2(t)) be the
parametric equation of one such arbitrary pathx : I C R — R3 lyingin S with x(¢9) = xo
for some typ € I. Then, the restriction of f to x can be written as a function of a single
variable ¢. That is:

Because x is an extremum of f on the whole of S, it is also an extremum on the path x.
Since F'is a differentiable function of ¢, by the interior-extremum theorem, it follows that
F'(ty) = 0. The chain rule implies that:

F/(t) = Vf(x) - x'(t)

Evaluating at t = tg, we have:

F'(to) = 0 =V f(x(to)) - X (to)

Thus, V f(x(to)) is perpendicular to any curve in S passing through x; that is V f(xq)
is normal to S at xg. We've already seen previously that the gradient vector Vg(xg) is
also normal to S at xg. Since the normal ditrection to the level S is uniquely determined,
we must conclude that V f (xg) and Vg(xq) are parallel vectors. Therefore, there exists a
scalar A such that:

Vf(x0) = AVg(xo)

3.3.5 The Gram-Schmidt Process.

The advantage of using an orthonormal basis is, that the coordinates of any vector are
explicitly given as inner products. Let {uj,us,...,u,} be an orthonormal basis of R™.
Andletv = cyuy + ... 4 cpuy, be an arbitrary vector. Then we have:

Ci =V-u;
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Moreover, the magnitude (norm) of the vector is given by the Pythagorean formula:

2
Ivllz = (v, )
2

cf—&—cg—l—...—i—cn

Once we are convinced of the utility of orthogonal and orthonormal bases, a natural ques-
tion arises: how can we construct them? A practical algorithm was discovered Pierre-
Simon Laplace in the eighteenth century. Today, the algorithm is known as the Gram-
Schmidt process, after its rediscovery by Gram and twentieth century mathematician Schmidt.

Let W be a finite dimensional vector space, such that dim W = n. We assume that, we
already know some basis {w1, ..., wy } of W, where n = dim WW. Our goal is to use this
information to construct an orthogonal basis vi,va, ..., Vy.

We will construct the orthogonal basis one-by-one. Since initially, we are not worrying
about normality, there are no conditions on the first orthogonal basis element vy, so there
is no harm in choosing :

V] = W1

Note that, vi # 0, since wy appears in the original basis. Starting with wo, the second
basis vector v must be orthogonal to the first: (v, vy) = 0.

Figure. Resolving the vector w into two components (1) along u; and (2) perpendicular
to uj.

Let us try to arrange this, by subtracting a suitable multiple of v1, and set:

Vo = W9 — CV]
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The orthogonality condition

0 - <V2,V1>
= (W2 - CV]) *V1

2
W9 V] — C HV1||
W9 - V1

2
[[val

and therefore

w9 - V1
Vo — W9 — R
[[val

The linear independence of vi = wj and wg ensures that vo # 0.

Next, we construct:

V3 = W3 — C1V] — C2V2

by subtracting suitable multiples of the first two orthogonal basis elements from w3. We
want v3 to be orthogonal to both vi and vo. Since we already arranged that vi-vp = 0,
this requires:

0=v3-vi=(w3-v1)—c1 HVl”2

0=v3-vy= (w3 va) —Co HV2||2

And hence:

W3 Vi
C1 = o
[[vall
W3 - Vo
Cy = ET—
[[vall

Therefore the next orthogonal basis vector isw given by the formula:

W3 V] W3 V2

3 V1~ 2
[[va |l [[v2|

V3 = W3 — V2
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Since v and vy are linear combinations of wy and wo, we must have that v # 0, since
otherwise this would imply that w3 can be written as a linear combination of wy and wp
making them linearly dependent.

Continuing in the same manner, suppose we have already constructed the mutually orthog-
onal vectors vy, . .., Vi_1 as linear combinations of wy, ..., wg_1. The next orthogonal
basis element v, will be obtained from wy, by subtracting a suitable linear combination
of the previous orthogonal basis elements. In this fashion we establish the general Gram-
Schmidt formula -

k—1
Wi - Vj
Vi = Wj — E —V; (3.24)
j=1 ”Vj ”
If we are after an orthonormal basis uy, . . . , u, we merely normalize the resulting orthog-

onal basis vectors, setting ug, = H:—’;H

3.3.6 Modifications of the Gram-Schmidt process.

With the basic Gram-Schmidt algorithm now in hand, it is worth looking at a couple of
reformulations that have both practical and theoretical advantages. The first can be used
to construct orthonormal basis vectors uy, ug, . . . , uy, directly from the basis wy, ..., wy,.

We begin by replacing each orthogonal basis vector in the basic Gram-Schmidt formula
(3.24) by its normalized version u; = v,/ ||v;||. The otiginal basis vectors can be expressed
in terms of the orthonormal basis via a triangular system.

W1 =T11u

W2 = Tr12u; + T22u2

W3 = r'13u; + T23u2 + I'33U3 (3.25)

Wpn = T1pU1 + T2pU2 + T3,U3 + ...+ Thply

The coefficients 7;; can, in fact, be computed directly from these formulas. Indeed taking,
the inner product of the equation for w; with the orthonormal basis vector u; for ¢ < 7,
we obtain in view of the orthonormality constraints:

WU, =7T1501 U+ .0 w0
T‘ij
and hence:

Tij = (wj,ui> (326)
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On the other hand, we have:

[will* = llrijuy + rajus + . 4 rj5u])

(3.27)
:rfj—krgj—&—...—i—r?j

The pair of equations (3.26) and (3.27) can be rearranged to devise a recursive procedure to
compute the orthonormal basis. We begin by setting 11 = ||w1| and sou; = wy/711. At
each subsequent stage, j > 2, we assume that we have already constructed uy, ..., u;_1.
We then compute

Tij = <Wj,ui> foreach ¢=1,2,...,5—1 (3.28)

We obtain next the orthonormal basis vector u; by computing

_ 2 2 2 2
Tjj = \/”WaH AT 7 A I
W, — leul — ’I“qug — ... ijltjujfl (3'29)
u; =
Tjj

3.3.7 The QR Factorization.

The Gram-Schmidt procedure for orthonormalizing bases of R™ can be reinterpreted as a
mattix factorization.

Let wq,...,wy be a basis of R”, and let uy, . .., u, be the corresponding orthonormal
basis that results from any one of the implementations of the Gram-Schmidt process. We
assemble both sets of column vectors to form non-singular 7 X n matrices:

Az[wl W ... Wn], Q:[ul uy ... un]

Since the u; form an orthonormal basis, @) is an orthogonal mattix. In view of the matrix
multiplication formula, the Gram-Schmidt equations (3.25) can be recast into an equivalent
matrix form:

i1 Ti2 ™3 ... Tin

22 T23 T2on

A=[w uw ... u, | 33 ... Ton
TTL’I’L

=QR

Since the Gram-Schmidt algorithm works on any basis, the only requirement on the matrix
A is that it’s columns are lineatly-independent and form a basis of R™, and hence A can be
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any non-singular matrix. We have therefore established the celebrated () R-factorization
of non-singular matrices.

Theotem 3.14. Every non-singular matrix A can be factored, A = QR into the product of an
orthogonal matrix Q) and an upper triangular matrix R.

3.3.8 Numerically stable implementation of QR-Factorization.

We can treat all vectors simultaneously instead of sequentially and compute in the 7 = 1st

iteration:
up = wp /Tll
o = ()~ (w0 )
wi = (w5 = (s )
w2 = () (w0 Y
Note that, the vectors WéQ) , WgQ) yee ,wﬁf) are orthogonal to uj.

In the j = 2nd iteration, we compute:

ug = Wé2)/7"22

Wi = (w2~ (W ) )

o = (w2~ (2,02 ua)

w2 = (52 (w25 o)

(3)

2
é ) was orthogonal to uy, up must also be orthogonal to u;. Further,ws ™, .. ., Wén)

Sincew
are orthogonal to both uyg, ug.

In particular, in the jth iteration we compute:
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uj =w /rj;
. . .
Wg‘j-u ) = (ng)l - <W§21v“j> “j)

j+1) /) /)
W§]+2 = (W§]+2 - <W§]+2’“j > “j)

W = (w80 — () )

We can summarize the above steps as follows. We iterate j = 1 to n. For j = 1, we start
1)

. L . 1
with the initial basis w;, * = wy, and set u; = Wg )/7”11-

In the jth iteration, we set u; = W§-j)/7"jj and for all k = j + 1 to n, we let W](Cj+1) =
W;CJ) — <W§€j),uj> u;. Also, we set 1 = <W](€J)7u]‘>.

Listing 1: QR Factorization

#include <iostream>
#include <Eigen/Dense>
#include <cmath>
using Eigen::MatrixXd;
MatrixXd QRFactorization(MatrixXd& A)
{
const int dimSize{ A.rows() };

MatrixXd R(dimSize, dimSize);

//We proceed column-wise and iteratively build the orthonormal

vectors u_0, u_1, ..., u_{n-1}
for (int j{ 0 }; j < dimSize; ++j)
{
// The scalar r_jj = |lw_j ()]
for (int i{ 0 }; i < dimSize; ++i)
{

R(Gj, j) += A(i, j) * A(i, j);
}
R(j, j) = sqrt(R(j, j));

// The vector u_j = w_j~(j)/r_jj
for (int i{ 0 }; i < dimSize; ++i)
{

A(i, j) = A(L, j) / R(G§, 3D
}

// for all k=j+1 to n-1, this loop computes the vectors:
// w_k~(j+1) = w_k~(j) - <w_k~(j),u_j>u_j
for (int k{ j + 1 }; k < dimSize; ++k)
{
//this loop computes the inner product of the vector w_k
with u_j
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double sum{ 0 };
for (int i{ O }; i < dimSize; ++i)
{
sum += A(i, k) * A(i, j);
¥

R(j, k) = sum;

for (int i{ O }; i < dimSize; ++i)
{

A(i, k) = A(i, k) - sum * A(i, j);
¥

3.3.9 Gram Matrices.

Symmetric matrices whose entries are given by the inner products of elements of an inner
product space ate called Gram matrices, after the Danish mathematician Jorgen Gram.

Definition 3.11. Let V be an inner product space, and let vy, ..., vy, € V. The associated
Gram matrix

<V1,V1> <V1,V2> e <V1,Vn>
]( _ <V2,V1> <V2,VQ> e <V21Vn>
<Vn,'V1> Vi, va) oo (Y, Vi)

is the m X m symmetric matrix whose entries are the inner-products between the selected
vector space elements.

Theorem 3.15. A/ Gram matrices are positive semi-definite.
Proof. Let K be an atbitrary Gram mattix. To prove the positive semi-definiteness of K,

we need to examine the associated quadratic form:

q(x) = x'Kx
= z{:j{:kﬁjmiﬁj

i=1 j=1

But, k;; = (v;,v;). Substituting the values for the mattix entries, we obtain:
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n n

g(x) =YY (vi,vy) mix;

i=1 j=1

For intuition, let’s choose n = 2. The quadratic form becomes:

q(x) = (v1,v1) 33% + (v1,v2) T122 + (va, V1) Taz1 + (va, V1) x%

= (x1v1 + Tove, T1v1 + Tovy) {Bi-linearity of inner products }

= [lz1vi + zov2|?

Therefore, we can write the original quadratic form as a single inner product:

n n
q(x) = Z TiVi, Z T;Vj

i=1 j=1
n 2

= Z{,Civi
i=1

= |Iv|I? {Norm ||-|| is positive semi-definite}

>0

Motreover, O

3.3.10 Positive Definiteness.

Gram matrices furnish us with an almost inexhaustible supply of positive semi-definite
matrices. However, we still do not know how to test whether a given symmetric matrix is
positive definite.

From elementary school, we recall the algebraic technique known as completing the square,
first arising in the derivation of the formula for the solution to the quadratic equation

q(z) =az? +2br +c=0 (3.30)

The idea is to combine the first two terms in the equation (3.30) to form a perfect square
and thereby rewrite the quadratic function in the form :
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As a consequence,

The familiar quadratic formula:

. b+ Vb2 —ac

a

follows by taking the square root on both sides and then solving for x.

We can perform the same kind of manipulation on a homogenous quadratic form:

q(z1,12) = ax? + 2bxyxy + cxd

In this case, provided a # 0, completing the square amounts to writing:

q(z1,12) = ax? + 2bxyxy + cxd

b b\’ b
2 2 2
x] + 22 - gxg + <ax2> + cx5 — 2 xQ]

b > ac— b2 9
xr1 + —x9 + 5 T3
a a

=a

=a

ac —b?
=ayi + ——;

(3.31)

(3.32)

The net result is to re-express ¢(Z1, T2 ) as a simpler sum of squares of the new variables:

Y1 =$1+E$2, Y2 = T2
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It is not hard to see that the final expression in (3.32) is positive definite, as a function of
y1 and Yy if and only if both coefficients are positive:

ac—b?
a >0,

— >0 (3.34)

Our goal is to adapt this simple idea to analyse the positive semi-definiteness of quadratic
forms depending on more than two variables. To this end, let us write the quadratic form
identity in the matrix form. The original quadratic form in (3.31) can be written as:

q(x) = X' Kx
Lo w15 22

Similarly, the right hand side of (3.32) can be written as:

0
q(y) =y Dy, where D = { g acb? ] . y= [ 5; ] (3.35)

Anticipating the final result, the equations (3.33) connecting x and y can themselves be
written in the matrix form as:

b
y=1L'x or [ z; } = [ i ;;z? } where L' = { b}a (1) } (3.36)

Substituting yinto (3.35), we obtain:

y Dy = (L'x)D(L'x) = x'LDL'x = x'Kx, where K = LDL’ (3.37)

We are thus led to the realization that completing the square is the same as the LDL'
factorization of a symmetric matrix K.

From basic algebra, we know that, if A is a non-singular matrix, with all it’s pivot elements
k . . S

a,(ck) non-zeto in the Gaussian elimination process, then A = LDU whete L and U are

lower and upper uni-triangular matrices and D is a diagonal matrix consisting of the pivots

of A. If the matrix is symmetric, then it admits the unique factorization LDL'.

The identity (3.37) is therefore valid for all real symmetric matrices that are non-singular
and can be reduced to an upper triangular matrix by performing elementatry row operations
(without row interchanges). It also shows how to write the associated quadratic form as a
sum of squares:

q(x) =xX'Kx =y Dy =dy? +doys + ... +dpy> where y=L'x (3.38)
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The coefficients d; are the diagonal entries of D, which are the pivots of K. The diagonal
quadratic form is positive definite, y’ Dy > 0 for all y # 0 if and only if, when performing
the Gaussian elimination process, all the pivots are positive. We can now add this to our
list of standard results.

Theorem 3.16. (Positive Definiteness) Let K be a n X 1 real symmetric positive definite (SPD)
matrix. Then the following statements are equivalent.

(1) K is non-singular and can be reduced to an upper triangular matrix by performing elementary row
operations (without row permutations), and it has positive pivot elements when performing Gaussian elim-
ination.

(i) K admits a factorization K = LDL', where D = diag(dy, . .., dy) such that d; > 0 for all
1=1,2,3,...,n

3.3.11 Cholesky Factorization.

The identity (3.37) shows us how to write an arbitrary regular quadratic form ¢(x) as linear
combination of squares. We can push this result slightly further in the positive definite
case. Since each pivot d; is positive, we can write the quadratic form as a sum of squares:

diy +doys + ...+ dpy2 = (Vdiy)? + (Vday2)® + ..o+ (Vdnyn)?

2 2 2
=21t+z2+...+2z,

whete z; = v/d;y;. In the matrix form, we are writing:

4(y) =y Dy
= Z/Z

2
= |l

where z = Sy, with S = diag(v/dy,Vds,...,\/dy,). Since D = S?, the matrix S
can be thought of as a square root of the diagonal matrix D. Substituting back into the
equation K = LDL', we deduce the Cholesky factorization:

K=LDL
=LSS'L’
— LS(LS)
=MM

of a positive definite matrix, first proposed by the early twentieth-century French geogra-
pher Andrew Louis Cholesky for solving problems in geodetic surveying. Note that, M is
a lower triangular matrix with all positive diagonal entries, namely the square roots of the

inOtS: mi; =/ dl
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1 2 -1

Example 3.3. Let the matrix i = 2 6 0 |[.Let KX = I. We consider the
-1 0 9
augmented matrix [ K | I ] Performing Gaussian elimination, we have:
1 2 -1 | 100
2 6 0 | 010
-10 9 | 001

The pivot element agll) = 1. Performing Ry = Ry — 2R;jand R3 = R3 + Ry, the above
system is row-equivalent to:

12 -1 | 1 00
02 2 | -2 10
02 8 | 1 01
The pivot element ag) = 2. Petforming R3 = R3 — Rp, the above system is row-
equivalent to:
12 -1 | 1 0 0
02 2 | -2 1 0
00 6 | 3 -11
The pivot element ag? = 6. We have now reduced the system to the form [ DU | C },
where U is an upper uni-triangular matrix. Thus, Gaussian Elimination produces the fac-
tors:
1 00 1 0 0 1 2 -1
L=|2 10|, D=0 20|, LT=]0 1 1
-1 1 1 0 0 6 0 0 1
Thus,
1 0 0 1 0 0 1 0 0
M=LS=| 2 10 0 v2 0 |=|2 V2 0
-1 1 1 0 0 6 -1 v2 V6
and K = MM’

We conclude our discussion by observing the following:

Lemma 3.3. If a square matrix K is SPD, it admits a Cholesky factorization of the form K =
MM,
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Example 3.4. Prove that, if K is real SPD(symmetric positive definite matrix), then the
diagonal elements of K are positive.

Proof. Since K is real SPD, K admits a factorization K = LL”. Since the diagonal
element (7, j) is the inner product of the j-th row of L and the j-th column of LT we
have:

kii = > Liml,
m=1

. T . .
But, ljm, = l;nj, since L = (LT) . Hence, kj; is a sum of squares. Further, since

the diagonal elements of L, that is, all elements I;; are strictly positive, the sum kj; =
l?l +.. .+lj2-j +.. .+ZJ2»n > 0. Consequently, the diagonal elements of K are positive. [

3.3.12 Cholesky Factorization Algorithm.

We adopt the commonly used notation where Greek lower-case letters refer to scalars,
lower-case letters refer to (column) vectors and upper case letters refer to matrices. The *
refers to a part of A that is neither stored nor updated. By substituting these partitioned
matrices into A = LL' we find that:

11 ale _ 0 )\11 lzT1 _ )\%1 *
az1  Aa lon Lo 0 L% Milor ol + Lo LT,

so that :
2
ai]p = )\11 ‘ *
— — 7 T T
az1 = AMilor | Az = Io1l3) + Lo L3,

and hence:

A1l = y/an ‘ *

121 = agl/)\ll ‘ ng = Cholesky(AQQ — lgllgl)

The last equality is clever. Essentially, if Aoy = l112; — Lag LT, we must have: Log L2, =
Agg — lgllgl. So, to find Lga, we recursively petrform the cholesky factorization of the
matrix Agg — l211%;. These equalities motivate the following block algorithm:

11 *
a1 | Ag2

2. Overwrite a1 := )\11 = 4 /O11.

1. Partition A =

3. Overwrite agq 1= l21 = agl//\n.

4. Overwrite A22 = A22 — lgllgl.
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5. Continue with A = Ags.

We can also implement a serial algorithm by multiplying out the matrices:

a1l a1 a3l Q41 Iy 0 0 0 lir lor 31 ln
a21 a2 a3z G4z | | lor Il 0 O 0 lag I3z lyo
asy asz azz ag3 | | Is1 Iz Iz O 0 0 sz lus
a41 Q42 Q43 Q44 | la1 lao lag laa 0 0 0 Iy
e 0 0 0
| ol 13 + 135 0 0
| sl Isilor 4 l3alao 13, + 13, + 135 0
| Ll laalsy 4 laolso laalsy + laglss + laslss 13 + 13 + 135+ 13,

We can thus solve for the elements of the matrix L, column-by-column. The expressions
for [;; and l;; in general, are given by:

-1
ajj = )

k=1

1 =
lij = E(aij - kz::llz'k LK), Vi>j

Listing 2: Cholesky Factorization

#include <iostream>
#include <Eigen/Dense>
#include <cmath>

using Eigen::MatrixXd;

// Cholesky-Crout algorithm starts from the upper-left corner of the
matrix L and proceeds

// to calculate matrix column by column

MatrixXd choleskyDecomposition(const MatrixXd& A)

{
MatrixXd L = MatrixXd::Zero(A.rows(), A.cols());

for (int j{ 0 }; j < A.cols(); ++j)
{
double sum{ 0.0
for (int k{ 0 };
{

}
k < j; ++k)

sum += L(j, k) * L(j, k);
¥
L(j, j) = sqrt(A(j, j) - sum);

for (int i{ j + 1 }; i < A.rows(); ++i)

{
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double sum{ 0.0 };
for (int k{ 0 }; k < j; ++k) {
sum += L(i, k) * L(j, k);

}
L(i, j) = (A(i, j) - sum)/L(j,j);
}
}
return L;
}
int main()
{
MatrixXd K(3, 3);
K << 4, 12, -16,
12, 37, -43,
-16, -43, 98;
MatrixXd L = choleskyDecomposition(K);
std::cout << "The SPD(Symmetric Positive Definite) matrix K is,:,"
<< std::endl;
std::cout << K << std::endl;
std::cout << "The Cholesky Decomposition of Ky into K=LL\'yields L
:" << std::endl;
std::cout << L << std::endl;
return 0;
¥

3.3.13 Eigen-decomposition of real symmetric matrices.

We review couple of lemmas from basic algebra, which we shall need in the main result.
Lemma 3.4. Every linearly independent sequence can be extended to a basis.

Let V' be a finite-dimensional vector space and let 11, 1o, . .. 1, be linearly independent. Then, there
exists a basis of V' containingly, g, . . . 1.

Proof. Let £ =1;,1a,...,1,. Since V is finite-dimensional, there exist elements vi,va, . . ., Vp,
of V such that they span V.

Define a sequence of sequences of the elements of V' as follows. Set £y = .Z and for
1 > 0, define:

Z ifv; € span(.%)

Z;,viy1 otherwise

Liy1 =

Here, %}, v; 41 just means take the sequence .Z; and add v;;1 on to the end.
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Note that in either case, v;1+1 € span(-Z;+1) and also that £ C 4 C ... C Z,.

By construction, each sequence .Z; is linearly independent and in patticular .%},, is lin-

eatly independent. Furthermore, span(.%;;,) contains {v1,..., vy} and therefore con-
tains span(.Z,,,) = V. Therefore, .24, is a basis for V containing .. This completes the
proof. O

Lemma 3.5. (EMHE) Every matrix has an (atleast one) eigenvalue, and a corresponding eigenvector.

Proof. This is just the Fundamental Theorem of Algebra(FTA), but it’s still worth enumer-
ating as a theorem.

Let A C C™*™ and the scalar field F = C.

Let v be any non-zero vector in C™. Consider the list £ = v, Av, A%v, ..., A". There
are n + 1 vectors in the list, so they must be linearly dependent. There exists scalars
ag, @i, . .., a, from C not all zero, such that:

agv 4+ a1 Av + as A>v + ...+ ap, AMv =10

By FTA, the polynomial equation of degree n:

p(x) = ag + a1 + agx® + ...+ apa” =0

has n linear factors

plx)=(x—=X)(x—A2) - (x—Ap) =0

where \; € C,i=1,2,...,n.

Putting it all together,

p(A)Wv =0 = agv+ a1 Av + as A*v + ... + a, A"V
= (a0 + a1 A+ asA? + ..+ anA™)v
=(A-—MDA-=XI)--- (A=, )v

This shows that the composition of the factors has a non-trivial nullspace. ker((A —
M)A = XI)--- (A — X, I)) # {0}. So, atleast one of the factors must fail to be
injective. There exists \;, such that (A — \;)v = 0 such that v # 0. Thus, A has atleast
one eigenvalue and a corresponding eigenvector. O

83



Theorem 3.17. (Spectral Theorem) Every real symmetric matrix is diagonalizable.
Let A be a symmetricn X 0 real matrix. Then,
1) The eigenvalues of A are real.

2) There exists an orthonormal basis {q1, q2, - - . , qn } Jor R™ consisting of the eigenvectors of A. That
is, there is an orthogonal matrix Q so that QY AQ = A is diagonal.

Proof. (I) Before we get to the proof, note that for any square matrix A, we have:

(Ax,y) =x'Aly
= (x,A'y)

Since for a symmetric matrix A, we have, A = A’, it follows that:

<Ax’ Y> = <Xa AY>

Or using the dot-product notation, we could write:

(Ax) -y = x- (4y)

Suppose v # 0 be a non-zero vector in R™ such that there exists a complex scalar A,
satisfying:

Av = v (3.39)
We can therefore write:
(Av) -v=(Av)-v=A(v-v) (3.40)
Alternatively,
(Av) -v=v-(Av) (3.41)

We can now take the complex conjugate of the (3.39) equation. Remember that A is a real
matrix so A = A. Thus, we have the conjugated version of the eigen-value equation:
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In equation (3.40), if we replace the second vector v with its conjugate, v, we get:

(Av) - v = A(v-V) (3.42)

In equation (3.41), if we replace the second vector v with its conjugate, v, we get:

(Av) ¥ =v- (A7) =v - (\¥) = A(v- V) (3.43)
Now, since v is an eigenvector, it cannot be the zero vectot.
Without loss of generality, if v= (v1,...,v,), thenv-¥ = |v1]? + ... + |v,|> # 0, so
v-v#0.

The two expressions for (Av) - ¥ are equal, so (A — A)(v - %) = 0. But, (v ¥) # 0, so

A = A. Therefore, A € R.
(II) We proceed by mathematical induction on n.

Forn = 1,any 1 X 1 symmetric matrix is already diagonal. Since A and v € V are both

scalars, Av = Av where A = A. Thus, we can pick any non-zero scalar v to form a basis
of R. And we can write, A = P"'AP, where P =T and A = A.

Induction hypothesis: Every k X k symmetric matrix is diagonalizable fork = 1,2,3,...,n—
1. If C is a real symmetric mattix of size k X k, then there exists an orthogonal matrix R

such that R"!CR is diagonal.

By lemma (3.5), the squate matrix A has atleast one eigenvalue. Suppose A is an eigen-
value of the matrix A. By part (I), we know that A\; € R. Choose a unit vector q; that
is an eigenvector with eigenvalue A1. (Obviously, this is no problem. We can pick an
eigenvector and then make it a unit vector by dividing by it’s length.)

By lemma (3.4), we can extend this to a basis {q1,wa,...,w,} of V. By the Gram-
Schmidt orthogonalization algorithm, given the basis {qi,wa,..., Wy}, we can find a
corresponding orthonormal basis {q1,q2, ..., qn} of V.

Now, we huddle these basis vectors together as column-vectors of a matrix and formulate
the matrix P.

P:[q1 qz .- qn]

By definition, P is an orthogonal matrix.

Let

B=P'AP
We are interested to show that B is diagonal.
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Step 1. B is symmetric.

We have:

BT = (P71AP)T

= (PTAP)T {p~'=P"}
— PTAT(PT)T

= PTATP

= PTAP {A is symmetric}
=B

We are now going to try and write B in the block form to try to see the structure that this
matrix must have and hope that it looks like, it is going to be diagonal.

Step I1. The structure of B.

The way we do this, is to considet the matrix B post-multiplied by e;. Consider Be;. This
should actually give us the first column of B. Now, we also know that B = PTAP. So,
we could actually say, well,

PTAPe; = PT Aqy

Now, remember that q; is the normalized eigenvector corresponding to the eigenvalue
A1. So, Aq1 = A1qi. That means, this is equal to:
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=\ . q1

qiql
92 q1

q,qu

This is the first column of the matrix B. Since B = BT the first row should also be

[\ 0 0 0]

So, we can write the matrix B in the form:

a0
5|5 2]

The first row and the first column are satisying the need to be diagonal.
Step 111.

We know that C'isan — 1 x n — 1 symmetric matrix. By the inductive hypothesis, C' is
diagonalizable and further there exists an orthogonal matrix R, such that R"1CR = D
where D is diagonal.

Define the matrix @ as:

(3.44)



Our claim is that @ is orthogonal and Q! AQ is diagonal.

(i) We have:
-1 1 01xn—1 1
Q= 0 R-1 P {Reverse order law}
n—1x1
= [ 0 1 01;{}_1 :| Pt {P and R are orthogonal }
n—1x1
But,
T 1 O1xn—1 T
= P
Q [ On—1x1 R :|
So,
QT = Q!
Thus, () is orthogonal.
(i) Well, let’s compute QL AQ.
Q1AQ = Q" AQ
[ 1 01><n—1 | T 1 len—l
| On—1x1 RT { On—1x1 R ]
[ 1 O1xn—1 | B 1 O1xn—1
| Op-11 RT | On—1x1 R
_ 1 O1xn-1 | A1 O1xn—1 1 O1xn—1
| On—1x1 RT On—1x1 C On—1x1 R
_ R O1xn—1 | 1 O1xn—1
L 0'r171><1 RTC 0nfl><1 R
I S O1xn—1 |
| On—1x1 RTCR

Since RTCR is diagonal, it follows that Q1 AQ is diagonal. This closes the proof.

3.4 Covariance and MGF of random variables.

{Q is orthogonal}

|

O

Definition 3.12. If (X,Y") is a random vector, then the covatiance of (X, Y) is given by:

Cov(X,Y) =E[(X —EX) (Y —EY)| =E[XY] -E[X] -E[Y]
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3.4.1 Expected value of a random matrix.
Suppose our random experiment is modeled by the probability space (€2, F,P). We can
define the expected value of a random matrix in a component-wise manner.

Suppose that X is an m X n matrix of real-valued random vatiables, whose (4, j) entry is
denoted by X;;. Equivalently, X is a random m X n matrix. The expected value E(X) is
defined to be the m X n matrix whose (4, j) entry is EX;;, the expected value of X;.

Many of the basic properties of expected value of random variables have analogous results
for expected values of random matrices/vectors. If X and Yate random m X n matrices,
the linearity property holds: E(X +Y) = EX + EY. Similarly, if X is a n X p random
matrix and a is a constant m X n matrix, the constant factor can be pulled out of the
expectation. | [aX] = aE [X].

3.4.2 Covariance Matrices.

Definition 3.13. Suppose that X is a random vector in R™ and Y is a random vector in
R™. The covariance matrix of X and Y is the m X n matrix Cov(X,Y) whose (7, j) entry
is Cov(X;, Yj).

Definition 3.14. TLet X = (X7, ..., X,;) be a random vector in R™. Then the covariance
matrix of X, denoted by X is the n X n mattix, whose (4, j) entry is Cov(X;, X;).

Theotem 3.18. Let (X,Y') be random variables. Coo(X,Y') has the following properties:
() Cov(X,X) =Var(X)

(i) Cov(X,Y) = Cov(Y, X)

(@) Cov(X,¢c) =0

(iv) Sealing property: Cov(aX,Y) = aCov(X,Y)

(v) Bi-linearity:

Cov(aX +bY,Z) = aCov(X,Z) + bCou(Y, Z)

Cov(X,cY +dZ) = cCov(X,Y) +dCov(X, Z)

W) Var(X +Y)=Var(X)+ Var(Y) +2Cov(X,Y)

Since Cov(X, =Y) = —Cov(X,Y), itfollows that Var(X =Y ) = Var(X)+Var(-Y)+
2C00(X,-Y)=Var(X)+ Var(Y) —2Cou(X,Y)

Var(Xi + Xo +...+ Xp) = 3500, Var(X) + 302, 27, Cov(X5, X))

Theotem 3.19. LorX = (X1, Xo, ..., Xy) bearandom vector with mean vector b = (o1, oo, . -« , fin,)
andn X 1 covariance matrix 3. Then, 2 is positive semi-definite.

Proof. We have:
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E(X1 —p) (X1 —p1) E(Xn — ) (X2 —p2) oo E(X1 — pa)(Xn — pn)
5 E(Xy — p2) (X1 —p1)  E(Xo — p2)(Xo —p2) ... E(Xo — p2)(Xn — pin)
(X — i) (X — ) (Xn— ) (X2 = 12) oo (X — pin) (X — i)
Xi—m
Xo — M2
= ) [ Xi—pm Xo—p2 oo Xp—pn |
Xn ._/Jn

=E[X—-p)(X—p)]
Let a be an arbitrary(not random) vector in R™. Then,
a'Ya=aE[X - p)(X—p)]a

=E[a' (X~ p)(X — p)'al
=E |[(X—p)a) (X—p)a)

=E[(X — p)'af
>0
Consequently, 3 is a positive semi-definite mattix. O

Definition 3.15. The MGF of a random variable X on (£, F,P) is the function on R
defined by:

Mx(t) = E [¢"]

Example 3.5. The MGF of a standard Gaussian random variable given by:

Mz(t) =E [¢'”]
= / e (z)dz

— 00

2
tz,—z /2dZ

1 o0
= —— (&
\/271' /7oc

We can complete the square in the exponent as follows:
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A D I ST 2_ g2

exp | tz 5 | =P 2(z 2tz 4+t t)
1 t2
—exp{2(zt)2+2]

So,

e —(2—t)?/2
My(t) = N e dz
et’/2

:\/ﬂ\/ﬂ

t2/2

=€

Differentiating with respect to ¢, we have:

M (t) = te' /2
M7(t) = el /2 4 g2t/
M) (1) = 3tel™/2 4 3¢1°/2
Mg;) (t) = 36152/2 + 6t26t2/2 + t46t2/2

So, the mean of the standard gaussian random variable is M7, (0) = 0, the second moment
and vatiance of a standard gaussian random variable is M7 (0) = 1. The skewness of

the standard gaussian random vatiable is M ?) (0) = 0, while the kurtosis of a standard

gaussian random variable is M 24) (t) =3.

Definition 3.16. (Joint Moment Generating Function (MGF)). The joint MGF of a random
vector X = (X1, X2, ...,X,) on (Q, F,P) is the function defined on R" by:

Mx(t) = E [exp (¢'X)] = Elexp (11 X1 + t2Xo + ... + 1, X,)] (3.46)

The following result will be stated without proof. It will be useful when studying Gaussian
vectors.

Proposition 3.3. Let (2, F,P) be a probability space. Two random vectors X and Y that have
the same moment generating function have the same distribution.

Example 3.6. Consider (X,Y) a random vector with value in R? such that X and Y are
IID with standard Gaussian distribution. Then, the joint PDF is:
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flz,y) = L IV S N ST

V2 var V2

The moment generating function is obtained by independence:

M(va) (tla t2) = E[etlx"rth]
=E [eth . eth]
=E [e"X] -E [¢"2%]
— oti/2 . t3/2

— o(ti+t3)/2

More generally, we can consider n IID random variables with standard Gaussian distribu-
tion. We then have the joint PDF:

e~ (@i +ai+. 4ah)/2
(27’1’)”/2

f(Il,LI}g, e ,.’En) =

In order to work with random vectors, we frequently use the change-of-variables theorem
from vector calculus.

Theorem 3.20. If f : R? — R and T(x1,72) = (21(y1,Y2), 22(y1,Y2)) is a linear
transformation that maps the domain D*to D, then we have:

// f(z1,22)dz1d7o 2/ f(ml(yl’y2)7$2(y17y2))‘w dy1dya
D Dx*

8(y17 y2)

Corollary 3.2. If X1, Xo have the joint density function f, andT' is any linear transformation, then
the pair (Y1,Ya) = T(X1, X2) has the density function:

a(wh .1'2)
8(y1,y2)

fovi o) (1, 92) = f(z1(y1,y2), 22(y1, y2)) ’

Example 3.7. (Computations with random vectors). Let (X, Y") be two IID standard Gaussian
random variables. We can think of (X, Y") as the random point in R? with 2-coordinate
X and y-coordinate Y.

First off, let’s compute the probability that the point (X,Y") is in the unit disc D =
{(z,y)|2? + y* = 1}. The probability is given by the double integral:
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P((X,Y)eD):// L @24y
D27T

HopEVI=at o,
:/ / — e~ @) 2 g dy
1 JoyieE 2m

We apply the linear transformation T : R — R2,

T(r,0) = (z,y) = (rcosf,rsinf)

The Jacobian g((f’g)) is given by:

9 9 ox
(xay) Zdet|: 3; gz :l
or 06
cos) —rsinf
sinf  rcosf

= r(cos? 0 + sin? 0)

=r

We need to identify the region D* that T maps in a one-to-one fashion to D. We have:

D*={(0,r)|0<0<2r,0<r<1}

Thus, D* is a rectangular region. We can write our double integral as:

1 2m 1 2
P((X,Y) e D) / e 2rdrdf
0

2m Jo
1 2mop1/2
= — / e “dudf
2 0 0
1 27 u 1/2
= Z . — [6 :IO d9
1 2m
=5 (1—e1/2)dp
T Jo
1 2
= (1—671/2)—/ do
2T 0
— (1)
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Consider now the random variable R = (X2 + Y?2)'/2 giving the random distance of the
point to the origin. Let’s compute E[R]. Now, R is a function of the random variables
(X,Y). Hence, by LOTUS, we must have:

E[R] = / / (@ + 922y (2 y)dady

1 o0 o0
:%/_ /_ (22 + )2 2y

Again by transforming to the polar coordinates, we have:

1 27 [e%s)
E[R] o / re="/2rdrdf
™ Jo 0

1 27 o) ) 7T2/2
= — ree drdf
2 0 0

By the product rule, the inner integral can be simplified as follows:

We have:

So, the desired expectation is:

Mote generally, the CDF of R is given by:

P(R<r)=P((X,Y) € D)
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where D = {(z,y)|z? + y* < 7?}. We know that, the probability of a random vector
lying in a domain D is given by:

P(X,Y) € D) = / /D Fy (@, y)dady

_ / / L @204
D27T

Again transforming to the Polar coordinates, we have:

2 r
P((X,Y) € D) = / re="2drdo
0
1 27 5 r
_ _ —r</2
27 {e }0 d0
=(1- 677”2/2)

Taking the derivative with respect to 7, we get that the PDF of the R is:

fr(r) =re /2

Consider now the random angle that the point (X,Y’) makes with the z-axis. That is,
the random variable © = arctan %-. It is not hard to compute the joint PDF of (R, ©).
Define D = {(z,y)[2* + y* <%, % < tan6}.

We have:
L @)
P(R<r,©<6)= 2—6 TV dydy
™
/ / re”""2drdo
=1~ e’r2/2)9
N 27
And the joint PDF is just f(g,e)(r,0) = 5=re™" 2 1n particular, the variables (R, ©)

are independent since the joint the PDF is the product of the marginals. © is uniformly

distributed on [0, 27] and has PDF fo () = 5.
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3.4.3 The Box-Mueller Method.
The above example gives an interesting method to generate a pair of IID standard Gaus-
sian random variables. This is called the Box-Mueller method. Let U; and Usbe two

independent uniform random variables on [0, 1]. Define the random variables (Z7, Z2)
as follows:

Z1 = /—2logUj cos(2nUs)
Zy = +/—2log U, sin(27U3)

'The CDF of the random variable R defined above is:

w=1—e"/2
Expressing 7 in terms of u, we have:
e =1y
2
27“ = log(1 — u)
r? = —2log(1 — u)

r=+/—2log(l — u)

By probability integtal transform, we know that if U7 is a Uniform[0, 1] random variable,
then the random variable F'y L(U]) has the CDF Fy. By symmetry, U; := 1 — U] is
also uniformly distributed on [0, 1]. Thus, the random variable y/—2log U; has the same
distribution as R.

'The CDF of the random wvariable © defined above is:

0

So, if Us is a uniform random variable, then the random variable 27Uy has the same
distribution as © in the discussion above.

As seen in the example above, if R and O atre independent and their matginal CDFs are
Fr(r)y=1- e=*/2 and Fo(0) = %, we know that the random variables defined by
X = Rcos® and Y = Rsin © are IID standard normal random variables.

More formally, we are making the transformation:
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T(X.Y) = (RO 1), 005, Y)) = (VAT V2.t () )

So, the density function of the pair (X,Y") is given :

or  Or
foxvy(@y) = firey(r0)-| 9% 5
ox oy
1 x Y
— e 2| VaRty? a4y
- o
2m THE TP
1 1

= /2 2. —(x*+y)/2
g VT TYe Nerer

e iei(aj2+y2)/2

21

Hence, X and Y are TID standard Gaussian random variables.

3.5 Gaussian Vectots.

Definition 3.17. A n-dimensional random vector X = (X7, Xo, ..., X,,) is said to be
jointly Gaussian if and only if for all real vectors t = (1, ..., t,), the linear combination
t'X =t1 X1 +t2Xo + ...+, X, of (X1, Xo,..., X,) is a Gaussian random variable.

As a simple consequence of the above definition, if (X1, . . . , X}, ) is Gaussian, then setting
t; = landt; = 0 forall i # j, we have that each X is also Gaussian.

An equivalent definition can also be stated in terms of the joint MGF since an MGF
uniquely characterizes the distribution of a random variable. Before introducing the sec-
ond definition, we first make two important observations about the mean and variance of
a linear combination of random variables.

First, the mean of a linear combination of random variables is:

Ela1 X1 4+ a2 Xo + ... + apnXp] = a1 EX 4 ... + a,EX,, = aT EX

where EX is the mean vector. The variance is obtained with a short calculation using the
linearity of expectations:

Var(a; X1+ ...+ a, X)) = ZZaiajCov(Xi, X;)
i=1 j=1

=alYa

where Y is the covariance matrix of X.
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Proposition 3.4. A random vector X = (X1, Xo, ..., Xy,) is Gaussian if and only if the moment
generating function of X is:

1
E [exp {t"X}] = exp {tTu + 2tTEt] (3.47)
where W is the mean vector and 3 is the covariance matrix of X.
Proof. By the definition of joint MGF:

Mx(t) = E [exp {'X}] = Efexp {t: X1 + ... + t,. X, }] (3.48)

But, we know that £, X7 4. ..+, X, is a Gaussian random variable with mean jt = t/
and variance 02 = tT' %t

The MGF of a univariate Gaussian random variable is :

o?s?

5)

Mx (s) = Elexp(sX)] = exp(us +

At s = 1, we have:

) (3.49)

0.2
Mx (1) = Elexp(X)] = exp(p + -

Thus, if X = t1 X1 + ...+ t,X,, then it follows that:

1
Elexp (£ X1 + ... + 1, Xn)] = exp [tTp, + 2?&]

But from (3.48), this is the joint MGF of X. This closes the proof. O

Proposition 3.5. Let X = (X1,...,X,,) be a Ganssian vector. Then, the covariance matrix is
diagonal, if and only if the random variables are independent.

Proof. (=) direction.

We are given that the covatiance matrix is diagonal. Our proposition is that the random
variables are independent.

Remember, that if X7 and X3 are independent random variables, Cov(X7, X3) = 0.
But, the converse is not true. We use the MGF of the random vector X, to prove this
claim.

We have:
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1
Mx(t) = exp [tTp, + 2tT§]t]

Since ¥ = Diag(o?,...,02), we can express:

'St =307 + t2o5 + ... +t202

So:

2t2 2t2
Mx(t) = exXp |:t1l1,1 —+ 0—121:| e eexp |:tn/ln + 0—77'2 n:|

= Mx, (t1)--- Mx,, (tn)

Consequently, the MGF can factored into a product of the MGFs of X1, ..., X,,. Thus,
X1, Xs,..., X, are independent random variables.

(<) direction.

This direction is trivial. We are given that the random variables are independent. Then,
Cov(X;,X;) =0foralli # j. So, the covariance matrix is diagonal. 0

Before writing the joint PDF of a Gaussian vector in terms of the mean vector and the
covariance matrix, we need to introduce the important notion of degenerate vector. We
say a Gaussian vector is degenerate if its covatiance matrix X is singular, det 3 = 0.

Example 3.8. Consider (71, Z2, Z3) 1ID standard Gaussian random variables. We de-
fine X =21+ Zo+ Z3,Y = Z1 + Zy and W = Z3. Clearly, (X, Y, W) is a Gaussian

vector. It has 0 mean and covariance:

=N W
O NN
_ o

It is easy to check that det X = 3-2—2-24-1-(—2) = 0. Thus, (X, Y, W) is a degenerate

Gaussian vectot.

The above example is helpful to illustrate the notion. Note that we have the linear relation
X — Y — W = 0 between the random variables. Therefore, the random variables are
linearly dependent. In other words, one vector is redundant, say X, in the sense that its
value can be recovered from others for any outcome. The relation between degeneracy
and linear dependence is general.
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Lemma 3.6. Let X = (X1, Xo,..., X)) be a Gaussian vector. Then, X is degenerate if and
only if the coordinates are linearly dependent. That is, there exists €1, Ca, . . . , Cp, not all Zero, such that
a1 Xh + e Xo+ ...+ cn Xy, = 0 with probability one.

Proof. (=) direction.

We are given that the vector X is degenerate. This implies that det > = 0 and the columns
of X are linearly dependent. X is non-singular.

TODO. O

We are now ready to state the form of the PDF of Gaussian vectors.

Definition 3.18. (Joint PDF of Gaussian vectors). Let X = (X7, X5,...,X,,) be a
non-degenerate Gaussian vector with mean vector p and covariance mattix X, written

N(p, X). Then the joint density of X is given by the PDF:

—;ex —lx— Tyt (x —
s ) = s P50 m)  es

where x € R™ and ¥ is PSD (Positive symmetric definite).

Example 3.9. Consider a Gaussian vector (X7, X3) of mean 0 and covariance matrix

Y= { i ; ] . The inverse of 2 can be found out as follows.

We consider the augmented matrix [X|I].

2 1] 10
12 ] 01

Performing Ry = 1/2R;, the above system is row equivalent to:

Performing Ry = Ry — Ry, the above system is row equivalent to:

1 1
o314
5 1 -3
Peforming Ry = %Rg, the above system is row equivalent to:
1 1
{ L [ 3 0 ]
0 1 [ -3 3

Performing 1 = Ry — %Rg, the above system is row equivalent to
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wlro
—
V)
W=

0|
1] -

K |

] and detC' = 3. By doing matrix operations, the joint

wl
wl

_ 2/3 —1/3
1 _

So, X7 = [—1/3 2/3
PDF of (X1, X3) is:

it ] 2 3212

— o (g [ 2= 13 —sn s ysn ]| )

1 1, n 1 1,

=——e¢ —-x]+ cr1Te — S

ory3 TP\ 3T T 3T T 3
We will not prove proposition (3.18) yet. Instead, we will take a short detour and de-

rive it from a powerful decomposition of Gaussian vectors as a linear combination of IID
Gaussians. The decomposition is the generalization of making a random variable szandard.

Suppose X is Gaussian with mean 0 and variance 02 Then, we can write it as X = 07,
where Z is a standard normal random variable. (This makes sense even when X is degen-
erate that is 02 = 0). If 02 # 0, then we can reverse the relation to get:

X
Z==
g

We generalize this procedure to Gaussian vectors.

Proposition 3.6. (Decomposition into 1ID). Let X = (X1, Xo, ..., Xp) be a Gaussian vector
of mean O andn X 1 covariance matrix C. If X is non-degenerate, there exists 0 11D gaussian random
variables Z1, Za, . . ., Zy, and an invertible 0. X 1 matrix A such that:

X=AZ, Z=A"'X (3.51)

The choice of Zs and thus the matrix A is generally not unique as the following simple
example shows:

Example 3.10. Consider the Gaussian vector (X1, X2) given by:

Xi =21+ 2;
Xo=271—-2,

where Z1, Zy are 11D standard gaussians.
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1 1 2
1 -1 0 2

covariance matrix is diagonal, by proposition (3.5), the random vatiables X7 and X3 are

The matrix A = { . Since, the

]. The covariance matrix of X is

independent.

Another choice of decomposition is simply W = X /v/2 and Wy = Xo/v/2.
Proof of proposition 3.6.

Proof: 'This is done using the same Gram-Schmidt procedure as for R”™. The idea is to
take the variables one-by-one and subtract the components in the directions of the previ-
ous ones using covariance. The lemma (3.0) ensures that no random variables are linear
combinations of the others.

To start, we take Z1 = \/)él— Cleatly, Z; is a standard normal random variable.
11

Then, we define Z} as:

Zh = Xy —E[X221]) 23
And let
Zy
VVar(Z})

Firstly, since X5 and Z; are Gaussian random variables, it follows that Z is also a Gaussian

random vatiable. Moreover, E[Z3] = ﬁl@[?@} = 0and Var(Z3) = 1. Further:
ar 2

Zy =

COU(Zl, Zé) = COU(Zl, X2 —E [XQZl] Zl)
= CO’U(Zl, XQ) —E [X2Z1] Var(Zl)
=E[X2Z,] — E[X22] (1)
=0

Thus, Z3 is independent Gaussian with mean 0 and variance 1.

In the same way, we take Z3 to be:

Zy = X3 — E(X3, Z2)Zy — E(X3,21) 24

and
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!
Zy— 25
Var(Z})
Again, its easy to check that Z4 is independent of Z3 and Z;. As above, we define Z3 to
be Z4 divided by the square root of variance. This procedure is carried on until we run
out vatiables. Not that since C' is non-degenerate, none of the vatriances of the Z! will be
zero, and therefore they can be standardized. O

The covariance matrix C' of the Gaussian vector X with mean vector pt = 0 can be written
in terms of A. Write A = (a;;) for the (4, j)th entry of the matrix A. By the relation
X = AZ we have:

Cov(X;, X;) (X:X5)

=E a/lk:a/]ka; + Z N RVAYA]
-1 k£l

Now, we know that:

1 ifk=1

0 otherwise

E(Zi-Z1) = {

So, the expectation simplifies to:

Cov(X;, X;)

g azka]ka

Thus, we have:

C = AAT
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Thus, the covariance matrix C' of a Gaussian vector X admits a Cholesky Factotization of
the form, C' = AAT and therefore, C' is SPD(symmetric positive definite). For applica-
tions and numerical simulations, it is important to get the matrix A from the covatiance
matrix C. This decomposition is an exact analogue of the decomposition of a vector in
R? written as a sum of orthonormal basis vectors. In particular, the condition of being
non-degenerate is equivalent to linear independence.

Proof of proposition 3.18
Progf. Without the loss of generality assume that gt = (0, . .., 0). Otherwise, we just need

to subtract it from X. We use the decomposition in proposition (3.6). First note that,
since C' = AAT, the determinant of C is:

C = AAT

so the determinant of C' of C'is:

detC' = det A - det AT
=detA-detA

= (det A)?

In particular, since X is non-degenerate, we have that det C' # 0, so det A # 0. Thus,
A is invertible. We also have by the decomposition that thete exist IID Gausian random
variables Z such that X = AZ. Now, the event {X € B} = {AZ € B} = {Z €
A~!B}. So,

P(Xe€B)=P(Zec A'B)

But we know the joint density of n IID standard normal random variables Z1, Za, . . ., Zp.
Consequently, we have:

1 1
P(XEB)://AIBWeXp |:—2ZT2} dzy -+ -dz,

because z = (21,...,2,) and 27z = 22 + ... + 22. It remains to do the change of
variable x = Az.

Let us define the map T as:

x = Az
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Then, the inverse map T~ is:

z=A"x

Since X is non-degenerate, A~ exists and the right-hand side vector is well-defined. The

Jacobian 722((;1’;2)) is:
0 1 1
MZ‘det(A_lﬂz -
(1, ., T) |det Al /[ detC]|

Moreover, z € A™!B is equivalent to x € B. Further, 27z = (A7 1x)T (A7 1x) =
xI' (A7) (A~ Yx. Now, note that if C = AAT, by the reverse order law, C~1 =
(ATY=1 (A=) = (AHT (A7), Consequently, 27z = xT'C~!x.

dry---dx,

P(X €B)= /.../B\/mexp [—;xTclx}

Consequently, the joint density function of X is

——1 ex —le —1x
ful) = @2m)7[det O p{ 3 ¢ }

If X has a non-zero mean vector , then X' = X — g has a mean vector zero. Thus, the
joint density function becomes:

—;ex —lx— To—1(x—
B0 = e o | e )€ )

O

We now explore three ways to find the mattix A in the decomposition of Gaussian vectors
of proposition (3.6). We proceed by example:

Example 3.11. (Cholesky by Gram-Schmidt). This is the method suggested by the proof
of proposition 3.6. It suffices to successively go through the X’s by subtracting the pro-
jection of a given X; onto the previous random vatiables. Consider the random vector
X = (X3, X2) with mean 0 and covariance matrix :
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2 1
o=[1 ]
It is easy to check that X is non-degenerate, det C' = 3. Take:

X
V2

This is obviously a standard Gaussian random variable. For Zy, first consider:

Zy =

Zh = Xy —E(X221) 24

It is straightforward to check that Z1 and ZJ are jointly Gaussian. Z} is a linear combi-
nation of Z; and Xs, so Z4 is Gaussian. Since all linear combinations of Z4 and Z; are
Gaussian, by definition, (Z7, Z3) is jointly Gaussian. They are also independent, because:

E(Z12Z3) = E[Z1(X2 — E(X221)Z1)]

E[Z1X2] — E(X221)E(Z2)
E[Z1X5] —E(X2Zp) - 1
0

Note that:

Zh = Xy — E[X2Z1| 24
A

In particular, we have by linearity of expectations:

E[(Z))%] = E[X2 — X1 X, + in]
= E(X2) - E(X1X5) + EE(Xf)
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Z/

Vam

To get a random variable of variance 1, that is a multiple of Z}, we take Zy =

f oy = \/> Xo — X1 Altogether, we get :

7, =21

1 2
ZQ == 7%)(1 + \/;XQ

We thus constructed two standard IID Gaussians from (X7, X5). In particular we have:

— V2
AT = l Bl s [0 A= 1 3 1
/6 3 3 2
We can check that :
NG NG)
AA

ARl

The probability of the event P(X7 > 2, X5 < 3) can be computed as follows:

=N

-

=C

f

Example 3.12. (Cholesky by solving a system of equations). Consider the same example

as above. Write A = [ (Cl b } . Then the relation C' = AAT yields:

3
P(X1>2,X2<3):P<\/521>2 — 7+ ZQ<3>

d

a b a c| [a®*+b* ac+bd] [2 1
c d b d| | a+bd F+d* | |1 2

and so we have the three equations:

a?+b2=2
ac+bd=1
A+d?=2
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There are several solutions. One of them is a = v2,b =0, ¢ = % and d = \/g

Example 3.13. (Cholesky by diagonalization) This method takes advantage of the symmetry
of the covatiance mattix. From the spectral theorem, we know that, if C'is a symmetric
matrix, it is diagonalizable, it admits a factorization of the form QAQ ™! where @ is an or-
thogonal matrix. The entries of A are the eigenvalues of C'. Furthermore, the eigenvectors
are orthogonal to each other.

Since C = AAT, we get:

C = QAQ”
— AAT = QAQT

It suffices to take:

A= QA1/2

whete () is the matrix with the columns given by the eigenvectors of C' and A2 s the
diagonal matrix with the square root of the eigenvalues on the diagonal.

Example 3.14. (IID Decomposition). Let X = (X7, X5, X3) be a Gaussian vector with
mean 0 and covariance matrix:

1
C=1|1
1

DN DN

1
2
3
Let’s find a matrix A such that X = AZ for Z = (Z1, Z3, Z3) 11D standard gaussians.

The vector is not degenerate since detC' = 1 - (2 — 1) = 1. If we do a Gram-Schmidt
procedure, we get:

7, = X,

Zy = (X2 — X4)

Zs=X3—(Xo—X1) - X,
= X3 —Xo

Consequently, X1 = Z1, Xo = Z1 + Zs and X3 = Zy + Z3 + Zs. So, the matrix A is:
1 0 0
A=|1 1 0
1 1 1

As we will see in the next section, this random vector corresponds to the position of the
Brownian motion at time 1, 2 and 3.
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3.6 Gaussian Processes.

In general, a stochastic process is an infinite collection of random variables on a probability
space (€2, F,P). The collection can be countable or uncountable. We are mostly interested
in the case, where the variables are indexed by time; for example

X =(X,teJ)

where J can be a finite set, N or some uncountable set such as the closed interval [0, T']
or [0, 00).

In the case where J = [0, 00) or [0, T, the realization of the process X (w) can be thought
of as a function of time for each outcome w. This function t — X¢(w) is sometimes called
a path ot the trajectory of the process. With this in mind, we can think of the process (X );>0
as a function-valued random variable as each outcome w produces a function.

(a) For each t, X (¢, ) is a random variable.
(b) For each w, X (-, w) is a function (called a sample path)

For convenience, the random variable X (¢,-) will be written as X (¢) or X;. Thus a
stochastic process X (¢, w) can also be expressed as (X (t));>0 ot simply X (¢).

How can we compute the probabilities for a stochastic process? In other words, what
object captures it’s distribution? The most common way (there are others) is to use finite
dimensional distributions. The idea here is to describe the probabilities related to any finite
set of time. More precisely, the finite-dimensional distributions are given by:

P(X:, € B1,Xy, € Bo,..., X;, € By)

foranyn € N, any choice of ty,...,t, € J,andanyevents By, ..., By inR. Of course,
for any fixed choice of ¢’s (X¢,,..., X}, ) is a random vector as seen in the previous
section. The fact that we can control the probabilities for the whole random function
comes from the fact that we have the distributions of these vectors for any 1 and any
choice of ¢’s.

Some important types of stochastic processes include Markov processes, martingales and
Gaussian processes. We will encounter them along the way. Let’s start with Gaussian
processes.

Definition 3.19. A Gaussian process (X;)¢>0 is a stochastic process whose finite dimen-
sional distributions are jointly Gaussian. In other words, for any n € N and any choice of
t1 < ... <t, we have that (Xy,, X4,,..., X, ) is a Gaussian vector. In particular, its
distribution is defined by the mean function m(t) = E(X}) and the covariance function

C(s,t) = Cov(Xy, Xy).

As before, linear combinations of Gaussian processes remain Gaussian.
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Lemma3.7. L XM X @) X bein Gaussian processes on [0, 00) defined on the same
probability space. Then, any process constructed by taking linear combinations is also a Gaussian process:

alX(l) +...+amX(m) = (alXt(l) +---+ath(m)vt 2 0)

Proof. Tt suffices to take a finite set of times t1] < tg < ... < t,. Let J = {t1,...,tn}

(@)

By definition, the random vector X/’ is Gaussian.

Any linear combination of Gaussian vectors is a Gaussian vector, so

e
2)
X
T T _ (1)
a : =a XJ +
(m)
X7
1
X
Xt2
= a’l .
X

+ame;")
+ ...+ am

m . k
2ok akXt(n)

is also a Gaussian vector for any #q, . ..
processes is a Gaussian process.

,tn. Hence, any linear combination of Gaussian

O

The most important example of a Gaussian process is Brownian motion.

Definition 3.20. (Standard Brownian motion or Wiener process). A stochastic process B(t, w)

is called a Brownian motion if it satisfies the following conditions:

s P{w: B(0,w) =0} = 1.

¢ Forany 0 < s < t, the random variable B(t) — B(s) is normally distributed with
mean 0 and vatiance ¢t — s. That is for any a < b:

P{a < B(t) ~ B(s) < b} =
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* B(t,w) has independent increments, i.e. forany 0 < t1 < to < ... < &, the
random variables :

B(t1), B(tz2) — B(t1), B(t3) — B(t2), ..., B(tn) — B(ta-1)
are independent.

* Almost all sample paths of B(t,w) are continuous functions, that is,
Pw | B(:,w)is continuous) = 1

Example 3.15. (Sampling a Gaussian process using Cholesky decomposition). The IID
decomposition of proposition 3.6 is useful for generating a sample of the Gaussian process.
(Xt)teo,m)- First, we need to fix the discretization or step-size. Take for example, a step
size of 0.01, meaning we approximate the process by evaluating the position at every 0.01.
This is given by the Gaussian vector:

(X

ﬁ,j =1,2,3,...,1007)

This Gaussian vector has covariance matrix C' and a matrix A from the IID decomposi-
tion. Note that, we start with the vector at 0.01 and not 0. This is because in some cases
(like the standard Brownian motion) the value at time 0 is 0. Including it in the covariance
matrix would result in a degenerate covariance matrix. You can always add position 0 at
time O after performing the cholesky decomposition. It then suffices to sample 1007" IID
standard Gaussian random variable Z = (Z1, Za, . .., Z10o7) 2nd to apply the determin-
istic matrix A to the sample vector to get :

(X, ,j=1,2,...,100T) = AZ

100

Example 3.16. Simulating Brownian Motion. The goal of this project is to simulate
100 paths of Brownian motion on [0, 1] using a step-size of 0.01 using the Cholesky de-
composition.

(a) Construct the covariance matrix of (B} /100)1<j<100 using a for-loop. Recall that for
a Brownian motion C(s,t) = s A t with mean 0.

(b) The command numpy .1linalg.cholesky in Python gives the Cholesky decomposi-
tion of the covariance matrix C. Use this to find the matrix A.

(c) Define a function whose output is a sample of N standard Gaussian random vatiables
and whose input is V.

(d) Use the above to plot n. = 100 paths of the Brownian motion on [0, 1] with a step size
of 0.01. Do not forget By!

Solution.
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Listing 3: Generating 100 paths of a standard brownian motion

import numpy as np
import seaborn as sns
import matplotlib.pyplot as plt

sns.set_style("whitegrid")
# A generator for N standard gaussian random variables
def standardNormalGenerator (N):

return np.random.standard_normal (N)

# Produces 1 sample (path) of a gaussian process
# N : Number of time-steps

# A : The transformation that maps IID gaussians (Zz_1,Z_.2,...,Z_N) to a
gaussian vector (X_1,X_2,...,X_N)
# with covariance matrix C = AA'

def sampleGaussianProcess(A,N):

Z standardNormalGenerator (N)
X = np.matmul (A,Z)
return X

# Produces “numOfPaths” paths of a standard brownian motion
# N : Number of time-steps, 1/N : step-size
def standardBrownianMotion (numOfPaths,N):

C = np.zeros ((N,N))

for i in range(N):
for j in range(N):
s = (i+1)/N
t = (j+1)/N

C[il[j] = np.min([s,t])
A = np.linalg.cholesky(C)
B = []
in range (numOfPaths):

i
X = sampleGaussianProcess(A,N)

X = np.concatenate(([0], X), axis=0)
B

.append (X)
return B
if __name__ == "__main__":
T =1.0
N = 100
C = covarMatrix(N)
B = standardBrownianMotion(numOfPaths=100,covarianceMatrix=C,N=100)

plt.xlabel(r'$t$"')

plt.ylabel(r'$B(t,\omega)$"')

plt.grid(True)
plt.title(r'$100$ ,sample paths of a,standard brownian motion')

112




t = np.linspace(start=0,stop=1.0,num=101)
for n in range (100):
plt.plot(t,B[nl])

plt.show ()

100 sample paths of a standard brownian motion

Example 3.17. (Brownian motion with a drift.) For o > 0 (called the volatility or diffusion
coefficient) and pt € R (called the drift), we define the process:

XtZO'Bt—F/JJt

where (B});>0 is a standard brownian motion. This is a Gaussian process, because it is a
linear transformation of a brownian motion, which is itself a Gaussian process by lemma

G.7).

A straightfoward computation shows that:

E[X:] = oE[B] + E[ut]

andif 0 < s < ¢,

E[X X:] = E[(6Bs + us)(o B + ut)]
= E[0?B,B; + utBs + pso By + p’st]
=025+ u25t
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S0,

Cov(Xs, X;) = 0?s

Listing 4: Brownian motion with a drift

# Given a standard brownian motion, this function produces a
# brownian motion with drift = mu and diffusion coefficient=sigma
def brownianMotionWithDrift (mu,sigma,B_t):

num0OfPaths = len(B_t)

N = len(B_t[0])

t = np.linspace(start=0,stop=1.0,num=N)

Y =[]
for omega_i in range (numOfPaths):
X_t = sigma * B_t[omega_i] + mu * t

Y.append (X_t)

Brownian motion with drift ;o = 1.0, diffusion coeff o = 1.0

Example 3.18. (Brownian Bridge). The Brownian bridge is a Gaussian process (Z¢)¢e[o,1]
defined by the mean E[Z;] = 0 and covariance Cov(Zy, Zs) = s(1 —t)if 0 < s < t.
Note that by construction, Zy = Z; = 0. It turns out that if (B}).e[o,1 is a standard
brownian motion on [0, 1], then the process

Zy =By —tBq, tE[O,l]

has the distribution of a Brownian bridge.
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Listing 5: Brownian bridge

def brownianBridge(B_t):
num0OfPaths = len(B_t)
N = len(B_t[0])

t np.linspace(start=0, stop=1.0, num=N)

zZ =[]

for omega_i in range (numOfPaths):
X = B_t[omega_i]l - B_t[omega_i] [N-1]* t
Z.append (X)

return Z

10 sample paths of Brownian Bridge on [0, 1]

Example 3.19. (Fractional Brownian Motion). The fractional Brownian motion (B,gH))tzo
with index 0 < H < 1 (called the Hurst Index), is the Gaussian process with mean 0 and
covariance

1
Cov(Y,, ;) = BB, B) = S(1* + 5> — |t — s*")

The case of H = 1/2 corresponds to the Brownian motion.

Listing 6: Fractional Brownian Motion

def fBM(H,numOfPaths,N):
# Initialize the covariance matrix
C = np.zeros((N,N))

for i in range(N):
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for j in range(N):
s (i+1) /N
t (j+1)/N

C[il[j] = 0.50 * (s*x(2%H) + t*x(2%H) - (np.abs(t - s))
*x (2xH))

A = np.linalg.cholesky(C)

Y =[]

i in range (numOfPaths):

X = sampleGaussianProcess (A, N)

X = np.concatenate (([0], X), axis=0)
Y.append (X)

return Y

3 paths of fractional brownian motion with H = 0.1 on [0, 1]

S
< “-.\ /“w | w’
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3 paths of fractional brownian motion with H = 0.5 on [0, 1]

Y(t,w)

3 paths of fractional brownian motion with H = 0.9 on [0, 1]

Y (t,w)

Example 3.20. (Ornstein-Uhlenbeck process). The Ornstein-Uhlenbeck process (Y )¢ >0
starting at Yo = 0 is the Gaussian process with mean E[Y;] = 0 and covariance:

e—2(t—s)
Cov(Ys,Y:) = T(l —e7 %), fors <t

If the starting point Yy is random, specifically Gaussian with mean 0 and variance 1/2,

then we have: EY; = 0 and
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672(t75)
Cov(Ys, Y:) = — fors <t

The covariance only depends on the difference of the time!l This means that the pro-
cess (Y2)¢>0 has the same distribution if we shift time by an amount a for any a > 0:
(Yita)t>0. Processes with this propetty are called stationary. As can be obsetved from the
figure below, the statistics of stationary processes do not change over time.

3.7 A Geometric Point of View.

Before turning to Gaussian processes in more detail, it is worthwhile to spend some time to
further explore the analogy between random variables in L2(£2) and vectors inR™. We’ve
already seen earlier, how the space of all random variables form a vector space. We shall
now observe that L? is a subspace of this vector space.

Definition 3.21. For a given probability space (€2, F,P), the space L?(Q, F,P) consists
of all random variables defined on (€2, F,P) such that:

[E(X?)] <o
Such random variables are called square integrable.

In the same spirit, the space of integrable random variables is denoted by L!(Q, F,P).
We will see that any square-integrable random variable must be integrable. In other words,
L?(Q, F,P) is a subset of L1(£2, F,P). In particular, square integrable random variables
have a well-defined expectation. This means that, we can think of L? as the set of all ran-
dom variables on a given probability space with finite variance. Cleatly, random variables
on (2, F,P) with the Gaussian distribution are in L?.

The space L? is a vector space.

1) If X and Y are two random variables in L2, then the linear combination a X + bY is
also a random variable in L?. If u,v € R, we know that :

(u—0)2>0
u? —2uv+02>0

2uv < u? +v?

Setting u = aX and v = bY, we get:

20bXY < a’X? 4+ b?Y?
20bE(XY) < a®’EX? + b*EY?
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Having established this upper bound for 2abE(XY"), we now proceed to show that a.X +
bY belongs to L?. We have:

E[(aX +bY)?] = E(a’X? + b?Y? + 2abXY)
= a’EX? + EY? + 20bE(XY)
< a’EX? + *EY? + o’EX? + b*EY?
= 2a’EX? + 20°EY?

Since X,Y € L? EX? < 0o and EY? < co. Hence, E[(aX + bY)?] is bounded.

2) The zero element of the linear space L? is the constantly zero random variable X = 0
(with probability one).

Example 3.21. Consider (2, P(2),P) where Q = {0,1} x {0,1}, P is the equiproba-
bility and P () is the power set of {2 i.e. all the subsets of §). An example of a random
variable is X' = 21y (0,0)} where 1f(¢,0)} is the indicator function of the event {(0,0)}. In
other words, X takes the value 2 on the outcome (0, 0) and 0 for the other outcomes. Of
course, we can generalize this construction by taking a linear combination of multiples of
indicator random functions. Namely, consider the random variable:

X = alyo,0)y + bl{(1,0y + Ao,y + dl{a,1)y

for some fixed a, b, ¢, d € R. Cleatly, any random variable on this probability space can be
written in this form. Moreover, any random variable of this form will have a finite variance.
Therefore, the space L? in this example consists of random variables of the above form.
This linear space has dimension 4, since we can write any random vatiables as the finite
linear combination of the four indicator functions. In general, if €2 is finite, the space L?is
finite dimensional as a linear space, if ) is infinite, the space L?(Q, F, P) might be infinite
dimensional.

3.71 Normin L*(Q, F,P).

Similar to R", the space L2(£), F,P) has a norm or a length: for a random variable X in
L2, its norm || X||, is given by:

1/2

X, = [EX?] (3.52)

Note that this is very close in spirit to the length for the vector ||x||, = /2% + ... + 22
in R™, since the expectation is heuristically a sum over the outcomes. We have already
seen that this definition satisfies the properties of a norm.

1) Positive Semi-Definite:
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If X is a random variable, then X2 > 0. By monotonicity of expectations, EX? > 0.
Moreover, if EX? = 0, then since X? is a non-negative random variable, X? = () almost
surely. It implies that X = 0 a.s.

2) Scalar multiplication.

If X is a random variable in L?, we have:
1/2
laX ], = (E[(aX)?)
= (Ea?x?2)"/*
= |a| (EX2)"/?
= lal [| X1,

3) Triangle Inequality.
We have:

IX + Y5 =E[(X +Y)’]
=EX?2 +EY?+2EXY
= | XII3 + 1Y[3 + 2EXY
<|IXN5 + Y15 + 2E[X Y] { XY < |XY[}
<IXI2+ V)2 + 2 (Ex2)Y? (EY2)"*  {Cauchy-Schwarz inequality}
= 1X 15+ 1Y 1l5 + 21Xl Y]
= (X[l + Y]l)?

Thus, [ X + Y|y < [|X]l; + [[Y]].

3.7.2 Inner-product in L*(Q, F,P).

Like R™, the space L? has a dot-product or scalar product between two elements X, Y of
the space. It is given by:

(X,Y) =E(XY)
More generally, this operation is called the inner-product. It has the same properties as the
dot product in R™.

1) Symmetric:
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We have:

E(XY) = E(Y X)

2) Linearity:

E((aX +bY)Z) = aR(X Z) + bE(Y Z)

3) Positive semi-definite:

(X,X)=EX?
Since X? is a non-negative random variable, X? > 0 and by the monotonicity of expec-
tations EX2 > 0.
Let X,Y € L2(Q, F,P) and define X = X —EX,Y =Y —EY

IE(XY)| < E|XY] < (EX2)1/2 (Ef/?)m
E(X —EX)(Y - EY)| < [E(X — EX)?]"* [E(Y - EY)?]"/?
|Cov(X,Y)| < /Var(X)-\/Var(Y)
|Corr(X,Y)| <1

3.7.3 Projection of a random variable X on Y.

Consider the random variable
XJ_ - X — <X7 Y>
I
E(XY)
EY?2

=X - Y

This random variable is uncorrelated to Y or orthogonal to Y, in the sense that it’s inner
product with Y is zero. We have:

(XL Y)=EX"'Y)
E(XY)

_ _ 2
=E|XY - 57V
_ E(XY) oo
=EXY — =7 ‘EY
=0
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DL

E[:X.Y] Y.
E[Y?] Y

Figure. A representation of the decomposition of the random variable X in terms of its
projection on Y and the component X+ orthogonal to Y.

The random variable %Y is the random variable of the form tY, ¢ € R, that is closest

to X in the L2-sense. We will make this more precise when we define the conditional
expectation of a random variable shortly ahead. For now, we simply note that these con-
siderations imply the decomposition

E[XY]

X=X Y
T EYY
The random variable X+ = X — IE%[{)}(/Z/]] Y is the component of X orthogonal to Y. The
random variable:
E[XY]
Projy (X) = Y
I'O]y( ) E[Y2]

is called the orthogonal projection of the random variable X onto Y. Put another way,

this is the component of X in the direction of Y. This is the equivalent of the orthogonal
(w,v)
|

kRS

projection of R™ of a vector w in the direction of v, given by

Example 3.22. Going back to example (3.21), let’s define the random variables Y =
2140,001 + 1{(1,0)yand W = 14(,0)3. Then the orthogonal projection of Y onto W is:

E(YW) = 2P({0,0}
EW?2 W= IP({O,O})W
2.3
=W
4
=2W
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The orthogonal decomposition of Y is simply :

Y =2W + (Y —2W)

The notion of norm induces a notion of distance between the random variables in L? given
by | X =Y, = E[(X — Y)?]'/2. In particular, we see that the orthogonal projection
of Y onto X is the closest point from X amongst all multiples of Y. This is what the
proof of Cauchy-Schwarz inequality does. The L? distance also gives rise to a notion of
convergence.

3.8 Borel-Cantelli Lemmas.

Lemma 3.8. (Borel-Cantelli Lenimas)

(a) (First Borel-Cantelli Lemma) Let { Ay} be a sequence of events such that the series ", P(A,,)
converges to a finite value L. Then, almost surely, only finitely many Ay, ’s will occur.

(b) (Second Borel-Cantelli Lemma) Let { Ay, } be a sequence of independent events such that ", P(A,,)
diverges to 00. Then, almost surely, infinitely many Ay,’s will occur.

Fix a probability space (€2, F,P). Let Ay, Ag, As, ... be an infinite sequence of events
belonging to F. We shall often be interested in finding out how many of the A,, occur.

The event “A,, occurs infinitely often (A, ©.0.) is the set of all w that belong to infinitely
many A,’s.

Imagine that an infinite number of A,’s occur. That is, (Vn)(Im > n)(s.t.Ay, occurs).
In other words:

oo oo

{ A, infinitely often } £ (1) | Am (3.53)
n=1m=n
B,
Here, B,, is the event that atleast one of A, Ap+1,... occur. For that reason, B,, is

sometimes referred to as the n-th tail event. {A,, infinitely often } is the intersection of
all the B,,’s, so it is the event that all the B),’s occur. Therefore, no matter how far I go,
no mattetr how big my ng is, beyond that ng, atleast one of Ay, Any+1, - - - Occurs.

Taking the complement of both sides in (3.53), we get the expression for the event that
A, occurs finitely often.

{A, finitely often } £ ] (1) AS, (3.54)

n=1m=n

It means there exists an n, such that each of the further A;’s fail to occur.
> 7

In order to prove the Borel-Cantelli lemmas, we require the following lemma.
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Lemma 3.9. IfY .2, p; = 00, then limy, o0 [ 1, (1 — p;) = 0.

Proof. We know that:

In(l14+2z) <z

So

D n(l—p) <= pi
i=1 =1
0< ﬁ(l —p;) <e T
=1

Passing to the limit on both sides, as n — 00, we have:

< i —p;) < lime™ Zi=1Pi —
O*nlimoo,l:[l(l p;) <lime 1 0

By the squeeze theorem, the limit limy, o0 [ [} (1 — p;) exists and is equal to 0.

Consequently, the product series [ [, (1 — p;) converges to 0. O

Proof. (First Borel-Cantelli Lemma)
Our claim is that P(°_, By) = 0.

n=1"—""1
Whenever we see something like (-, By, we can think of invoking continuity of prob-
ability. It turns out that, B,, = |J A,,. So, Bl D By D Bs D ..., thatis the B,,’s

are nested decreasing sequence of sets. So, lim B, = ()7—; By. So, by continuity of
probability measure:

m>n

n—0o0

P(() Ba) = lim P(B,)

lim [P(A,) +P(Ant1) + ...

n—oo

IN

{ Union bound on probability}
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We know that, y - P(A,,) converges to some finite value L, and the above expression
is the tail sum of a convergent series. The sequence of tail sums of a convergent series
always converges to 0. Thus,

0<B([() B <0

n=1

so it follows that

P{A,i.0.} =0
(Second Borel-Cantelli Lemma)

Our claim is P{A,, i.0.} = 1. We must therefore prove that:

We have:

I want to prove that the above sum is zero. It means that each of these BS events should
have 0 probability. We will show that P(BS) = 0 for all n > 1.

Indeed fix n and kK > n. Consider P (ﬂf:n AY ) That is I am taking finite intersection
of AY. Twant to prove that BS has probability zero.

If you look at AY, these are independent events. So, P( f:n AS) = Hf:n P(AY) =
Hf:n [1 — P(A;)]. Passing to the limit as k — oo,

k k
. C\ s _ )
Jim P(ig A7) = lim 11 [1—P(A)]
') k
C T _ .
k
P(BS) = lim [][1—P(4)]
k—oco i—r
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Since, Y .0, P(A;) diverges to 00, it follows from lemma (3.9), that [[2 [1 — P(A4;)] =
0. Hence, [P’( ¢) = 0foralln € N. So, 0 < P(Up; BY) < 0. Therefore,

P (Up2y BY) = 0, or equivalently, P ()", B,) = 1. The event {4, i.0.} occurs
almost surely U

3.9 Convergence of random variables.

Fix a probability space (€2, F,P) once for all. On this probability space, we will have a
sequence (X1, Xa, X3,...) of random variables defined on it.

Definition 3.22. (Point-wise convergence.) A sequence of random variables (X,,)52 ; on
(Q, F,P) is said to converge point-wise to X, if and if, for all € > 0, and for allw € {2,
there exists N (€,w) € N such that for all n > N, we have | X, (w) — X (w)| < e.

It would be natural to say, that, forallw € €, X,,(w) — X (w). But, this is too demanding.
So, we will weaken this convergence.

Definition 3.23. (Almost-sure convergence.) A sequence of random variables (X,,)%2; on

(Q, F,P) is said to converge almost-surely to X, written X,, —>% X, if and only if, there
exists a set A € F, such that P[A] = 1 and forallw € A, X,,(w) = X (w).

Theorem 3.21. (8 zﬁmm‘ condition for almost-sure convergence.) If (Ve > 0), Y02 | P(]1X,, —
X| > €) < oo, then Xy, =3¢

Remark. 1f you notice just the object P(|X,, — X| > ¢); if this term goes to zero, then
it is convergence in probability. So, if the term P(|X,, — X| > €) goes to zero, we
have convergence in probability. The condition Y .o P(|X,, — X| > €) < oo isa
little bit stronger, it says a little bit more. As n tends to infinity, not only do the terms
an = P(|X,, — X| > €) go to zero, for evety €; it goes to zero fast enough that the sum
converges. For example, if this probability P(| X,, — X| > €) were to go to zeto, as %,
then you have convergence in probability, but > % diverges. So, if the term a,, goes to
zero fast enough to keep the summation finite, then we have convergence almost surely.

For instance, if a,, = n%, then we would have almost sure convergence.

This is just a sufficient condition. If it holds, we are guaranteed almost sure convergence,
but even if it doesn’t hold, sometimes we may have almost sure convergence.

Proof. Let Ay, (€) be the event {| X, — X| > €}. We are given that, for all ¢ > 0,
Yoo P(An(€)) < oo. Using BCLI (3.8), we see that that, for any € > 0, only finitely
many A, (€) occur with probability 1. Thus, there exists an ng, such that for all n > ny,
A% () = {|X,, — X| < €} occurs with probability 1. So, X,, converges to X with

probability 1. O

Remark. 1f we plot the distance between the random variables, X,, — X, there may be
some excursions. But, essentially, BCL1 says that, with probability 1, there must be an nyg,
beyond which the sequence X, settles within an e-band of X, and these excursions never
occur. Because, only finitely many excursions occur. And this is true for every € > 0. So,

with probability 1, X,, — X. Thus, X,, “3' X,
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Figure. Convergence of X, to X.

Example 3.23. The converse of the theorem (3.21) does not hold. Consider the sequence
of random variables:

x 1 with probability £
" |0 with probability 1 — 1

Then, foralle > 0,P(|X,| <€) =1—1.So, foralle > 0, limP(|X,,| < €) = 1. Thus,
the sequence (X,) converges 0 with probability 1. So, X,, %" 0. However, >_ P(|X,,| >

e)zZ%zoo.

Theorem 3.22. (Necessary and sufficient condition for almost-sure convergence.) 1et Ay (€) be the
event that the excursion {| X, — X| > €} happens and define:

Bm(e) = U An(e)

n>m

Then,
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X, S X ifandonlyif 1imP(B,,(e)) =0 VYe>0

Remark. Note that, P(A,,(€)) going to 0 is convergence in probability. I am saying a little
more. In words, A, (€) is the event that an excursion occurs at the nth term. In words,
B, (€) is the event that atleast one of A, A1, Amt2, - - . occurs, which means that
atleast one excursion occurs m or after. What this theorem says is, if the probability of
this event goes to 0, then you have almost sure convergence. In other words, if you find
some mm; this m can be very large, but if you find some m beyond which no excursions
ever occur, then you have almost sure convergence (and vice versa).

Proof. (== direction.)

We are given that X, % X. Our claim is lim, 00 P(Byy (€)) = 0.

Now, if X,, — X almost surely, then cleatly, (Ve > 0), the event

U N{x.—XI<e

m>1n>m

occurs with probability 1.

So, for all € > 0, the event

ﬂ UﬂXn*X‘ZE}: mBm

m>1n>m m>1

occurs with probability 0. An excursion happens only finitely many times.

Now, the sequence events By (€), Ba(€), B3(€), . .. are nested decreasing. They are like
Russian dolls. By continuity of probability measure, P ((°_; Bp,) = limy, 00 P(By).
Consequently, it follows that lim,; —cc P(Bym) = 0.

(<=direction.)

We are given that, for all € > 0, limy;, 00 B (€) = 0. We are interested to prove that

a.s.

X, = X.

Let C be the event:

C ={w|X,(w) = X (w)}

Define the event:

A= Ulxa-X|=z ¢}

m>1n>m
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I would like to prove that P(C') = 1. What we will prove is that P(C) = 0.

CC is the event that, no matter how big an n you look at, there is some excursion. That
is there are infinitely many excursions.

This means, there must be some €y > 0 for which A(€) occurs.

P(CY) =P (U A(@)

e>0

Now,

ng&PwmQ»P<rmei0

{ Continuity of probability measure }

—r(ap)

So, P (A(1/k)) = 0. Consequently, P(C®) = 0 and P(C) = 1. Thus, X,, 3 X. O

Remark. Therein, lies the difference between convergence in probability and convergence
almost surely. Convergence in probability just says the probability of A, (€) (an excursion
occurs at 1) goes to zero. It just looks at one n; it forgets about the rest of the sequence.

For convergence almost surely, you are not looking at a particular n. You fix a particular
m and you’re saying that the probability that beyond m an excursion occuts goes to zero.

This should convince you intuitively, that almost sure convergence implies convergence in

probability.
Definition 3.24. (Convergence in Probability.) A sequence of random variables (X, )5 ; on
(Q, F,P) is said to converge in probability to X, written X, 2 x ,if and only if
Ve >0, lim P(|X,—-X|>¢€¢=0
n—oo

Definition 3.25. (Convergencein LP) A sequence of random vatiables (X,,)52; on (€2, F,P)
is said to converge in the pth mean to X, if and only if

lim E[|X, - X|?] =0

n—oo
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Definition 3.26. (Convergence in Distribution.) A sequence of random variables (X, )
on (2, F,P) is said to converge in distribution to X, if and only if:

P(X, < X) > P(X < z)

For example, let Q = {1,2} and P(1) = P(2) =

have:

>

>

n(1) = =L and X,,(2) = 1.

N

1) X,, &% X because X,,(w) — 0 forallw € Q.

2
2) X, L X because E(X2) =1L —o.

3) Xn L X because P(|X,|>€) =P (L>¢) =0.

Theorem 3.23. (Hierarchy of Convergence) The following implications hold:

(Xn = X)
U

) = (X, 2 X)
f
X)

|

K
e

(Xn

I=

(Xn

Proof. (i) Claim. X, 5 X implies X, & X.

This is a very easy proposition to prove. By definition, we have:
lim E[| X, — X|P]=0
n—roo

By Markov’s inequality:
0<P(IX, — X| > ) = P(1X, — X > ¢
1
< SE[Xn - X|7]
[24

Passing to the limit on both sides, as n — 00, by the squeeze limit theorem,

lim P(|X, — X| > ¢) =0

n—oo
(if) Claim. X,y 5 X implies that X,, 3 X.
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Fix an € > 0.

We have:
Fx (2) =P(X, <z
=P(X,<z,X<z+¢)
+P(X, <z, X >x+¢€)
<P(X <z+4e)+P(|X,— X]|>¢€)
cHAX <, X <z+e} C{X <z+e€}
=Fx(z+e)+P(X,—X|>¢)
Similatly,
Fx(x—¢)=P(X <z —¢)
=PX<z-€6X,<2)+PX <z—-¢X,>1)
<P(X, <z)+P(|X,—z|>¢

=Fx,(z)+P(| X, — X]| > ¢)

Thus, we have the inequality:

Ve>0, Fx(z—e)—P(X,—X|>¢) < Fx, (z)<Fx(z+e)+P(|X,—X|>¢€)

We assume that F'x is continous for all 2. Pick € = % and passing to the limit as n — oo,
we have:

lim Fiy (z — €) < lim Fx, (z) <lim Fx(x + ¢€)
Fx(x) S ]imFXn(l‘) S Fx(m)

By the Squeeze Theorem, the limit Fix, () exists and lim Fx,, () = Fx (z).

(iii) Counterexample. (Convergence in distribution does not imply convergence in prob-
ability).

Convergence in distribution simply means that only the CDFs are converging; it doesn’t
mean that X, and X are getting closer in any sense.

Let X7, Xo, X3, ... besuch that X; = X foralli > 1 and

x_ J0 it probability 3
~ |1 with probability 3
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. The entire sequence is just (X, X, X,...). Let Y = 1 — X. By definition, Y ~

Bernoulli(1/2). We have: X, 2 Yin distribution, but |X,, — Y| = 1, we could
choose €9 = % and we get:

1
B(X, ~Y|>3)=1

so (X;,) does not converge to Y in probability.

(iv) Counterexample. (Convergence in probability does not imply convergence in the
mean square sense).
Consider
X _ n®  with probability 7.~ 2
" 10  with probability 1 — n=2

Then,

1
P(Xal > €) = =

P
andasn—)oo,n%%O. So, X,, = 0.

But,

E(X;) =n’

L2
and as n — 00, n?2 — 00. Hence, X,, =¥ 0.

(v) Counterexample. (Convergence in probability does not imply convergence almost
surely).

Consider

¥ )1 wih probability 1
" |0 with probability 1 — 1

and X;’s are independent. The larger the value of n, the more likely that X, takes the
value 0. We have:

1
P(|X,| >¢€) = -
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So

>

1
lim P(|X,| >¢€) =lim— =0
n

n—oo

Our claim is that X, does not converge to 0 almost surely.

Let A,, be the event that {X,, = 1}. Then, A,,’s are independent. We have:

> 1 1 1
EPAn =0+ -4+=-4=-+...
2 (An) +2+3+4+

o 1

The harmonic series )~ -

diverges to 00.

By the BCL2 (Borell-Cantelli Lemma 2) (3.8), it follows that, with probability 1, infinitely
many A,,’s will occur.

P{X, =1io0}=1

So, X, a7§( 0.

Imagine a coin-tossing experiment, where X, represents the outcome of the nth coin-
toss, and the probability of the nth coin toss falling heads is % Then, no matter how far
out you go in the sequence, BCL2 says that, there will some occasional head (X,, = 1)
popping off at some-time. Which means that X, does not converge to zero.

(vi) Claim. X,, “3 X implies X,, 5 X.

. .. a.s. . .
By the necessary and sufficient condition of almost sure convergence, X,, — X is equiv-
alent to saying that:

lim P(Bu(e)) =0

m—r o0

But, By, (€) = U, An(€). Thus, A, (€) € By, (€). So, (Ve > 0),0 < P(An(e)) <
(B, (€)). Passing to the limit on both sides, 0 < limP(A,,(€)) < limP(B,,(€)) = 0

By the squeeze theorem, lim P(A,, (¢)) = 0. Consequently, X, 5 x.

(vii) Counterexample. (Convergence almost surely does not imply convergence in mean
square)

Let
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0  otherwise

X (w) = {n w e 0,]

In this case, we do have convergence almost surely. P(|X,| < €) = 1 — % and so,
L2
ImP(|X,| <€) = 1. X,, “% 0. But, E[X2] = n. Thus, X,, ¥ 0.

(viii) Counterexample. (Convergence in mean square does not imply convergence almost
surely)

Let
Y 1 with probability 1/n
" 10 with probability 1 — 1/n

where the X,,’s are independent.

2
Now, E[X2] = L solim E[X?2] = 0. Thus, X,, L 0. Define A, = {|Xx| > €}. But, by
BCL2, Y, P(A,) = oo and the events A,, are independent. Then, A,, occurs infinitely
often. In other words, X, does not converge to 0 almost surely. O

Theotem 3.24. If a sequence (X)) of random variables converges in probability to X, then there
excists a subsequence (X, ), which converges to X almost surely.

Proof. Since X, 5 X it follows that:

Ve >0 1limP(|X,—X|>¢) =0

By the definition of the limit of a sequence, there exists 17 such that:

P(X,, —X|>1)<1

There exists no > nq such that:

1 1
]P’<|Xn2—X|>2) <3

There exists ng > ng such that:
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1 1
P<|Xn3—X|>3)<32

In general, there exists a positive integer n; > n;_1 such that:

1 1
IP(XMX>.> <
2 2

By the sufficient condition for almost sure convergence (3.21), >0 | P(A,) < Y07 25

. . a.s.
which converges to a finite value. Hence, X,,, — X.

O

Consider a sequence of random variables (X, ), such that X, L—2> X. it turns out that the
limit random variable X of the convergent sequence in L?is guaranteed to be in L2. This
is because L? is complete. We will prove this very important result further ahead. This
property is crucial for the construction of the Ito integral.

Example 3.24. (A version of the weak law of large numbers.) Consider a sequence of
random variables X1, Xo, ..., X, in L?(Q, F,P) such that E[X;] = 0, E[X?] = 02 <
o0 for all 4 > 1 and that they ate orthogonal to each other, that is, E[X; X;] = 0 for all
i # j. We show that the empirical mean

1 1
“Sp==-(X1+Xo+...+ X,)
n n

converges to zero in the L2 sense.

Clearly,

n—oo M,

2 n
E[S”] = lim %ZE[XE}
=1

Sn

Consequently, the empirical mean 22 converges to 0 in the mean square sense.
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Exercise 3.1. (Ornstein-Uhlenbeck Process.) Generate 100 paths with step size = 0.01
of the following processes on [0, 1]:

(a) Ornstein Uhlenbeck process: C(s,t) = E_zg_s) (1 — e=2%) for s < t. with mean 0
(so that Yy = 0).
(b) Stationary Ornstein-Uhlenbeck process: C'(s,t) = 872(;75) for s < t with mean 0 (so

Y is a Gaussian random variable of mean 0 and variance 1/2).

Solution.

Listing 7: Orsntein-Uhlenbech(OU) process

def ornsteinUhlenbeck (numOfPaths,N):
C = np.zeros((N,N))

for i in range(N):

for j in range(N):
s = (i + 1)/N
t = (j+ 1/N
if s > t:

s,t
CLil[j]

t,s
np.exp(-2%(t-s))/2 * (1 - np.exp(-2%s))

A = np.linalg.cholesky(C)

Y =[]
for i in range (numOfPaths):
X = sampleGaussianProcess(A,N)

X = np.concatenate(([0],X),axis=0)
Y.append (X)

return Y

10 paths of Ornstein Uhlenbeck process on [0, 1]
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10 sample paths of stationary OU process on [0, 1]

4 Properties of Brownian Motion.

4.1 Properties of Brownian Motion.

Let B(t) be a fixed Brownian motion. We give below some simple properties that follow
directly from the definition of the Brownian Motion.

Proposition 4.1. Foranyt > 0, B(t) is normally distributed with mean O and variance t. For any
$,t > 0 we have E(BsB;) = min{s, t}.

Proof. From condition (1), we have that By = 0. From condition (2), By — By = B; is
normally distributed with mean 0 and variance ¢.

Assume that s < t.

We have:
E(B,B,) = E[B,(B, — B, + B,)] (Write B, = B, — B, + B,}
= E[Bs(B; — B,)] + E[B] {Linearity of expectations}
= E[B;JE(B; — Bs) + s {Bs, (Bt — Bs) are independent}
=0-0+s
=5
This closes the proof. O
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Proposition 4.2. (Translation Invariance) For fixed to > 0, the stochastic process B (t)=B(t+
to) — Bl(to) is also a Brownian motion.

Proof. Firstly, the stochastic process B (t) is such that:
(1) B(0) = B(tg) — B(to) = 0. Hence, it satisfies condition (1).

(2) Let s < t. We have: B(t) - B(s) = B(t+1t9) — B(s+1to) which a Gaussian random
variable with mean 0 and variance t — s. Hence, for a < b,

~ 1 b 22

Pla <B(t) < b} = 7/ e o dx
27(t —s) Ja

Hence, it satisfies condition (2).

(3) To check condition (3) for B(t), we may assume tg > 0. Then, for any 0 < ¢ <
ty < ... < t,, wehave:

O<to<to+ti<tg+ta <...<tg+t,

So, B(t1 + to) — B(to), Btz + to) — B(t1 + to), ..., B(tx + to) — B(tk—1 +~t0);
oo, B(tn +to) — B(tn—1 + to) are independent random variables. Consequently, B(¢)
satisfies condition (3).

This closes the proof. 0

The above translation invariance property says that a Brownian motion statts afresh at any
moment as a new Brownian motion.

Proposition 4.3. (Scaling Invariance) For any real number X > 0, the stochastic process B (t) =
B(\t)/N/'X is also a Brownian motion.

Proof. The scaled stochastic process B(t) is such that:
1 B(O) = 0. Hence it satisfies condition (1).
(2) Let s < t. Then, As < At. We have:

B(t) — B(s) = %(B(At) — B()s))

Now, B(At) — B(\s) is a Gaussian random variable with mean 0 and variance A(t — s).
We know that, if X is a random variable with mean p and variance 02, Z = (%) has
mean 0 and variance 1. Consequently, W is a Gaussian random variable with

mean 0 and variance (¢t — s).
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Hence, B (t) — B (s) is normal distributed with mean 0 and variance ¢t — s and it satisfies
condition (2).

(3) To check condition (3) for B(t), we may assume £y > 0. Then, for any 0 < t; <
to < ... < t,, we have:

0< VA < VAt < ... <V,

Consequently, the random variables B(vAty) — B(VAty_1), k = 1,2,3,...,n are
independent. Hence it follows that %[B(ﬁtk) — B(ﬁtk_l)] fork=1,2,...,nare

also independent random variables.

This closes the proof. O

It follows from the scaling invariance property that for any A > 0and 0 < ¢ < ¢y <
... < t,, the random vectors:

(B(At1), B(Ata), ..., B(MAtn)) (VAB(t1), VAB(t1),...,VAB(tn))

have the same distribution.

The scaling property shows that Brownian motion is se/fsimilar, much like a fractal. To
see this, suppose we zoom into a Brownian motion path very close to zero, say on the
interval [0, 10~5]. If the Brownian motion path were smooth and differentiable, the closer
we zoom in around the origin, the flatter the function will look. In the limit, we would
essentially see a straight line given by the derivative at 0. However, what we see with the
Brownian motion is very different. The scaling property means that for a = 1076,

(Big-s¢t € [0,1]) “=™ (1073 By, t € [0,1])

where "= means equality of the distribution of the two processes. In other words, Brow-
nian motion on [0, 1075] looks like a Browian motion on [0, 1], but with its amplitude
multiplied by a factor of 1073, In particular, it will remain rugged as we zoom in, unlike a
smooth function.

Proposition 4.4. (Reflection at time 8) The process (— By, t > 0) is a Brownian motion. More

generally, for any s > 0, the process (B(t),t > 0) defined by:

~ | Bt #ft<s
B() = {Bs —(By— By) ift>s *h

is a Brownian motion.
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Proof- (a) Consider the process B(t) = (=B, t > 0).
(1) B(0) = 0.

(2) If X is a Gaussian random variable with mean 0 and variance t —s, — X is also Gaussian

with mean 0 and variance t — s. Thus, B(t) — B(s) = —(B(t) — B(s)) is also Gaussian
with mean 0 and vatiance (¢t — s). Hence condition (2) is satisfied.

(3) Assume that 0 < g < t; < ... < t,. Then, the random variables —(B(t;) —
B(tr—1)) are independent for k = 1,2,3, ..., n. Hence, condition (3) is satisfied.

(b) Consider the process B(t) as defined in (4.1).

Fix an s > 0.

(1) Lett = 0. Then, t < s. B(t) = B(0) = B(0) = 0.

(@) Lett; < ty < s. Then, B(ty) — B(t1) = B(t) — B(ty). This is a Gaussian random
variable with mean 0 and variance to — t1.

Lett; < s < to. Then, B(ta) — B(t1) = B(s) — (B(t2) — B(s)) — B(t;) =
(B(s)—DB(t1))—(B(t2)—B(s)). Since, B(s)—B(t1) and B(t2) — B(s) are independent
Gaussian random variables, any linear combination of these is Gaussian. Moteover, its
mean is zero. The variance is given by:

Var[B(ty) — B(t1)] = Var[B(s) — B(t1)] + Var[B(ty) — B(s)]
=(s—t1) + (t2 — 9)
=1y — 11

Let s < t1 < tg. Then,

B(ts) — B(ty)

Bs = (Bi, = Bs) = (Bs — (B, — By))

= s (Btz —/Bé) - (%_ (Btl _%))

= _(Bt2 - Btl)

Hence, B(ty) — B(ty) is again a Gaussian random variable with mean 0 and variance
to — t1. Hence, condition (3) is satisfied.

(3) Assume that 0 < ¢; < ... < 3 < s <t < ... < t,. From the above
discussion, the increments B(tg) - B(tl), e B(s) - B(tk,l), B(tk) - B(S), ey
B(tn) — B(tn,ﬁ are independent increments. The increment B(tk) - B(tkfl) only
depends on the random variables B(s) — B(tx_1) and B(t,) — B(s). Thus, B(ts) —

B(t1), ..., B(tx) — B(tg—-1), ..., B(tn) — B(tn—1) are independent. O

Proposition 4.5. (Time Reversal). Let (B, t > 0) be a Brownian motion. Show that the process
(By — Bi—t,t € [0,1]) bas the distribution of a standard brownian motion on [0, 1].
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Proof. (1) Att=0,B(1) — B(1—-t)=B(1) — B(1) = 0.
(2) Let s < t. Then,1 —t < 1 — s. So, the inctement :
(B(1)—B(1—t))—(B(1)—=B(1—s))=B(1l—s)—B(1—1t)

has a Gaussian distribution. It’s mean is 0 and variance is (1 —s) — (1 —¢) =¢ — s.

() Let 0 <ty <ty <...<t,. Then:

1=ty <...<1—tp <1—-tp1<...<1—-ty<1—t;

Consider the increments of the process for k =1,2,...,n:

(B(1) = B(1 —tx)) — (B(1) = B(1 —t)—1)) = B(1 — tx—1) — B(1 — tx)

They are independent random variables. Hence, condition (3) is satisfied. O

Example 4.1. (Evaluating Brownian Probabilities). Let’s compute the probability that
B; > 0and By > 0. We know from the definition that (B1, Ba) is a Gaussian vector
with mean 0 and covariance matrix:

o=[1 ]

The determinant of C'is 1. By performing row operations on the augmented matrix [C'|]]
we find that:

Thus, the probability P(By > 0, B2 > 0) can be expressed as:

1 R e 1
]P)(Bl >0, By > O) = \/W/O /0 exp |:—2<2$% —2x120 + x% drodx,

This integral can be evaluated using a calculator or software and is equal to 3/8. The
probability can also be computed using the independence of increments. The increments
(B1, Bs — Bj) are 1ID standard Gaussians. We know their joint PDF. It remains to
integrate over the correct region of R? which in this case will be:
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D" ={(z1,22) : (21 > 0,21 + 22 > 0)}

We have:

1 00 pre=00
P(Bl >0,By > O) = %/ / 6_(Zf+25)/2d22d21
0 r4) zZ1

It turns out that this integral can be evaluated exactly. Indeed by writing B; = Z; and
Z5 = By — By and splitting the probability on the event {Z2 > 0} and its complement,
we have that P(By > 0, B2 > 0) equals:

]P)(Bl >0,B, ZO):P(Zl > 0,21+ Zy >072220)+P(Z1 >0,Z1+ 2y > 0,2y <0)
P(Zl > 0,2 ZO)+]P(Z1 >0,2y > —Zs,— 75 >0)
P(Z, > 0,2y > 0) + P(Z) > 0,2, > Zo, Zo > 0)

+

ool —

1
4
_3
-8
Note that, by symmetry, P(Z1 > 0,21 > Z9,Zo > 0) =P(Z, > 0,72, < Zy,Z5 >
0)=

Example 4.2. (Another look at Ornstein Uhlenbeck process.) Consider the process
(X¢,t € R) defined by :

Here the process (Bgat,t > 0) is called a time change of Brownian motion, since the time
is now quantitfied by an increasing function of ¢ namely 4!, The example (B(At),t > 0)
in the scaling property is another example of time change.

It turns out that (X¢,t € R) is a stationary Ornstein-Uhlenbeck process. (Here the index
of time is R instead of [0, 00), but the definition also applies as the process is stationaty.
Since the original brownian motion B(t) is a Gaussian process, any finite dimensional
vector (B(t1), ..., B(ty)) is Gaussian. It follows that:

(B(T1),...,B(Tn)) = —=(e ?" B(e*™),...,e 2" B(e™m))

Sl
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is also a Gaussian vector. Hence, (X;,t € R) is a Gaussian process.

The mean of (X;,t € R) is:

Andif s < t,

e—2(s+t)
E[X.X,] = —5—E[B(¢")B(e")

e—2(s+t)
= —€

2
6—2(15—5)

2

4s

Two Gaussian processes having the same mean and covariance have the same distribution.
Hence, it proves the claim that (X}) is a stationary OU process.

4.2 Properties of the paths.

First we review the definitions of the Riemann integral and the Riemann-Stieljtes integral
in Calculus.

Definition 4.1. A partition P of [a, b] is a finite set of points from [a, b] that includes
both [a, b]. The notational convention is to always list the points of a partition P = {a =
X0, L1, X2, . .., Ly = b} in increasing order. Thus:

a=rg <11 <...<Tp 1 <2 <...<xp=0b
For each subinterval [x;_1, ] of P, let
my, = inf{f(z) : @ € [x—1, 28]}
My, = sup{f(x) : @ € [wp—1, 7k}

The lowet sum of f with respect to P is given by :

n

L(f, P) = ka(l‘k - :Ek_1)

k=1
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The upper sum of f with respect to P is given by:

U(f,P) = My(xg — wp1)
k=1

For a patticular partition P, it is clear that U(f, P) > L(f, P) because M}, > my, for all
kE=0,1,2,...,n.

Definition 4.2. A partition () is called a refinement of P if @) contains all of the points of
P; thatis Q C P.

Lemmad4.l. I[fP C Q, then L(f, P) < L(f,Q) and U(f,Q) < U(f, P).
Progf. Consider what happens when we refine P by adding a single point z to some subin-

terval [z)_1, x| of P. We have:

mg(zr — 2p—1) = mg(zr — 2) + my(z — p—1)

< mfy(a, — 2) + (2 — w)

where
my, = inf{f(z) : z € [z, 2x]}
my = inf{f(z) : x € [zp_1, 2]}

By induction we have:

Lemma 4.2. If Py and Py are any two partitions of [, b], then L(f, P1) < U(f, P2).

Progf. Let Q@ = Py U Pa. Then, P, C Q and P, C Q. Thus, L(f, P1) < L(f,Q) <
U(f,Q) < L(f, P»). [

Definition 4.3. Let P be the collection of all possible partitions of the interval [a, b]. The
upper integtal of f is defined to be:

U(f) = inf{U(f,P) : P € P}
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The lower integral of f is defined by:

L(f) = sup{L(f,P): PP}

Consider the set of all upper sums of f - {U(f, P) : P € P}. Take an arbitrary partition
P’ € P. Since L(f, P") < U(f, P) forall P € P’, by the Axiom of Completeness(AoC),
inf{U(f,P) : P € P} exists.We can similarly argue for the supremum of all lower
Riemann sums.

Lemma 4.3. For any bounded function f on [a, b), it is always the case that U (f) > L(f).

Proof. By the properties of the infimum of a set, (Ve > 0), IP(e) such that U(f) <
U(f,P(e)) <U(f)+e Picke =1, %, % R %, .... Thus, we can produce a sequence
of partitions P, such that:

U(f)<'--<U(f7Pn)<U(f)+%

Consequently, im U (f, P,) = U(f). Similarly, we can produce a sequence of partitions
(Qm) such that :

L() = < < LU, Q) < L)

We know that:

L(f,Qm) < U(f, P)

Keeping m fixed and passing to the limit, as 7 — 00 on both sides, we have:

lim L(f,Qm) < lim U(f,P,) {Order Limit Theorem}

n—oo n—o0

L(f,@Qm) <U(f)

Now, passing to the limit, as 7m — 00 on both sides, we have:

mli_t)noo L(f,Qm) < mlgnoo U(f) {Otrder Limit Theorem}
L(f) = U(f)
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Definition 4.4. (Riemann Integrability). A bounded function f on the interval [a, b] is

said to be Riemann integrable if U (f) = L(f). In this case, we define f; for fab f(z)dx
to be the common value:

b
/ f(@)dz = U(f) = L(f)

Theorem 4.1. (Integrability Criterion) A bounded function f is integrable on [a, b] if and only if, for
every € > 0, there exists a partition Py of [a, b] such that:

U(f,P.)— L(f,P.) <e

Proof. (<= direction.) Let € > 0. If such a partition P, exists, then:

U(f) = L(f) SU(f, Pe) = L(f, Pe) <€

Because € is arbitrary, it follows that U(f) = L(f) and hence f is Riemann integtable.
(== direction.) Let f be a bounded function on [a, b] such that f is Riemann integrable.
Pick an arbitrary € > 0.

Then, since U(f) = inf{U(f, P) : P € P}, there exists P. € P, such that U(f) <
U(f,P.) <U(f)+ 5. Since L(f) = sup{L(f, P) : P € P}, there exists P. € P, such
that L(f) — § < L(f, P.) < L(f). Consequently,

U(f,P) = L(f.P) <UD +5 = (L) - 5)
—U(f) = L(f) +¢

4.2.1 Functions considered in Stochastic Calculus.
Definition 4.5. A point c is called a discontinuity of the first kind or jump point if both
limits g(c+) = limype g(t) and g(c—) = lim¢. g(t) exist and are not equal. The jump

at ¢ is defined as Ag(c) = g(c+) — g(c—). Any other discontinuity is said to be of the
second kind.

Example 4.3. Consider the function

1 s (1)
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Let ¥, = 5—. Then, f(z,) = (0,0,0,...). Next, consider y,, =

1
2nm* m/242nm" Then’

fyn) = (1,1,1,...). Consequently, f is not continuous at 0. Hence, limits from the
left or right don’t exist. Consequently, this is a discontinuity of the second kind.

Functions in stochastic calculus are functions without discontinuities of the second kind,
that is functions have both left and right hand limits at any point of the domain and have
one-sided limits at the boundary. These functions are called regular functions. It is often
agreed to identify functions if they have the same right and left limits at any point.

The class D = DJ0, T'] of right-continuous functions on [0, T'] with left limits has a special
name, cadlag functions (which is the abbreviation of right continuous with left limits in
French). Sometimes these processes are called R.R.C. for regular right continuous. Notice
that this class of processes includes C, the class of continuous functions.

Let g € D be a cadlag function, then, by definition, all the discontinuities of g are jumps.
An important result in analysis is that, a function can have no more than a countable
number of discontinuities.

4.2.2 Variation of a function.

If g is a function of a real variable, its variation over the interval [a, b] is defined as:

Vo([a,b]) = sup {Z lg(t:) — Q(ti1)|} (4.2)
i=1

whete the supremum is taken over all pattitions P € P.

Cleatrly, by the Triangle Inequality, the sums in (4.2) increase as new points are added to
the partitions. Therefore, the variation of g is:

Vy([a,0]) = HAEW%; lg(ti) — g(ti—1)]

where ||A, || = maxi<i<n(ti —ti—1). If Vy([a, b]) is finite, then g is said to be a function
of finite variation on [a, b]. If ¢ is a function of ¢ > 0, then the variation of g as a function

of t is defined by:

V(t) = Vg ((0,2])

Cleatly, V(%) is an increasing function of t.
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Definition 4.6. g is a function of finite variation if Vy(t) < oo forall t € [0,00). g is
of bounded variation if sup, Vq(t) < 00, in other words there exists C, for all ¢, such that
V,4(t) < C. Hete C is independent of £.

Example 4.4. (1) If g(t) is increasing then for any 4, g(t;) > g(t;—1), resulting in a
telescopic sum, where all terms excluding the first and the last cancel out, leaving

(2) If g(t) is decreasing, then similarly,

Vy(t) = g(0) — g(t)

Example 4.5. If g(¢) is differentiable with continuous derivative ¢'(¢), g(t) = g g'(s)ds
then

V() = / 10/ (5)\ds

Proof. By definition,

n

Z lg(t:) — g(ti-1)|

=1

V(t)

= lim
[|An—0]]

Since g is continuous and differentiable on [t;_1, t;], there exists z; € (¢;—1, t;) such, that
g(t;) — g(ti—1) = ¢'(z)(t; — ti—1). Therefore, we can write:

n

D19 (i = tima)

i=1

- / o/ (5)lds

Theorem 4.2. If g is continnons, §' exists and f(f |g'(8)|ds is finite, then g is of finite variation.

Vy(t)

= lim
[|Ar—0]|

O

Example 4.6. The function ¢(t) = tsin(1/t) for t > 0 and g(0) = 0 is continuous on
[0, 1] and differentiable at all points except zero, but is not of bounded variation on any

interval that includes 0. Consider the partition {z,} = {m} Thus,
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sin(—) =
n(xn) —1 ifnisodd

1 {1 if n is even

Thus,
T n is even
€T =
f(@a) {xn n is odd
Therefore,
m m
S 1) = fan ) = 3 (@0 + 20 1)
n=1 n=1
m—1
=x9+x,+2 Z Tn
n=1
m—1
> T
n=1
This is the lower bound on the vatiation of ¢ on the partition {0, T, ..., Z1, Zo, 1}.
Now, passing to the limit as m apptroaches infinity, > Wﬁ is a divergent series. Con-

sequently, V, ([0, 1]) has unbounded variation.

4.2.3 Jordan Decomposition.

Theotem 4.3. Any function g : [0, 00) — Riis of bounded variation if and only if it can be expressed
as the difference of two increasing functions:

g(t) = a(t) — b(t)

Proof. (==>direction). If g is of finite variation, V,(t) < oo for all ¢, and we can write:

Let a(t) = Vy(t) and b(t) = Vy(t) — g(t). Clearly, both a(t) and b(t) are increasing

functions.
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(<=direction). Suppose a function g can be expressed as a difference of two bounded
increasing functions. Then,

Vo(t) = A ||_>OZ| ; t;)) — (a(ti—1) — b(ti—1)|

{ Telescoping sum }

= a(t) ~ b(t) — (a(0) — b(0))

Since both a(t) and b(t) are bounded, g has bounded variation. O

4.2.4 Riemann-Stieltjes Integral.

Let g be a montonically increasing function on a finite closed interval [a, b]. A bounded
function f defined on [a,b] is said to Réiemann-Stieltjes integrable with respect to g if the
following limit exists:

n

/ f(t) ) (g(ts) — glti)) 43)

HA ||~>()

where 7; is an evaluation point in the interval [t;_1, ¢;]. It is 2 well-known fact that con-
tinuous functions are Riemann integrable and Riemann-Stieltjes integrable with respect to
any monotonically increasing function on [a, b].

We ask the following question. For any continuous functions f and g on [a, b], can we
define the integral f; f(t)dg(t) by Equation (4.3)?

Consider the special case f = g, namely, the integral:

/ Fdf(t)

Let A, = {a = to,t1,...,t, = b} be a partition of [a,b]. Let L, and R,, denote
the corresponding Riemann sums with the evaluation points 73 = ¢;_1 and 7; = 1,
respectively, namely,

L, = Z J(ti)(f(ts) — f(tio1)) (4.4)

R, = Z F@)(f(t:) = f(tiz1)) (4.5)

150



Is it true that, lim L,, = lim R,, as ||A,|| = 0? Observe that:

R,—-L,= Z(f(tz) - f(tZ—l))2
Ry + Lo =Y _(f(t:)* = f(ti-1)?) = f(b)* = f(a)®
=1

i=1

(4.0)

4.7

4.8)

4.9)

The limit of the right-hand side of equation (4.6) is called the guadratic variation of the func-

tion f on [a, b]. Obviously, lim||a,,||—0 Bn 7 limj|a,, -0 Ln if and only the quadratic

variation of the function f is non-zero.

Example 4.7. Let f be a C'-function thatis f’(t) is a continuous function. Then, by the

mean value theorem:

(f(t:) — f(ti-1))?

NE

|Rn - Lnl =

N
Il
—

I
NE

(' () (s = ti1))?
=1
{Mean Value Theorem}

n
2
<D OIS (= ti)?
i=1

~.
|

{ Interior Extremum Theorem }

<2 MDD (s — tion)

i=1

= /1% 1A (b — a)

where || f'|| . = SUP ¢ [a,b) f(z). Thus, the limit as || A, || — 0 of the distance | R,, — Ly, |
also approaches zero. Thus, lim L,, = lim R,, as ||A,|| — 0 and the Riemann-Stieltjes

integral exists. By equation (4.7), we have:
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= w2 - 1@ (4.10)

li R
uAnIﬁl—m "9

lim L,
lALl|—0

On the other hand, for such a C*-function f, we may simply define the integral f: f)df(t)
by:

b b
[ roao = [ rorwa
Then, by the fundamental theorem of Calculus:

b_ 1

b b 1
| o = [ ror0de= 102 = (02 - fa)

Remarke. There is a very close relationship between functions with bounded variation and
functions for which the classical integral makes sense. For the Ito integral, the quadratic
variation plays a similar role. The quadratic variation of a smooth fuction f € C*([0,t])
is zero.

Example 4.8. Suppose f is a continuous function satisfying the condition

[f(t) = f(s)| < Clt — 5[/

where 0 < C' < 1.

In this case we have:

0<|Ry — Ln| C* (t; —tis1) = C*(b—a)

i=1

Hence, lim R,, # lim L, as ||A,|| — 0 when a # b. Consequently, the integral

fab f(#)df (t) cannot be defined for such a function f. Observe that the quandratic varia-
tion of the function is b — a (non-zero).

We see from the above examples, that definining the integral fj f(t)dg(t) even when
f = g is a non-trivial problem. Consider the question posed eatlier - if f and g ate

continuous functions on [a, b], can we define the integral f; f(t)dg(t)? There is no simple
answer to this question. But then in view of example (4.8), we can ask another question:

Qnestion. Ate thete continuous functions f satisfying the condition

F(0) = F()] < Clt— 5|2
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4.2.5 Brownian motion as the limit of a symmetric random walk.
Consider a random walk starting at O with jumps h and —h equally at times 9, 26, . . . where

h and 0 are positive numbers. More precisely, let { X, }22 ; be a sequence of independent
and identically distributed random variables with :

P{X; = h} =P{X; = —h} = %

Let ¥5,,(0) = 0 and put:

Y&h(né))ﬁ +Xo+...+ X,

For t > 0, define Y 5, (¢) by lineatization that is, for nd < t < (n + 1)4, define:

16—t t—né
O ) + T 1)0)

Ysn(t) = 5

We can think of Y5 5, (t) as the position of the random walk at time ¢. In particular, X; +
Xo + ...+ X, is the position of this random walk at time nd.

QOuestion. What is the limit of the random walk Y p, as §, h — 0?

Recall that the characteristic function of a random variable X is ¢x (A) = Eexp[iAX].
In order to find out the answer, let us compute the following limit of the characteristic
function of Y5 5, (¢):

67]}1;30 E exp [iAY5,,(t)]

where A € Ris fixed. For heuristic derivation, let t = nd and so n = t/§. Then we have:

Eei)\Xj

1 . 1 .
(261)\h + 26—1)\h)

1 n
L oixn | L —ixn
e + 26 >

=

Eexp [iAYs4(t)] =
1

.
3|l

<.
Il
—

N =

Il
~/~

(cos Ah)"
= (cos /\h)t/é
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For fixed t and A, when § and h independently approach 0, the limit of E exp [iAY5 5 (¢)]
may not exist. For example, holding h constant, letting § — 0, since —1 < cosf <

1, the function (cos )\h)t/(s — 0. Holding ¢ constant, letting h — 0, the function

(cos )\h)t/5 — 1. In order for the limit to exist, we impose a certain relationship be-
tween § and h. However, depending on the relationship, we may obtain different limits.

Let u = cos(AR)'/%. Then Inu = %ln cos(Ah). Note that:

1
cos(Ah) &~ 1 — 5/\2h2
And ln(l + x) ~ x. Hence,
Lig;o Lio,o
Incos(Ah) =In|1— 5)\ h* | ~ —5)\ h

Therefore for small A and h, we have Inu = f%)\th and so:

1
U R exp [—2(;)\2h2:|

In particular, if § and h are related by h? = 4, then

lim B exp [iAYs (1)) = e~ 2!
5—0

1324 . . . . . .
But, e 27t is the characteristic function of a Gaussian random variable with mean 0 and

variance t. Thus, we have derived the following theorem about the limit of the random
walk Y5 5, as 6, h — 0 in such a way that h? =6.

Theorem 4.4. Let Y5 5,(t) be the random walk starting at O with jumps h and —h equally likely
at times 8, 20, 30, . . .. Assume that h* = 6. Then, for each t > 0, the limit:

lim Yi(t) = B(1)

excists in distribution. Moreover, we have:

EerB() — 67%,\%
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Theotem 4.5. (Quadratic Variation of a Brownian motion). Let (By,t > 0) be a standard
brownian motion. Then, for any sequence of partitions (5,7 < n) of [0, t] we have:

n
2 L?
(B), =Y (B, —Bi,)* St
=1
where the convergence is in the L? sense.

Remart. 1t is reasonable to have some sort of convergence as we are dealing with a sum of
independent random variables. However, the conclusion would not hold if the increments
were not squared. So there is something more at play here.

Proof We have:

2

E z_:(B(th) —B(t;))’—t| | =E z_:(B(tjﬂ) ~B(t))? - Z_:(tj-i-l 4
=k Z_:{(B(tjﬂ)—B(tj))Q_(th_tj)}
=0

For simplicity, we define the variables X; = (B(t;+1) — B(t;))* — (tj4+1 — t;). Then,
we may write:

2 2
n—1 n—1
E || Y (Bltjs) = B;)* —t| | =E || DX,
7=0 =0
_n—ln—l
=E ) ) XiX;
| i=0 j=0
n—1ln—1
=Y > E[XiX;]
i=0 j=0

Now, the random vatiables X; are independent.
The expectation of X is E[X;] = E(B(tj+1) — B(t;))* — (tj41 — t;) = 0.
Since, X; and X are independent, for i # j, E[X;X;] = EX, - EX,; = 0.

Hence, we have:
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2
n—1 n—1
E (E (B(tj+1)—3(tj))2—t) =Y E[X7]
1=0

=0

We now develop the expectation of the square of X;. We have:

E[X7]

E[((B(tis1) = B#t)) = (ti1 — 1:))’]
E[((B(ti1) = B(t:)" = 2(B(tis1) — B(t)* (i1 — ti) + (tig1 — t:)?]

The MGF of the random variable B(t;+1) — B(t;) is :

o= g [ 25221

&' (N) = Atip1 — ti) exp {A(tzzltz)}

2(t: 4 — 1t
8O0 = [(ti01 — 1) + Xt — 7] exp | =1

PP (N) = [BA(tig1 — )2 + N(tig1 — )] exp [W}

A (tiq — 1
P (N) = [B(tig1 — t:)% + 603 (tip1 — t:)® + X (tip1 — t:)*] exp {(g)]
Thus, E[(B(ti_H) — B(tl))‘l] = 3(ti+1 — ti)Q. Consequently,

E[(B(tiv1) — B(t:))'] = 2(tix1 — t:)E[(B(tis1) — B(t:)?] + (tig1 — t:)”
=3(tip1 —ti)> — 2(tig1 — ti)* + (tig1 — ti)?
= 2(t

(tig1 — ti)z

E[X7]

Putting all this together, we finally have that:

2
n—1 n—1
E (Z(B(tjm — B(tj))?* - t) =2 Z(ti+1 —t;)? (4.11)
Jj=0 i=0
n—1
<2[A,] Z(ti+1 —t;)
=0
=2[An| -1
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Asn — 00, ||A,|| = 0. Hence,

2
n—1
dim E| (Y (B(tj) = B(t;)* —t | | =0
=0

Hence, the sequence of random variables

n—1
S (B(tj) - B(t))* B t
7=0

O

Corollary 4.1. (Quadratic V ariation of a Brownian Motion Path). et (Bg, s > 0) be a Brownian
motion. For everyn, € N, consider the dyadic partition (t;,§ < 2") of [0,t] wheret; = gt. Then
we have that:

2" —1

(B), = Z (B, — B> 3t
Jj=1

Proof. We have (tiy1 —t;) = 2% Borrowing equation (4.11) from the proof of theorem
(4.5), we have that:

2" —1 2" —1 ¢ 2
E[{ Y (Blt)-Bu)?-t] =2 (2)
=0 i=0
=2.(2"). =
22
T 9n
By Chebyshev’s inequality,
2
2" 1 1 2" -1
P[> (Bltj1) = B(tj)” —t| > €| < SE > (B(tj41) — B(ty)* —t
=0 j=0
o1 2
e 2



Define A4,, := {‘Z?igl(B(th) - B(tj))z =1

> € } Since, > % is a convergent

2/.2
seties, any multiple of it, (2¢2/e?) 3 5= also converges. Now, 0 < P(4,,) < %
By the comparison test, »  P(A,,) converges to a finite value. By Theorem (3.21),

2"—1
> (Bltj41) — B(t)* “3 ¢
§=0
O

We are now ready to show that every Brownian motion path has infinite variation.

If g is a C' function,

/ 19/ (8)|dt = / NCIGE!
0 0
S/ V14 g/ (t)%dt
0
:lg(t)

where [, (t) is the arclength of the function g between [0, t]. So, V(t) < l4(t) and further:

w:/otmdt
</Ot(1+\/W)dt

<t+ V()

Consequently,

Vo(t) < 1y(t) < t+V,(t)

The total variation of the function is finite if and only if it’s arclength is.

Hence, intuitively, our claim is that a Brownian motion path on [0, 7] has infinite arc-
length. Since g € C*([a,b]) == (V,(t) < 00), it follows that (V,(t) — c0) == g ¢
cl.

Corollary 4.2. (Brownian Motion paths have nnbounded total variation.) 1.et (Bs,s > 0) be a
Brownian motion. Then, the random functions B(s,w) on the interval [0, t] have unbounded variation
almost surely.
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Progf. Take the sequence of dyadic pattitions of [0,]: ¢; = Q%t, n € N,j < 2" By

pulling out the worst increment, we have the trivial bound for every w:

3 (B ()~ By @) < mas [Buyn(@) ~ By )] - Y (B @) — By @)
=0 =7= 5=0

(4.12)

We proceed by contradiction. Let A’ be the set of all w, for which the Brownian motion
paths have bounded total variation. Let A be event that the Brownian motion paths have
unbounded variation.

By the definition of total variation, that would imply, 3M € N :

2" —1

(vw € A/) nli—>moo Z ‘(Btj+1 (W) - Btj (W))| <M
j=0

ity
) 2’"/
uniformly continuous. So, as n — 00, [tj41 — t;| — 0 and therefore | By, , (w) —

By, (w)| = 0. And consequently, maxo<j<on |By;,, (W) — By, (w)‘ — 0.

Since Brownian Motion paths are continuous on the compact set [55t ], they are

Thus, for every w € A’, the right hand side of the inequality (4.12), converges to 0 and
therefore the left hand side converges to 0. But, this contradicts the fact that (B), 8t

So, A’ is a null set, and P(A’) = 0 and P(A) = 1. This closes the proof. O

4.3 What exactly is ({2, 7, P) in mathematical finance?

If we make the simplifying assumption that the process paths are continuous, we obtain
the set of all continuous functions on [0, T'], denoted by C'[0, T]. This is a very rich space.
In a more general model, it is assumed that the process paths are right continuous with left
limits (regular right-continuous RRC, cadlag) functions.

Let the sample space €2 = D|0, T'] be the set of all RRC functions on [0, T]. An element
of this set is 2a RRC function from [0, T into R. First we must decide what kind of sets of
these functions are measurable? The simplest set for which we would like to calculate the
probabilities are sets of the form {a < S(¢1) < b} for some t1. If S(t) represents the
price of a stock at time %, then the probability of such a set gives the probability that the
stock price at time 1 is between @ and b. We are also intetested in how the price of the
stock at time ¢1 affects the price at another time ¢2. Thus, we need to talk about the joint
distribution of stock prices S(t1) and S(t2). This means that we need to define probability
on the sets of the form {S(¢1) € By, S(t2) € Ba} where By and By are intervals on the
line. More generally, we would like to have all the finite-dimensional distributions of the
process S(t), that s, the probabilities of the sets: {S(t1) € B1,S(t2) € Ba,...,S(t,) €
B} for any choiceof 0 < 3 < ... <t, <T.
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The sets of the form A = {w(:) € D[0,T] : w(t1) € By, ...,w(t,) € By}, where B;’s

are borel subsets of R, are called cylinder sets or finite-dimensional rectangles.

The stochastic process S(t) is just a (function-valued) random variable on this sample
space, which takes some value w(t) - the value of the function w at t.

Let R be the colllection of all cylindrical subsets of D[0, 1]. Obviously R is not a o-field.
Probability is first defined by on the elements of R. Let A C R.

P = [, o, T oo [y o

ng=1

and then extended to the o-field generated by taking unions, complements and intersec-
tions of cylinders. We take the smallest o-algebra containing all the cylindrical subsets of

DI0,1]. Thus, F = B(DJ[0, 1)).
Hence, (92, F,P) = (D0, 1], B(D|0, 1]),P) is a probability space. It is called the Wiener

space and IP here is called the Wiener measure.

4.4 Continuity and Regularity of paths.

As discussed in the previous section, a stochastic process is determined by its finite-dimensional
distribution. In studying stochastic processes, it is often natural to think of them as
function-valued random variables in t. Let S(t) be defined for 0 < ¢ < T, then for a fixed

w, itis a function in ¢, called the sample path ot a realization of S. Finite-dimensional distti-
butions do not determine the continuity property of sample paths. The following example
illustrates this.

Example 4.9. Let X (t) = 0 forall?,0 < ¢ < 1 and 7 be a uniformly distributed random
variable on [0,1]. Let Y(t) = 0 fort # 7 and Y (t) = 1 if t = 7. Then, for any fixed
t, P(Y(t) # 0) = P(r = t) = 0, and hence P(Y(¢) = 0) = 1. So, that all one-
dimensional distributions of X (t) and Y (¢) are the same. Similarly, all finite-dimensional
distributions of X and Y are the same. However, the sample paths of the process X, that
is, the functions X (t)g<¢<1 ate continuous in ¢, whereas every sample path Y (¢)o<¢<1
has a jump at the (random) point 7. Notice that, P(X () = Y (¢)) = L forall¢,0 < ¢ < 1.

Definition 4.7. Two stochastic processes are called versions (modifications) of one another
if
P(X(t)=Y({#)=1 forall0<¢t<T

Thus, the two processes in the example (4.9) are versions of one another, one has contin-
uous sample paths, the other does not. If we agree to pick any version of the process we
want, then we can pick the continous version when it exists. In general, we choose the
smoothest possible version of the process.
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For two processes, X and Y, denote by Ny = {X (t) # Y (¢)},0 < ¢ < T. In the above
example, P(Ny) = P(7 = t) = 0 forany t,0 < ¢t < 1. However, P(Uyc;cq Ne) =
P(7 = t for some ¢ in [0, 1]) = 1. Although, each of Ny is a P-null set, the union N =
Uo<i<1 Ne contains uncountably many null sets, and in this particular case it is a set of of
probability one.

If it happens that P(N) = 0, then N is called an evanescent set, and the processes X and
Y are called indistinguishable. Note that in this case, P({w : 3t : X(t) # Y (t)}) =

P(Up<r<11X(t) # Y(t)) = 0and P((y<ic11X(t) = Y(t)}) = 1. Itis clear, that
if the time is discrete, then any two versions of the process are indistinguishable. It is
also not hard to see, that if X (¢) and Y (¢) are versions of one another and they are both
right-continuous, they are indistinguishable.

Theorem 4.6. (Panl Levy’s construction of Brownian Motion). Standard Brownian motion exists.

Proof- 1 reproduce the standard proof as present in Brownian Motion by Morters and Peres.
I added some remarks for greater clarity.

Let

Dnz{;:kzo,l,z...,w}

be a finite set of dyadic points.

Let

Let {Z; : t € D} be a collection of independent, standard normally distributed random
variables. This is a countable set of random variables.

Let B(0) := 0 and B(1) := Z.

For each n € N, we define the random vatiables B(d), d € D,, such that, the following
invariant holds:

(1) forall™ < s < t in D, the random variable B(t) — B(s) is normally distributed with
mean zeto and variance £ — s and is independent of B(s) — B(r).

(2) the vectors (B(d) : d € D,,) and (Z; : t € D\ D,,) are independent.

Note that we have already done this for Dy = {0, 1}. Proceeding inductively, let’s assume
that the above holds for some n — 1. We are interested to prove that the invariant also
holds for n.

We define B(d) for d € D,,\D,,—1 by:
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B(d—2"")+B(d+2™")  Z4

B(d) = 9 + 9(n+1)/2
Note that, the points 0, 2"%1’ e 2nk_1 , 2]“,%11, ..., 1 belongto D,,_1. The first summand

is the linear interpolation of the values of B at the neighbouring points of d in D,,—1. That
is

>

2k +1\ B (z2r) + B () Zy
B ( 2n )_ 2 t mina

Since P(n — 1) holds, B(d — 27™) and B(d + 27") are have no dependence on (Z; :
t € D\ Dy,,—1). Consequently, B(d) has no dependence on (Z; : t € D\ D,,) and the
second property is fulfilled.

Moteovet, as %[B(d +27") — B(d —27™)] depends only on (Z; : t € Dy_1), it s
independent of 2(71{% By our induction assumptions, they are both nromally distributed

with mean 0 and variance ﬁ

So, their sum and difference random variables

B(d+2") - B(d—2"") Z4

B(d) - B(d - 2—”) = 9 + 2(n+1)/2
. B(d+2"") — B(d—2"") Z4
Bld+2) - p(o) = DT e

are also independent, with mean 0 and variance 2% (the variance of independent random
variables is the sum of the variances).

Indeed all increments B(d) — B(d — 27") for d € Dy, \ {0} are independent. To see
this, it suffices to show that they are pairwise independent. We have seen in the previous
paragraph that the pairs B(d) — B(d — 27") and B(d 4+ 2™ ") — B(d) with d € D,, \
Dy,—1 are independent. The other possibility is that the increments ate over the intervals
separated by some d € Dy, _1. For concreteness, if n were 3, then the increments, By /g —
Bgg and Bsjs — Byg are seperated by d = % € Dj. Choose d € D; with this
property and minimal 7, so, the two intervals are contained in [d — 277, d] and [d,d +
279] respectively. By induction, the increments over these two intervals of length 277 are
independent and the increments over the intervals of length 27™ are constructed from the
independent increments B(d) — B(d — 277) and B(d 4+ 277) — B(d) using a disjoint
set of variables (Z; : t € D,). Hence, they are independent and this implies pairwise

independence. This implies the first property. Consequently, the vector of increments
(B(d) — B(d —27™) for all d € D, is Gaussian.

Having thus chosen the value of the process on all the dyadic points, we interpolate be-
tween them. Formally, we define:
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Z1 fort =1
F()(t) = 0 fort =0

linear in between
and foreachn > 1,
Ly fort e D\ D
PICESYE ort € D\ D1

F,(t)=40 fort € Dp_1

linear between consecutive points in D,,

These functions are continuous on [0, 1] and for all n and d € D,,, we have:

B(d) =) Fi(d) =) Fi(d) (4.13)
1=0 =0

To see this, assume that above equation holds forall d € D,,_;.

Let’s consider the point d € D,, \ Dy, —1.

B(d—2"")+ B(d+2™") Z

B(d) = 9 + 9(n+1)/2
n—1
Fi(d—2"")+ F;(d+27") Za
= Z 5 + CESE (4.14)

=0

Now, d — 27" and d + 27" belong to D,,_; and ate not in Ui<n—1 D;. Therefore, for
i=0,1,...,n—2, the points (d— 27", F;(d—27")) and (d+ 27", F;(d+2~") lie on
some straight line and have (d, F;(d)) as their midpoint. Moreover,d — 2~ ™ and d+27"
are vertices in Dj,_1. So, by definition of F},_1(d), we have F,,_1(d) = [F,—1(d —
27"+ Fpoq(d+277)]/2.

To summatize, the first term on the right hand side of expression (4.14) is equal to Z?;ol F;(d).
By mathematical induction, it follows that the claim (4.13) is true for all » € N.

It’s extremely easy to find an upper bound on the probability contained in the Gaussian
tails. Suppose X ~ N(0,1) and let z > 0. We are interested in the tail probability
P(X > z). We have:

[eS) o) —z2/2
ooy [ [

x
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Tetu = % and dv = ze~*"/2dx. We have:

u = % ‘ dv = ze=""/2dy
du = —I%dx ‘ v=—e v /2
Thus,
oo o] —12/2
_22/2 e
P(X >z)=— —e¢ /z—/w p dz
—z2/2 oo ,—2%/2
_ec 7/ e i d
x . T
o —z2)2
e
- 755224
—xz2/2
<
x

Thus, for ¢ > 1 and large n, we have:

1 n
]P('Zdl Z C\/’Tl) S %6762’”/2 § exp (2>

So, the seties:

Z P {There exists atleast one d € D,, with |Zy4| > c\/ﬁ} < Z Z P{\Zd| > c\/ﬁ}

n=0 n=0deD,,

> 2
<> @+ 1)exp (C;)
n=0

. . — 2 . .
Now, the series (a,,) given by, a, := (2" + 1)e=¢ /2 has the ratio between successive
terms:

@i gl 41 el
lim an = n_,moo o 41 ’ ec?(n+1)/2
1 1
1+k 1
_ o 2T om
a nh—)moo 1+ 2% ec?/2
1
o 2e?/2
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If this ratio is less than unity, thatis ¢ > 1/21og 2, than by the ratio test, Y (2" + 1)6_02"/2

converges to a finite value. Fix such a c.

By BCL1(Borel-Cantelli Lemma), if A,, := {There exists atleast one d € D,, with |Z4| > ¢\/n}
and fozo P(A,,) converges to a finite value, then the event A,, occurs finitely many times

with probability 1. There exists N € N, such that for all n > N, A,, fails to occur with
probability 1. Thus, for all n > N, {Z; < ¢y/n} occurs with probability 1. It follows

that:

<c\/ﬁ

sup Fn(t) ~ W

te[0,1]

Define

c/n
M, = 92(n+1)/2

Since Y, M, convetges, by the Weierstrass M -test, the infinite series of functions ZZOZO F,(t)
converges uniformly on [0, 1]. Since, each F, () is piecewise linear and continuous, by the
Term-by-Term continuity theorem, Y F},(t) is continuous on [0, 1]. O

4.5 A point of comparison: The Poisson Process.

Like the Brownian motion, the Poisson process is defined as a process with stationary and
independent increments.

Definition 4.8. A process (N¢,t > 0) defined on (£2, F,P) has the distribution of the
Poisson process with rate A > 0, if and only if the following hold:

(1) No = 0.

(2) For any s < t, the increment [Ny — Ny is a Poisson random variable with parameter
At — s).

(3) For any n € N and any choice 0 < ¢; < 13 < ... < t, < 00, the increments
th — Nt1 s th — th; ey Nt" — Nt"71 are independent.

Poisson paths can be sampled using this definition. By construction, it is not hard to
see that the paths of Poisson processes are piecewise, constant, integer-valued and non-
decreasing. In particular, the paths of Poisson processes have finite variation. Poisson
paths are much simpler than the ones of Brownian motion in many ways!

Example 4.10. (Simulating the Poisson Process.) Use the definition (4.8) to generate 10
paths of the Poisson process with rate 1 on the interval [0, 10] with step-size 0.01.
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Listing 8: Generating 10 paths of a Poisson process

def generatePoissonProcess(lam,T,stepSize):

N = int(T/stepSize)

x = np.random.poisson(lam=lam,size=N)
y = np.cumsum(x)

y = np.concatenate ([[0.0],y])

return y

10 paths of the Poisson process on [0, 10]

15
Z \[_
g [
5 10 S
g
9
o
g 5
& [ -
] [
—
07
I I I I I I
0 P 4 6 8 10
Time t

We can construct a Poisson process as follows. Consider (7;,j € N) IID exponential
random variables with parameter 1/\. One should think of 7; as the waiting time from
the (j — 1)st to the jth jump. Then, one defines :

Ne=#{k:m+7n+...+7% <t}

= Number of jumps upto and including time ¢

Now, here is an idea! What about defining a new process with stationary and independent
increments using a given distribution other than Poisson and Gaussian? Is this even pos-
sible? The answer is yes, but only if the distribution satisfies the property of being énfinitely
divisible. 'To see this, consider the value of the process at time 1, V7. Then, no matter how
many subintervals we chop the interval [0, 1] into, we must have the increments add up to
N7. In other words, we must be able to write N1 as a sum of n IID random variables for
every possible n. This is certainly true for Poisson random variables and Gaussian random
variables. Another example is the Cauchy distribution. In general, processes that can be
constructed using independent, stationary increments are called Levy processes.
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Example 4.11. Time Inversion. Let (Bt, t > 0) be a standard brownian motion. We
consider the process:

Xt :tBl/t fort >0
This property relates the behavior of t large to the bebavior of T small.

() Show that (X3, ¢ > 0) has the distribution of Brownian motion on ¢ > 0.
Proof.

Like B(t), it is an easy exercise to prove that X (¢) is also a Gaussian process.
We have, E[X] = 0.

Let s < t. We have:

Cov(X,, X;) = E[sB(1/s) - tB(1/t)]
= stE[B(1/s) - B(1/t)]

| = k| =
AN
®w |~
——

Il
®

Consequently, X (¢) has the distribution of a Brownian motion.

(b) Argue that X (t) converges to 0 as t — 0 in the sense of L2-convergence. It is possible
to show convergence almost sutely so that (X¢, ¢ > 0) is really a Brownian motion for
t>0.

Solution.

Let (ty,) be any arbitrary sequence of positive real numbers approaching 0 and consider
the sequence of random variables (X (¢,,))22 ;. We have:

E [X(tn)?] =E [t2B(1/tn)’]

=t2E [B(1/t,)?]
1

— th ?

= tn

Hence,
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imE [X(t,)?] = limt, =0

Since (,,) was an arbitrary sequence, it follows that lim;_,o E[(X (¢))?] = 0.

(c) Use this property of Brownian motion to show the law of large numbers for Brownian
motion:

X
lim —= =0 almost surely
t—o0

Solution.

What we need to do is to show that X (t) — 0 as ¢ — 0 almost surely. That would show
that Bglét) — 0 as t — 0 almost surely, which is the same as showing B 4 0as

t
t — 00, which is the law of large numbers for Brownian motion.

What we have done in part (b), is to prove the claim that E[X (¢)?] — 0 as ¢ — 0, which
shows convergence in the L? sense and hence convergence in probability. This is infact
B(

the weak law of large numbers. Tt) B 0ast — o

For ¢ > 0, continuity is clear. However, it is the proof that as t — 0, X (¢) — 0 almost
surely which we have not done.

Note that, the limit X (¢) — 0 as ¢t — 0 if and only if (¥n > 1), (3m > 1), such that
vr € QN (0, %],WC have | X (r)| = |TB (%)’ < %

To understand the above, we just recall the € — § definition of continuity. Note that %
plays the role of € and - works as 8.

That is,

—_

o = {mxw=0}=-NU N {xoi=;

n>1m>1rcQn(0,1]

‘m

Also, note that X () is continuous on all [a, 1] for all @ > 0, thus, uniformly continuous
on [a, 1], and hence uniformly continuous on @ N (0, 1]. So, there exists a continuous
extension of X () on [0, 1]. We already know from part (a), that (X (¢) )0 and (B(%))¢>0
have the same finite dimensional distributions. Therefore, the RHS event has the same
probability as QF = " o, U,,>1 mrEQﬁ(O,%] {|B(T)| < l}. Since B(t) — 0 as
t — 0 almost surely, the event Q27 has probability 1. Thus, P {lim; o X (t) = 0} = 1.

This actually shows that X (¢) is a bonafide standard brownian motion, as we have estab-
lished continuity as well.
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5 Martingales.

5.1 Elementary conditional expectation.
In elementaty probability, the conditional expectation of a vatiable Y given another ran-
dom variable X refers to the expectation of Y given the conditional distribution fy| x (y|z)

of Y given X. To illustrate this, let’s go through a simple example. Consider By, Bs to be
two independent Bernoulli-distributed random variables with p = 1/2. Then, construct:

X=8B, Y=8B+B8;
It is easy to compute E[Y|X = 0] and E[Y'|X = 1]. By definition, it is given by:

E[Y|X =0] = Z]IP’ =j|X =0)
7=0

=X =
_Zj J 0) )

=0t T
1
3
and
2
VIX =1 = S JRY = j|X = 1)
3=0
2 Py =4X=1)
- ;)J T P(X =1)
T e
=0t T
_ 3
=3

With this point of view, the conditional expectation is computed given the information that
the event {X = 0} occurred or the event {X = 1} occurred. It is possible to regroup
both conditional expectations in a single object, if we think of the conditional expectation
as a random variable and denote it by E[Y|X]. Namely, we take:
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if X(w) i (1) G.1)

E[Y|X]() = { X

NI NI

This random vatriable is called the conditional expectation of Y given X. We make two im-
portant observations:

(i) If the value of X is known, then the value of E[Y| X] is determined.

(ii) If we have another random vatiable g(X') constructed from X, then we have:

Elg(X)Y] = E[g(X)E[Y | X]]

In other words, as far as X is concerned, the conditional expectation E[Y'| X] is a proxy
for Y in the expectation. We sometimes say that E[Y'| X] is the best estimate of Y given
the information of X.

The last observation is easy to vetify since:

Elg(X)Y] =YY g(i)-j-P(X =i,Y =)
i=0 j=0
! ) P(X =4, Y =)
=Y PX =g (X0 —px =
i=0 j=0

= E[g(X)E[Y]X]]
Example 5.1. (Elementary Definitions of Conditional Expectation).

(1) (X,Y) discrete. The treatment is similar to the above. If a random variable X takes
values (2;,7 > 1) and Y takes values (y;,j > 1), we have by definition that the condi-
tional expectation as a random variable is:

EY|X](w) = ZyjIP’(Y =y;|X = ;) forw such that X (w) = x;

j=1

2) (X,Y) continuous with joint PDF fx y (2, y): In this case, the conditional expectation
is the random variable given by

E[Y|X] = h(X)

where

o) = [[ubistolaidy = [ o200 gy — In Prarin b
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In the two examples above, the expectation of the random variable E[Y'| X] is equal to
E[Y]. Indeed in the discrete case, we have:

1 2
EE[Y|X]] =) P(X =) Y yP(Y = y;|X = z;)
=0 7=0
1 2
=0 j=0
2
= yP(Y =y;)
7=0
— E[Y]

Example 5.2. (Conditional Probability vs Conditional expectation). The conditional prob-
ability of the event A given B can be recast in terms of conditional expectation using indi-
cator functions. If 0 < P(B) < 1, it is not hard to check that: P(A|B) = E[14]1p = 1]

and P(A|B®) = E[14|15 = 0]. Indeed the random variables 14 and 15 are discrete. If
we proceed as in the discrete case above, we have:

E[lallp =1]=1-P(1y = 1[15 =1)
P1y = 1,15 = 1)
P(1p = 1)
P(AN B)
" B(B)
— P(A|B)

A similar calculation gives P(A|BY). In particular, the formula for total probability for A
is a rewriting of the expectation of the random variable E[14[15]:

E[E[14[15]] = E[la[1p = 1]P(15 = 1) + E[1a[1p = 0]P(1p = 0)
P(A|B) - P(B) 4+ P(A|B°) - P(B®)
P(A)

5.2 Conditional Expectation as a projection.

Conditioning on one variable. ~ We start by giving the definition of conditional ex-
pectation given a single variable. This relates to the two observations (A) and (B) made
previously. We assume that the random variable is integrable for the expectations to be
well-defined.
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Definition 5.1. Let X and Y be integrable random variables on (€2, F,P). The con-
ditional expectation of Y given X is the random variable denoted by E[Y| X] with the
following two properties:

(A) There exists a function i : R — R such that E[Y'|X] = h(X).

(B) For any bounded random variable of the form g(X) for some function g,

Elg(X)Y] = E[g(X)E[Y | X]] 62

We can intepret the second property as follows. The conditional expectation E[Y|X]
serves as a proxy for Y as far as X is concerned. Note thatin equation (5.2), the expectation
on the left can be seen as an average over the joint values of (X, Y), whereas the one on
the right is an average over the values of X onlyl Another way to see this property is to
write is as:

E[g(X)(Y - E[Y[X])] =0 (.3)

In other words, the random variable Y — B[Y'| X | is orthogonal to any random variable constructed
Sfrom X.

Finally, it is important to notice that if we take g(X') = 1, then the second property implies

E[Y] = E[E[Y]X]]

In other words, the expectation of the conditional expectation of Y is simply the expecta-
tion of Y.

The existence of the conditional expectation E[Y'|X] is not obvious. We know, it exists
in particular cases given in example (5.1). We will show more generally, that it exists, it
is unique whenever Y is in L?(Q, F,P) (In fact, it can be shown to exist whenever Y is
integrable). Before doing so, let’s warm up by looking at the case of Gaussian vectors.

Example 5.3. (Conditional expectation of Gaussian vectors - I). Let (X, Y") be a Gaussian
vector of mean 0. Then:

E[XY]

X (.4)

This candidate satisfies the two defining properties of conditional expectation : (A) It is

clearly a function of X; in fact it is a simple multiple of X. (B) We have that the random
Y — %X ) is orthogonal and thus independent to X. This is a consequence

of the proposition (3.5), since:

variable (
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Therefore, we have for any bounded function g(X) of X:

Elg(X)(Y - E(Y|X))] = E[g(X)E[Y - E[Y|X]] =0

Example 5.4. (Brownian conditioning-I) Let (By,t > 0) be a standard Brownian motion.
Consider the Gaussian vector (B /25 By). Its covariance matrix is:

o-[4f ]

Let’s compute E[B1|By /2] and E[By 2| B1]. This is easy using the equation (5.4). We
have:

E[B1 By 2]
]E[B%/z} Bl/2
_ (12

= (12"
= By/2

E[B1|B1 /2] =

In other words, the best approximation of By given the information of By /o is By /a.
There is no problem in computing E[B /2| B1], even though we are conditioning on a
future position. Indeed the same formula gives

E|B,B 1
[B1 1/2]191:731

This means that the best approximation of B /3 given the position at time 1, is %Bl which
makes a whole lot of sense!

In example (5.4) for the Gaussian vector (X, Y), the conditional expectation was equal
to the orthogonal projection of Y onto X in L2, In particular, the conditional expectation
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was a multiple of X. Is this always the case? Unfortunately, it is not. For example, in the
equation (5.1), the conditional expectation is clearly not a multiple of the random variable
X. Howevert, it is a function of X, as is always the case by definition (5.1).

The idea to construct the conditional expectation E[Y | X] in general is to project Y on the
space of all random variables that can be constructed from X . To make this precise, consider the following
subspace of L*(Q, F,P) :

Definition 5.2. Let (2, F,P) be a probability space and X a random variable defined
on it. The space L2(2,0(X),P) is the linear subspace of L2(£2, F,P) consisting of the
square-integrable random variables of the form g(X) for some function g : R — R.

This is a linear subspace of L?(€, F,P): It contains the random variable 0, and any linear
combination of random variables of this kind is also a function of X and must have a finite
second moment. We note the following:

Remark. L*(Q,0(X),P) is a subspace of L2(£2, F,P), very much how a plane or line
(going through the origin) is a subspace of R.

In patticular, as in the case of a line or a plane, we can project an element of ¥ of
L3(Q, F,P)onto L*(Q, 0(X), P). The resulting projection is an element of L?(Q, 0(X), P),
a square-integrable random-variable that is a function of X. For a subspace S of R? (e.g. a
line or a plane), the projection of the vector v € R onto the subspace S, denoted Proj s(¥)
is the closest point to v lying in the subspace S. Moreover, v — Proj¢(v) is orthogonal to
the subspace. This picture of orthogonal projection also holds in L. Let Y be a random
variable in L?(Q, F,P) and let L*(Q,0(X),P) be the subspace of those random vari-
ables that are functions of X. We write Y* for the random variable in L?(Q2,0(X),P)
that is closest to Y. In other words, we have (using the definition of the L?-distance square):

inf E[(Y — Z)!] = E[(Y — Y*)}] (5.5)

ZeL?(Q,0(X),P)

It turns out that Y™ is the right candidate for the conditional expectation.
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' L*(Q,0(X),P)

Figure. An illustration of the conditional expectation E[Y'| X] as an orthogonal
projection of Y onto the subspace L2(Q, o(X), P).

Theorem 5.1. (Existence and nnigueness of the conditional expectation) Let X be a random vari-
able on (Q, F,P). LetY be a random variable in L* (2, F, ). Then the conditional expectation
E[Y'| X] is the random variable Y™ given in the equation (5.5). Namely, it is the random variable in
L2(Q,0(X),P) that is closest t0Y in the L*-distance.

In particular we bave the following:

1) 1t is the orthogonal projection of Y onto L*(Q, (X)), P), that is Y — Y* is orthogonal to any
random variables in the subspace L* (2, 0(X), P).

2) It is unigne.

Remark. This result reinforces the meaning of the conditional expectation E[Y | X] as the
best estimation of Y given the information of X: it is the closest random vatiable to Y
among all the functions of X in the sense of L?.

Proof. We write for short L?(X) for the subspace L?(Q, 0(X),P). Let Y* be as in equa-
tion (5.5). We show successively that (1) Y — Y* is orthogonal to any element of L?(X),
so it is the orthogonal projection (2) Y™ has the properties of conditional expectation in
definition (5.2) (3) Y* is unique.

(1) Let W = g(X) be a random variable in L?(X). We show that W is orthogonal to
Y — Y*; thatis E[(Y — Y*)W] = 0. This should be intuitively clear from figure above.
On the one hand, we have by developing the square:
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E[(W — (Y =Y*)} ] =E[W? - 2W(Y —Y*) + (Y —Y*)?
=RE[W? - 2E[W(Y — Y*)] +E(Y —Y*)?] (5.6)

On the other hand, Y* 4+ W is an arbitrary vector in L?(X)(it is a linear combination of
the elements in L?(X)), we must have from equation (5.5):

E[(W — (Y =Y")!| =E[(Y — (V" + W))?]

> inf E[Y - 2)?
ZeL2?(X)

=E[(Y - V") (5.7)

Putting the last two equations (5.6), (5.7) together, we get that for any W € L?(X):

E[W?] - 2E[W (Y —Y*)] >0
In particular, this also holds for aW, in which case we get:
a®EW?] = 2aE[W(Y —Y*)] >0
= a{aE[W?] - 2E[W(Y —Y*)]} >0
If a > 0, then:

aR[W?] —2E[W(Y —Y*)] >0 (5.8)

whereas if @ < 0, then the sign changes upon dividing throughout by a, and we have:

aE[W?) = 2E[W(Y —Y*)] <0 (5.9)

Rearranging (5.8) yields:
E[W(Y —Y™*)] < aE[W?]/2 (5.10)

Rearranging (5.9) yields:
E[W(Y —Y*)] > aE[W?]/2 (5.11)
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Since (5.10) holds for a > 0, it follows that, E[WW (Y — Y™*)] < 0. Since, (5.11) holds for
all a < 0, it follows that E[WW (Y — Y™*)] > 0. Consequently,

E[W(Y —Y*)] =0 (5.12)

(2) Tt is clear that Y* is a function of X by construction, since it is in L?(X ). Moreover,
for any W € L?(X), we have from (1) that:

E[W(Y —Y*)] =0

which is the second defining property of conditional expectations.

(3) Lastly, suppose there is another element Y thatis in L?(X) that minimizes the distance
to Y. Then we would get:

E[(Y —Y) ] =E[(Y —Y*+Y* -Y")?
(Y —=Y*)’ ]+ 2E[(Y —Y*)(Y* = Y') +E[(Y* - Y")?]
(Y =Y +04+E[(Y* - Y")?]

(Y*-Y)eL*(X)L(Y -Y*}

I
5 =

=

where we used the fact, that Y* —Y" is a vector in L?(X ) and the orthogonality of Y —Y™*
with L?(X) as in (1). But, this implies that:

E[(y ") = B[ ¥ + E[(Y* — Y")?]

E[(Y* — Y)Y =0

So, Y* =Y almost surely. O

Example 5.5. [Arguin-4.1] Conditional Expectation of continuous random variables.
Let (X,Y) be two random variables with joint density fx,y (z,y) on R% Suppose for
simplicity, that fR f(z,y)dx > 0 for every y belonging to R. Show that the conditional
expectation E[Y'| X] equals h(X) where h is the function:

 Jrufxy (@ y)dy

h(x) B fR fX,Y(xv y)dy

(5.13)

In particular, verify that E[E[Y| X]] = E[Y].

Hint: To prove this, verify that the above formula satisfies both the properties of condi-
tional expectations; then invoke uniqueness to finish it off.
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Solution. (i) The density function fx y(x,y) is a map f : R?> — R. The integral
Yy=+o0

y=—00

yfx vy (xo,y)dy is the area under the curve y f(x, y) at the point x = zg. Let’s

call it A(zp). If instead, we have an arbitrary x, Lf:js yfx,v(z,y)dy represents the
area A(z) of an arbitrary slice of the surface yfx vy at the point 2. Hence, it is a function
of . The denominator [ fx v (z,y)dy = fx (), the density of X, which is a function
of x. Hence, the ratio is a function of x.

(i) Let g(X) is a bounded random variable. We have:

E[g(X)(Y — h(X))] = E[Yg(X)] — E[g(X)h(X)]
/ / yo(@) fx.y (. y)dyda — / g(2)h(x) f (2)dz

://1‘2 yg(z) fx v (z,y)dydx

X,y (z,y)d
—/ 9(x) - % /fXY (z,y)dy dx
// yg(x) fx,y (z,y)dydx
Jrufx,y (z,y)dy W
- g(x) - == =e - | fxstry)dy dz
| ot bt

=// yg(x)fx,Y(w,y)dydw—/ yg(x) fxy (z,y) - dx - dy
R2 R2
:O

Thus, (X)) is a valid candidate for the conditional expectation E[Y|X]. Moreover, by
the existence and uniqueness theorem (5.1), E[Y'| X] is unique and equals h(X).

Conditioning on several random variables. We would like to generalize the condi-
tional expectation to the case when we condition on the information of more than one
random variable. Taking the L? point of view, we should expect that the conditional
expectation is the orthogonal projection of the given random variable on the subspace
generated by square integrable functions of all the variables on which we condition.

It is now useful to study sigma-fields, an object that was defined in chapter 1.

Definition 5.3. (Sigma-Field) A sigma-field or sigma-algebra F of a sample space 2 is a
collection of all measurable events with the following properties:

(1) Qisin F.
(2) Closure under complement. If A € F, then A® € F.
(3) Closure under countable unions. If Ay, Ay, ..., € F, then ;- A, € F.
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Such objects play a fundamental role in the rigorous study of probability and real analysis
in general. We will focus on the intuition behind them. First let’s mention some examples
of sigma-fields of a given sample space 2 to get acquainted with the concept.

Example 5.6. (Examples of sigma-fields).

(1) The trivial sigma-field. Note that the collection of events {0, 2} is a sigma-field of . We
generally denote it by Fo.

(2) The o-field generated by an event A. Tet A be an event that is not () and not the entire ).
Then the smallest sigma-field containing A ought to be:

*/T-l = {05A7AC7Q}

This sigma-field is denoted by o (A).
(3) The sigma-field generated by a random variable X .

We now define the Fx as follows:

Fx =X 1B):={w: X(w) € B},VB € B(R)

where B is the Borel o-algebra on R. Fx is sometimes denoted as o(X). Fxis the set of
all events pertaining to X. It is a sigma-algebra because:

(i) Q € 0(X) because 2 = {w: X(w) € R} and R € B(R).
(i) Let any event C' € o(X). We need to show that Q \ C' € o(X).
Since C' € o(X), there exists A € B(R), such that:

C={we: X(w) e A}

Now, we calculate:

OQ\C={weQ: X(w) eR\ A}
Since B(R) is a sigma-algebra, it is closed under complementation. Hence, if A € B(R),
it implies that R\ A € B(R). So, 2\ C € o(X).

(iii) Consider a sequence of events C1,Ca,...,Cp, ... € 0(X). We need to prove that
Ur—, Cn € o(X).

Since C), € o(X), there exists A, € B(R) such that:
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Cpn={we: X(w)eA,}

Now, we calculuate:

UC’n:{wEQ:X(w)E GA"}
n=1 n=1

But, o~ 4, € B(R). So, U, —, C», € 0(X).
Consequently, o(X) is indeed a o-algebra.
Intuitively, we think of (X) as containing all information about X

(4) The sigma-field generated by a stochastic process (X5, < t). Let (X5, s > 0) be a stochastic
process. Consider the process restricted to [0,], (Xs,s < t). We consider the smallest
sigma-field containing all events pertaining to the random variables X5, s < ¢. We denote

itby 0(Xs,s <t)or Fy.

The sigma-fields on €2 have a natural (partial) ordering: two sigma-fields G and F of Q
are such that G C F if all the events in G are in F. For example, the trivial o-field
Fo = {0, Q} is contained in all the o-fields of Q2. Clearly, the o-field F; = o(Xs, s < t)
is contained in Fy if t < t'.

If all the events pettaining to a random variable X ate in the o-field G (and thus we can
compute 11(X ~1((a, b]))), we will say that X is G-measurable. This means that all infor-
mation about X is contained in G.

Definition 5.4. Let X be a random variable defined on (2, F,P). Consider another
G C F. Then X is said to be G-measurable, if and only if:

{w: X(w) € (a,b]} € G for all intervals (a,b] € R

Example 5.7. (Fp-measurable random variables). Consider the trivial sigma-field Fo =
{0,9Q}. A random variable that is Fo-measurable must be a constant. Indeed, we have
that for any interval (a, b], {w : X (w) € (a,b]} =0 or {w : X (w) € (a,b]} = Q. This
can only hold if X takes a single value.

Example 5.8. (0(X)-measurable random variables). Let X be a given random variable
on (Q, F,P). Roughly speaking, a o(X )-measurable random variable is determined by
the information of X only. Here is the simplest example of a o(X )-measurable random
variable. Take the indicator function Y = 1;x¢p} for some event {X € B} pertaining
to X. Then the pre-images {w : Y (w) € (a,b]} are cither §, {X € B}, {X € B}
or ) depending on whether 0,1 are in (a,b] or not. All of these events are in o(X).
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More generally, one can construct a o (X )-measurable random variable by taking linear
combinations of indicator functions of events of the form {X € B}.

It turns out that any (Borel measurable) function of X can be approximated by taking
limits of such simple functions.

Concretely, this translates to the following statement:

If Y is 0(X)-measurable, then Y=g(X) for some function g (5.14)

In the same way, if Z is 0(X, Y)-measurable, then Z = h(X,Y") for some h. These facts
can be proved rigorously using measure theory.

We are ready to give the general definition of conditional expectation.

Example 5.9. (Coin-Tossing Space). Suppose a coin is tossed infinitely many times. Let
Q be the set of all infinite sequences of Hs and T's. A generic element of 2 is denoted by
Wiws . . ., whete w,, indicates the result of the nth coin toss. {2 is an uncountable sample
space. The trivial sigma-field Fo = {0}, Q}. Assume that we don’t know anything about
the outcome of the experiement. Even without any information, we know that the true w
belongs to  and does not belong to 0. It is the information learned at time 0.

Next, assume that we know the outcome of the first coin toss. Define Ay = {w :
w1 = H}=set of all sequences beginning with H and Ap = {w : w3 = T}=set of all
sequences beginning with T". The four sets resolved by the first coin-toss form the the o-
field 71 = {0, Ag, Ar, Q}. We shall think of this o-field as containing the information
learned by knowing the outcome of the first coin toss. More precisely, if instead of being
told about the first coin toss, we are told for each set in F7, whether or not the true w
belongs to that set, then we know the outcome of the first coin toss and nothing more.

If we are told the first two coin tosses, we obtain a finer resolution. In particular, the four
sets:

Apgg ={w:wy = Hywy = H}
Agr ={w:w = Hywy, =T}
Arg ={w:w =T,wy = H}
Arr ={w:w; =T, wy =T}

are resolved. Of course, the sets in JF7 are resolved. Whenever a set is resolved, so is its
complement, which means that Ag s AJ(SIT’ Ag gy and AgT are resolved, so is their union
which means that Agg UArH, Apgg UArT, AgrUATH and Agr U A1t are resolved.
The other two pair-wise unions Agg U Agr = Ay and Apg U App = Arp are already
resolved. Finally, the triple unions are also resolved, because Agg UAgrUAry = AgT
and so forth. Hence, the information pertaining to the second coin-toss is contained in:
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Fo={0,9,
Ap, Ar,
Apn, Aar, Are, Arr,
AgH7 A%T7 AgHﬂ AgT7

Aug UAre, Agg U Arr, Ayr U Arg, Agr U Arr}

Hence, if the outcome of the first two coin tosses is known, all of the events in F5 are
resolved - we exactly know, if each event has ocutred ot not. F is the information learned
by observing the first two coin tosses.

Exercise 5.1. [Arguin-4.2] (Exercises on sigma-fields).

(a) Let A, B be two proper subsets of { such that ANB # () and AUB # Q. Write down
o({4, B}), the smallest sigma-field containing A and B explicitly. What if A N B = (J?

(b) The Borel sigma-field is the smallest sigma-field containing intervals of the form (a, b]
in R. Show that all singletons {b} are in B(R) by writing {b} as a countable intersection
of intervals (a, b]. Conclude that all open intervals (a, b) and all closed intervals [a, b] are
in B(R). Is the subset Q of rational numbers a Borel set?

Proof. (a) The sigma-field generated by the two events A, B is given by:

o({4,B}) = {0, %,
A, B, A° B¢,
AUB,ANB,
AUBY A° U B, A U B,
ANBY A°NB,A° N B,
(AUB)N (AN B)°,
(AUB)“ U (AN B)}

(b) Firstly, recall that:

B(R) = n Fo = ﬂa({f : I is an interval (a, b] C R})

acA

We can write:

W= (b—;b}

n=1
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As B(R) is a sigma-field, it is closed under countable intersections. Hence, the singleton
set {b}is a Borel set.

Similarly, we can write, any open interval as the countable union:

(a,b) = D (a,b—i]

n=1

Hence, open intervals are Borel sets.

Similarly, we may write:

[a,b]fjl <a711,b+ib>

Consequently, closed intervals are Borel sets. Since Q is countable, it is a Borel set. More-
over, the empty set () and R are Borel sets. So, R\Q is also a Borel set. O

Exercise 5.2. [Arguin-4.4] Let (X, Y") be a Gaussian vector with mean 0 and covariance
matrix

o[} 1]

for p € (—1,1). We verify that the example (5.3) and exercise (5.5) yield the same condi-
tional expectation.

(a) Use equation (5.4) to show that E[Y|X] = pX.
(b) Write down the joint PDF f(x,y) of (X,Y).

(c) Show that [ yf(z,y)dy = px and that [ f(z,y)dy = 1.
(d) Deduce that E[Y| X] = pX using the equation (5.13).

Progf. (a) Since (X,Y") have mean 0 and vatiance 1, it follows that:

E[(X — EX)(Y — EY)] = E(XY)
VI(E[X?] - (EX)?) - /(E[Y?] - (EY)?) = /(1 - 0)(1 - 0)

=1

and therefore,
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_ E(XY) E[XY]
P=7 1 T EXY

Since (X, Y) is a Gaussian vector, using (5.4), we have:

E[XY]
E[X?]

E[Y|X] = X =pX

(b) Consider the augmented matrix [C|I]. We have:

on-[14]31]

Performing Ry = Ry — pRy, the above system is row-equivalent to:

{ 1 p 1 0 }
0 1—p*| —p 1
Performing Ry = #Rg, the above system is row-equivalent to:

|: 1 p 1 0 ]

- 1
01| = =7

Performing Ry = Ry — pRa, we have:

10| = 15

O 1 1,52 1,p2
Thus,

_ 1 1 —p

Cc =
1—p? [ —p 1 ]

Moreover, det C' = 1 — p2.
Therefore, the joint density of (X, Y) is given by:

o= g g=zer [ e 01, T [T]]
1 1 T
:2WMGXP[_2(1P2)H_W _px+y][yH

1

1
P e exp {—2(1 — 7 (22 — 2pay + yz)}
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(© Claim L. [ yf (2, y)dy = px.

Completing the square, we have:
(2 = 2pzy +y%) = (y — px)* + 2 (1 - p?)
Thus, we can write:

_ 1 (w—pz)?

1 1,..2
yf(x,y)dy = ———=e" 2" /ye 2 =" dy
/R (z.9) 21\/1 — p? R

Let’s substitute

L W—p2)
1—p2?
d

dz = Y
1—p2

Therefore,

_1 (w—pax)? 22
/ye Ry dy = \/l—pQ/(px—‘r V1—p22)e"7dz
R R
z2 22
:px~M/e_sz—&-(l—pQ)/ze_sz
R R

=pr-\/1—p2-V2r+(1—p*-0
e VTR o

Consequently,

1 1,..2
z,y)dy = ———=e" 2% px - XE— 7.\2r
/Ryf( y) Yy QWM P P

1 e
=pre e
= px - fx ()
Jeyf (@ y)dy  Jpyf(z.y)dy
[x(z) fRf(x,y)

(d) For a Gaussian vector (X,Y"), the conditional expectation E[Y|X] = h(X). Hence,
E[Y|X] = pX. O
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Definition 5.5. (Conditional Expectation) Let Y be an integrable random variable on
(Q, F,P)and let G C F be a sigma-field of . The conditional expectation of ¥ given
G is the random variable denoted by E[Y'|G] such that the following hold:

(2) E[Y|G] is G-measurable.
In other words, all events pertaining to the random variable E[Y'|G] are in G.

(b) For any (bounded) random vatiable W, that is G-measurable,

E[WY] =E[WE[Y|G]]

In other words, E[Y'|G] is a proxy for Y as far as the events in G are concerned.

Note that, by taking W = 1 in the property (B), we recover:

E[E[Y|J]] = E[Y]

Remark. Beware of the notation! If G = (X)), then the conditional expectation E[Y | (X )]
is usually denoted by E[Y|X] for short. However, one should always keep in mind that
conditioning on X is in fact projecting on the linear subspace generated by all variables con-
structed from X and not on the linear space generated by generated by X alone. In the same
way, the conditional expectation E[Z|o(X,Y")] is often written E[Z| X, Y] for short.

As expected, if Y is in L2(€2, F,P), then E[Y|G] is given by the orthogonal projection
of Y onto the subspace L?(£2, G, P), the subspace of square integrable random variables
that are G-measurable. We write Y* for the random variable in L?(, G, P) that is closest
to Y that is:

: 21 R Ve AV
S Bin EIY = 27 =B[(Y = Y7 (5.15)

Theorem 5.2. (Existence and Unigueness of Conditional Expectations) Let G C F be a sigma-field
of Q. Let Y be a random variable in L*(Q, F,P). Then, the conditional expectation BY |G is the
random variable Y™* given in the equation (5.15). Namely, it is the random variable in L?(Q, G, P)
that is closest 10'Y in the L2-distance. In particular we have the following:

* Ttis the orthogonal projection of Y onto L?(2, G, P), thatis, Y — Y * is orthogonal
to the random variables in L2(€2, G, P).

e Itis unique.

Again, the result should be interpreted as follows: The conditional expectation E[Y'|G] is
the best approximation of Y given the information included in G.
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Remark. The conditional expectation in fact exists and is unique for any integrable ran-
dom variable Y(i.e. Y € LY(Q, F,P) as the definition suggests. However, there is no
orthogonal projection in L', so the intuitive geometric picture is lost.

Y

Y — E[Y]|]]

\/
Y* = E[Y[]]

¥ L2(Q,G,P)

Figure. An illustration of the conditional expectation E[Y'|G] as an orthogonal projection
of Y onto the subspace L%(Q, G, P).

Example 5.10. (Conditional Expectation for Gaussian Vectors. I1.) Consider the Gaus-
sian vector (X1, ..., Xy,). Without loss of generality, suppose it has mean 0 and is non-
degenerate. What is the best approximation of X, given the information X7, ..., X;,_?
In other words, what is:

E[Xn|U(X17 e 7Xn—1)

With example (5.8) in mind, let’s write E[X,,| X7 ... X,,—1] for short. From example
(5.5), we know that if (X,Y) is a Gaussian vector with mean 0, then E[Y|X] is 2 mul-
tiple of X. Thus, we expect, that E[X,,|X1 X5 ... X,,_1] is a linear combination of
X1, Xo,...,X,_1. That is, there exists a1, . . ., a,_1 such that:

E[Xn|X1X2 ce Xn—l] = a1X1 + 0,2X2 +...+ an_an_l
In particular, since the conditional expectation is a linear combination of the Xs, it is itself

a Gaussian random variable. The best way to find the coefficient a’s is to go back to IID
decomposition of Gaussian vectors.
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Let (Z1,Z3, ..., Zy—1) be lID standard Gaussians constructed from the linear combina-
tion of (X1, Xa,..., X,,—1). Then, we have:

E[X,| X1 X0 . Xp 1] =01Z1+ ...+ by1Zn_1

Now, recall, that we construct the random vatiables Z1, Za, . . ., Z,, using Gram-Schmidt
orthogonalization:
N Z
Zy = Xy, Zy = ~12
E(Z7)
Ty = Xo —B(X221)7Z Z 2
2 = KXo — 241)41 2 = =
E(Z3)
- 2 V4
Zs=X3- Y E(X3Z:)Z Zy= —2_
2 E(Z3)

=1

The simple case for n = 2 random variables.

We have already seen before:

—

E[X| (X2 — E(X22,)71)] = E(ZQ)E[Zl(Xg —E(X221)721))
1
A {E[X221] - E[X2Z1|E(Z7)}

=0

So,Xo — E(X221)Z; is orthogonal to X7.

Morteovet, E(X221)Z; is a function of X7. Thus, both the properties of conditional ex-
pectation are satisfied. Since conditional expectations are unique, we must have, E[X2| X;]| =

E(X,71)7Z1.

The case for n = 3 random variables.

We have seen that:
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E[X1(X3 —E(X321)7Z1 — E(X3722)7Z5)] = .

E[Z1(X3 — E(X321)Z1 — E(X322)25)]

E(Z})
- E(X37Z,) — E(X3Z,)E(Z3)
_E(Z%) 341 341 1
equals 1
L R(XuZ)E(Z21)
E(Z%) 342 241
equals 0
=0

It is an easy exetcise to show that it is orthogonal to Xo.

Hence, X3 — E(X3521)Z1 — E(X3Z2)Z> is orthogonal to X7 and X3. Moreover,
E(X321)Z1 + E(X35Z2)Z; is a function of X7, Xo. Thus, we must have:

E[X;5| X1 Xs]) = E(X321)7Z1 + E(X35722)Z>

In general, X, — Z?;ll E(X,,Z;)Z; is orthogonal to X1, Xo, ..., X,,_1. Hence,

n—1
E[X,|X1Xs... Xo1] = Y E(X,Z)Zi
i=1

5.2.1 Properties of Conditional Expectation.

We now list the properties of conditional expectation that follow from the two defining
properties (A), (B) in the definition. They are extremely useful, when doing explicit compu-
tations on martingales. A good way to remember them is to understand how they related to
the interpretation of conditional expectation as an orthogonal projection onto a subspace
ot, equivalently, as the best approximation of the variable given the information available.

Proposition 5.1. LetY be an integrable random variable on (2, F,P). Let G C F be another
sigma-field of . Then, the conditional expectation B]Y |G| has the following properties:

(1) If'Y is G-measurable, then :

E[Y|G]=Y

(2) Taking ont what is known. More generally, if Y is G—measurable and X is another integrable
random variable (with XY also integrable), then :
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E[XY|G] = YE[X|G]

This matkes sense, since’Y is determined by G, so we can take out what is known; it can be treated as a
constant for the conditional expectation.

(3) Independence. IfY is independent of G, that is, for any events {Y € (a,b|} and A € G:
PH{Y eI} nA)=P({Y € I}) -P(4)

then

E[Y[G] = E[Y]

In other words, if you have no information on'Y , your best guess for its value is simply plain expectation.

(4) Linearity of conditional expectations. Let X be another integrable random variable on (3, F,IP).
Then,

E[aX + bY|G] = aE[X|G] + bE[Y|G], foramya,b € R

The linearity justifies the cumbersom choice of notation B[Y |G| for the random variable.
(5) Tower Property : If H C G is another sigma-field of S, then:

E[Y[H] = E[E[Y|G]|H]

Think in terms of two successive projections: first on a plane, then on a line in the plane.

(6) Pythagoras Theorems. We have:

2 2
E[Y?] = E|(E[V|9)’| + E[(Y - E[V|g))
In particular:
E[(E[Y]g)’] <E[VY
In words, the L* norm of B[ X |G is smaller than the one of X, which is clear if you think in terms of

orthogonal projection.
(7) Expectation of the conditional expectation.

E [E[Y|]] = E[Y]
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Proof.

The uniqueness property of conditional expectations in theorem (5.2) might appear to be
an academic curiosity. On the contrary, it is very practical, since it ensures, that if we find
a candidate for the conditional expectation that has the two properties in Definition (5.1),
then it must be #be conditional expectation. To see this, let’s prove property (1).

Claim 5.1. 1f Y is G-measurable, then E[Y|G] = Y.
It suffices to show that Y has the two defining properties of conditional expectation.
(1) We are given that, Y is G-measurable. So, property (A) is satisfied.

(2) For any bounded random variable W that is G-measurable, we have:

E[W(Y —Y)] =E[0] =0

So, property (B) is also a triviality.
Claim 5.2. (Taking out what is known.) If Y is G-measurable and X is another integrable
random variable, then:

E[XY|G] = YE[X|]]

In a similar vein, it suffices to show that, YE[X|G] has the two defining properties of
conditional expectation.

(1) We are given that Y is G-measurable; from property (1), E[X |G] is G-measurable. It
follows that, YE[X|G] is G-measurable.

(2) From theorem (5.2), X — E[X|G] is orthogonal to the random variables L?(Q2, G, P).
So, if W is any bounded G-measurable random variable, it follows that:

EWY(X —E[X|G])]=0
= E[W . -XY]=E[WYE[X|]F]]
This closes the proof.

Claim 5.3. (Independence.) If Y is independent of G, that is, for all events {Y € (a,b]}
and A € G,

P{Y € (a,b] N A} = P{Y € (a,b]} - P(A)

then

E[Y[G] = E[Y]

Let us show that E[Y] has the two defining properties of conditional expectations.
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Claim 5.4. (Linearity of conditional expectations) Let X be another integrable random
variable on (Q, F,P). Then,

E[aX + bY|G] = aE[X|G] + E[Y|G], foranya,b€ R

Since E[X |G] and E[Y|G] are G —measurable, any linear combination of these two random
variables is also G-measurable.

Also, if W is any bounded G —measurable random variable, we have:

E[W(aX +bY — («E[X|G] + VE[Y|G]))] = «E[W (X — E[X|F])]
+OE[W (Y — E[Y|d])]

By definition, X — E(X|G) is orthogonal to the subspace L?(Q2, G,P) and hence to all
G-measurable random-vatiables. Hence, the two expectations on the right hand side of the
above expression are 0. Since, conditional expectations are unique, we have the desired
result.

Claim 5.5. If H C G is another sigma-field of €2, then
E[Y[H] = E[E[Y[G]|H]
Define U := E[Y'|G]. By definition, E[U|H] is {-measurable.
Let W be any bounded H-measurable random variable. We have:
E[WH{E(Y|G) - E(E(Y|G)|H)}] = E[W(U - E(U[H)]
But, by definition U — E(U|H) is always orthogonal to the subspace L*(Q, H,P) and
0.

hence, E[W(U —E(U|H)] =

desired result.

Since, conditional expectations are unique, we have the

Claim 5.6. Pythagoras’s theorem. We have:

E[Y?] = E[(E[Y|G])*] + E[(Y — E(Y|9))’]

In particular,

E[(E[Y|G])*] < E[Y”]
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Consider the orthogonal decomposition:

Y = E[Y[G] + (Y — E[Y[G])

Squaring on both sides and taking expectations, we have:

E[Y?] = E[(E(Y|9))’] + E[(Y - E[Y|G])’] + 2E [E[Y|G](Y — E[Y|]])]

By definition of conditional expectation, (Y — E[Y|g]) is orthogonal to the subspace
L?(Q, G, P). By the properties of conditional expectation, E[Y'|G] is G—measurable, so it
belongs to L?(€, G, P). Hence, the dot-product on the right-hand side is 0. Consequently,
we have the desired result.

Moreover, since (Y — E[Y|G])? is a non-negative random variable, E[(Y — E[Y'|G])?] >
0. It follows that: E[Y?] > E[(E(Y|G))?].

Claim 5.7. Out claim is:

E[E[Y|d]] = E[Y]

We know that, if W is any bounded G-measutable random variable:

E[WY] = E[WE[Y|F]]

Taking W = 1, we have:

E[Y] = E[E[Y|]]]

Example 5.11. (Brownian Conditioning IT). We continue the example (5.4). Let’s now
compute the conditional expectations E[e*51 |B1/2] and E[e?B1/2| By for some param-
eter a. We shall need the properties of conditional expectation in proposition (5.1). For
the first one we use the fact that B, /5 is independent of By — By /5 to get:

E[e?1| B, ] = B[e"(P1 = P12 B12) | B, ]
— E[ea(Bl—Bz) . e4B1/2 ‘31/2]

{Taking out what is known}

— B E[A(B1=B12) | B ]

— %812 ,E[ea(BlfBuz)]

{Independence}
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We know that, a(By — By /z) is a gaussian random variable with mean 0 and variance
a2/2. We also know that, E[etz] = et’/2, So, E[e“(Bl_Blﬂ)] = 7’ /4, Consequently,
E[eaBl |B1/2] _ €aB1/2+a2/4.

The result itself has the form of the MGF of a Gaussian with mean By /3 and variance
1/2. (The MGF of X = p+0Z,Z = N(0,1) is Mx(a) = exp [ + 502a?].) In fact,
this shows that the conditional distribution of B; given By o is Gaussian of mean By /o
and variance 1/2.

For the other expectation, note that By /3 — %B1 is independent of B;. We have:

1 1
E [(31/2 - 2B1> 31} =E(B12B1) — §E[Bﬂ

Therefore, we have:

E[c"/2|By] = BletPra 3 P05 By
= E[e®B1273B1) . 381 B)]
— e%B1E[ea(31/2—%Bl)|Bﬂ
{Taking out what is known }
— 6%B1E[6a(31/2*%31)]
{Independence}
Now, a(B1 /2 — %Bl) is a random variable with mean 0 and variance az(%
(l2 a a2
Consequently, E[e(*/2)4] = ¢ . Thus, E[e*P1/2|B;] = 351+ % .
Example 5.12. (Brownian bridge is conditioned Brownian motion). We know that the
Brownian bridge M; = B, — tB1, t € [0, 1] is independent of B;. We use this to show
that the conditional distribution of the Brownian motion given the value at the end-point
B is the one of a Brownian bridge shifted by the straight line going from 0 to B;. To

see this, we compute the conditional MGF of (By,, Bt,, ..., B:,) given By for some

atbitrary choices of t1, ta, . . ., t, in [0, 1]. We get the following by adding and subtracting
t; Bj:

E[ea13t1+~~+an3tn Bl} _ E[eal(Btl —t1B1)+...4an (B¢, —tn B1) . e(a1t131+-~+antn31)|Bl]

— e(altlB1+"'+ant"B1)E[ea1Mt1+"'+a"Mtn |B1]

{Taking out what is known}
_ e(altlBl+~~+antnBl)E[ealMtl +...+athn]

{Independence}
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The right side is exactly the MGF of the process My + tB1,t € [0,1] (for a fixed value
By), where (M, t € [0,1]) is 2 Brownian bridge. This proves the claim.

Lemma 5.1. (Conditional Jensen’s Inequality) If ¢ is a convex function on R and X is a random
variable on (0, F,TP), then:

E[c(X)] > ¢(E[X])

More generally, if G C F is a sigma-field, then:

E[c(X)|9] > <(E[X]]]) (5.10)

Progf. We know that, if ¢(z) is a convex function, the tangent to the curve ¢ at any point
lies below the curve. Fix a point (t,¢(t)). The tangent to the cuve at this point, is a
straight-line of the form:

ct)y=y=mt+c

where m(t) = (). Atany arbitrary point 2 we have:

c(z) >y =mz+c

Therefore, we have:

c(x) —c(t) > m(t)(z —t)

o(X) —e(Y) Z2m(Y)(X -Y)

Substituting Y = E[X|F], we get:

o(X) - «(E[X]G]) = m(E[X|F])(X — E[X]F])

Taking expectations on both sides, we get:

E[(c(X) — <(E[X]7]))|G] = E[m(E[X|G])(X — E[X]|F])|F]

195



The left-hand side simplifies as:

E[(c(X) — ¢(E[X|9]))|F] = E[e(X)|G] — E[(E[X|]]))|F]
{Linearity}
= E[¢(X)|G] — <«(E[X]G])
{c(E[X|G))) is G-measurable}

On the right hand side, we have:
E[m(E[X|G])(X — E[X[G])|9] = E[m(E[X|F]) - X|G] — E[m(E[X|F]) - E[X|F]|]]

= E[X[G]m(E[X]|F]) — m(E[X]]]) - E[X|]]
=0

Consequently, it follows that E[¢(X)|G] > ¢(E[X|G]). O

Example 5.13. (Embeddings of LP spaces) Square-integrable random variables are in fact
integrable. In other words, there is always the inclusion L2(2, F,P) C LY(Q, F,P). In
particular, square integrable random variables always have a well-defined variance. This
embedding is a simple consequence of Jensen’s inequality since:

[E[X]* < E[|X]?)

By taking the square root on both sides, we get:

X1 < (1Ml

More generally, for any 1 < p < 00, we can define LP(§2, F,P) to be the linear space of
random variables such that E[| X|P] < co. Then for p < g, since 29/? is convex, we get
by Jensen’s inequality :

E[|X|7 = E[(|X|")?] > (E[|X["])?

Taking the g-th root on both sides:

E[|X["]'/? < E[|X|1"¢

So,if X € L9, then it must also be in LP. Concretely, this means that any random variable
with a finite g-moment will also have a finite p-moment, for ¢ > p.
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5.3 Martingales.

We now have all the tools to define martingales.

Definition 5.6. (Filtration). A filtration (F; : t > 0) of {2 is an increasing sequence of
o-fields of Q). That is,

]:sg]:t, VSSt

We will usually take Fo = {0, 2}. The canonical example of a filtration is the natural
filtration of a given process (My : s > 0). This is the filtration given by F; = 0(M;, s <
t). The inclusions of the o-fields are then clear. For a given Brownian motion (B, t > 0),
the filtration F; = O'(Bs, s < t) is sometimes called the Brownian filtration. We think of
the filtration as the flow of information of the process.

Definition 5.7. A stochastic process (X; : t > 0) is said to be adapted to (F; : t > 0),
if for each t, the random variable X; is F; —measurable.

Definition 5.8. (Martingale). A process (M; : t > 0) is a martingale for the filtration
(F: : t > 0) if the following hold:

(1) The process is adapted, that is My is Fz—measurable for all £ > 0.

(2) E[|M¢|] < oo forallt > 0. (This ensures that the conditional expectation is well
defined.)

(3) Martingale property:

E[MtU:S] =M, Vs<t

Roughly, speaking this means that the best approximation of a process at a future time ¢
is its value at the present.

In particular, the martingale property implies that:

E[M;|Fo] = My
E[E[M,|Fo]] = E[Mo]
E[M,;] = E[My] (5.17)
{Tower Property}

Usually, we take Fy to be the trivial sigma-field {0, 2}. A random variable that is Fo-
measurable must be a constant, so My is a constant. In this case, E[M;] = M forall ¢. If
properties (1) and (2) are satisfied, but the best approximation is larger, E[M;|Fs] > M,

197



the process is called a submartingale. 1f it is smaller on average, E[M;|Fs] < E[M,], we say
it is a supermartingale.

We will be mostly interested in martingales that are continuous and square-integrable. Con-
tinuous martingales are martingales whose paths ¢ — M;(w) are continuous almost surely.
Square-integrable martingales are such that E[|M;|?] < oo for all #’s. This condition is
stronger than E[|M;|] < oo due to Jensen’s inequality.

Remark. (Martingales in Discrete-time). Martingales can be defined the same way if the
index set of the process is discrete. For example, the filtration (F,, : n € N) is a countable
set and the martingale property is then replaced by E[M,,+1|F,,] = M, as expected. The
tower-property then yields the martingale property E[M,, | Frn] = M, for k > 1.
Remart. (Continuous Filtrations). Filtrations with continuous time can be tricky to handle
rigorously. For example, one has to make sense of what it means for g as s approaches
t from the left. Is it equal to F3? Ot is there actually less information in limg_,;— Fs than
in F¢? This is a bit of headache when dealing with processes with jumps, like the Poisson
process. However, if the paths are continuous, the technical problems are not as heavy.

Let’s look at some of the important examples of martingales constructed from Brownian
Motion.

Example 5.14. (Examples of Brownian Martingales)

(i) Standard Brownian Motion. Let (B : t > 0) be a standard Brownian motion and let
(Ft : t > 0) be a Brownian filtration. Then (By : t > 0) is a square integrable martingale
for the filtration (F; : t > 0). Property (1) is obvious, because all the sets in F; ate
resolved, upon observing the outcome of By. Similarly, E[|Bt|] = 0. As for the martingale
property, note that, by the properties of conditional expectation in proposition (5.1), we
have:

E[B;|F;| = E[B:|B;]

E[B; — Bs + B|Bs]

— E[B, - B.|B,] + EIB.|B]
{Linearity}

= E[B; — By] + B;
{Independence}

- B,

(ii) Geometric Brownian Motion. Let (Bg,t > 0) be a standard brownian motion, and F; =
0(Bs, s < t). A geometric brownian motion is a process (St, t > 0) defined by:

St = Soexp (0 By + pt)

for some parameter ¢ > 0 and € R. This is simply the exponential of the Brownian
motion with drift. This is not a martingale for most choices of p! In fact, one must take
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p=-s0

for the process to be a martingale for the Brownian filtration. Let’s verify this. Property
(1) is obvious since S; is a function of By for each t. So, it is F; measurable. Moreover,
property (2) is clear: E[exp(c By +ut)] = Elexp(oV/tZ + ut)] = exp(ut+ 30°t). So, its
a finite quantity. As for the martingale property, note that by the properties of conditional
expectation, and the MGF of Gaussians, we have for s < t:

E[S;|Fs] = E [So exp (JBt - ;a2t> |f8]
= Sy expl(— 50" Elesplo (B, — B, + B,))| 7]
s exp(—%aQt) exp(0'Bs)Elexp(o(B: — By))|F.]
{Taking out what is known}
= Spexp (JBS - 30275) E [exp (0(B; — B,)))
{Independence}

1 1
= Spexp (UBS - §U2t + 502(1? - 3))

1
= Spexp(cBs — 5025)
We will sometimes abuse terminology and refer to the martingale case of geometric brow-

nian motion simply as geometric Brownian Motion when the context is clear.

(iii) The square of the Brownian motion, compensated. Tt is easy to check (BZ,t > 0) is a sub-
martingale by direct computation using increments or by Jensen’s inequality: E[BZ?|F] >
(E[B;|Fs])? = B2, s < t. Itis nevertheless possible to compensate to get a martingale:

M, =B? —t

It is an easy exercise to verify that (M : ¢ > 0) is a martingale for the Brownian filtration
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B; — By + By)?| F] —t

By — B,)?|F,] + 2E[(B, — B,)B,|F.] + E[B2|F,] —
B, — B,)?| + 2B.E[(B; — B,)|F,| + B —t

+ — B.)?) + 2B.E[(B, — B.)| + B — t

{ (B: — Bs) is independent of Fy }

Also, By is known at time s
=(t—s)+2B,-0+ B2t
:Bf —5

Example 5.15. (Other important martingales).

(1) Symmetric random walks. This is an example of a martingale in discrete time. Take (X :
i € N) to be IID random variables with E[X;] = 0 and E[|X1]] < oco. Take F,, =
o(X;,i <n)and

Sy =X, +Xo4...+ X, So=0

Firstly, the information learned by obsetving the outcomes of Xj,...,X,, is enough to
completely determine S),. Hence, S), is F,, —measurable.

Next,

Consequently, by the montonocity of expectations, we have:

n

E[|S.]] < Z [1Xil) <

The martingale property is also satisfied. We have:
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E[Sn+1|-7:n] = E[Sn + Xn+1|-7:n]
= E[Sn|Fn] + E[X 41| Fn)
=5Sn+ E[XnJrl]
{ S, is Fp,-measurable }
Xn+1 is independent of F,
=S5,+0
=S,

(2) Compensated Poisson process. Let (Ny : t > 0) be a Poisson process with rate A and 7 =
0(Ng, s < t). Then, Ny is a submartingale for its natural filtration. Again, properties (1)
and (2) are easily checked. Ny is F; measurable. Moreover, E[|N;|] = E[N;] = 5 < 0.
The submartingale property follows by the independence of increments : for s < 2,

E[N¢|F.] = E[N; — N, + Ny|F]
= E[N; — N,|Fs] + E[N,|F]
=E[N; — ]+N
=At—s)+
{ E[N{] = At}

More importantly, we get a martingale by slightly modifying the process. Indeed, if we
subtract At, we have that the process :

My =Ny — Xt
is a martingale. We have:
E[M;|F;] = E[N; — At|F]
=AM—-As+ Ny — Xt
=N, — As

:MS

This is called the compensated Poisson process. Let us simulate 10 paths of the compensated
poisson process on [0, 10].
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Listing 9: Generating 10 paths of a compensated Poisson process

import numpy as np
import matplotlib.pyplot as plt

# Generates a sample path of a compensated poisson process
# with rate : “lambda_"~ per unit time
# on the interval [0,T], and subintervals of size “stepSize’.

def generateCompensatedPoissonPath(lambda_,T,stepSize):
N = int(T/stepSize)

poissonParam = lambda_ * stepSize

x = np.random.poisson(lam=poissonParam,size=N)
x = np.concatenate([[0.0], x])

N_t = np.cumsum(x)

t = np.linspace(start=0.0,stop=10.0,num=1001)

M_t = np.subtract(N_t,lambda_ * t)
return M_t

t = np.linspace(0,10,1001)
plt.grid(True)

plt.xlabel(r'Time $t$"')
plt.ylabel(r'Compensated poisson process $M(t)$"')

plt.grid(True)

plt.title(r'$10$ paths of the ,compensated ,Poisson process on $[0,101$")

for i in range (10):

# Generate a poisson path with rate 1 /sec = 0.01 /millisec
n_t = generateCompensatedPoissonPath(lambda_=1.0, T=10, stepSize
=0.01)

plt.plot(t, n_t)

plt.show()
plt.close ()
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10 paths of the compensated Poisson process on [0, 10]

Compensated poisson process M (t)

Time t

We saw in the two examples, that, even though a process is not itself a martingale, we can
sometimes compensate to obtain a martingale! Ito Calculus will greatly extend this perspec-
tive. We will have systematic rules that show when a function of Brownian motion is a
martingale and if not, how to modify it to get one.

For now, we observe that a convex function of a martingale is always a submartingale by
Jensen’s inequality.

Corollary 5.1. Ifc is a convex function on R and (M : t > 0) is a martingale for (Fz : t > 0),
then the process (c(My) : t > 0) is a submartingale for the same filtration, granted thatE[|c(My)|] <
0.

Proof. The fact that ¢(My) is adapted to the filtration is clear since it is an explicit function
of M;. The integrability is by assumption. The submartingale property is checked as
follows:

E[C(Mt)|]:s] Z C(E[Mt|]:s]) = C(Ms)
O

Remark. (The Doob-Meyer Decomposition Theorem). Let (X, : n € N) be a submartin-
gale with respect to a filtration (F,, : n € N). Define a sequence of random vatiables

(A, :n €N) by Ap = 0and
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Note that A, is F;,—1-measurable. Moreover, since (X,, : n € N) is a submartingale,
we have E[X;|F;_1] — X;_1 > 0 almost surely. Hence, (A, : n € N) is an increasing
sequence almost surely. Let M,, = X,, — A,,.

We have:

Thus, (M, : n € N) is a martingale. Thus, we have obtained the Doob decomposition:

X, =M, + A4, (5.18)

This decomposition of a submartingale as a sum of a martingale and an adapted increasing
sequence is unique, if we require that Ay = 0 and that A,, is F,,—1-measurable.

For the continuous-time case, the situation is much more complicated. The analogue of
equation (5.18) is called the Doob-Meyer decomposition. We briefly describe this decomposition
and avoid the technical details. All stochastic processes X (t) are assumed to be right-
continuous with left-hand limits X (t—).

Let X(t), a < t < b be a submartingale with respect to a right-continuous filtration
(Ft 1 a <t <b). If X(t) satisfies certain conditions, then it can be uniquely decomposed
as:

X(t)=Mt)+C1t), a<t<b

where M (t), a < t < b is a martingale with respect to (Fz;a < t < b), C(¢) is right-
continuous and increasing almost surely with E[C(t)] < oo.

Example 5.16. (Square of a Poisson Process). Let (N; : ¢ > 0) be a Poisson process
with rate \. We consider the compensated process My = Ny — At. By (5.1), the process
(Mt2 :t>0)isa submartingale for the filtration (Ft : t > 0) of the Poisson process.
How should we compensated M} to get a martingale? A direct computation using the
properties of conditional expectation yields:
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— M)? +2(M; — My)M, + M2|F,]
M; — M,)?|Fs] 4 2E[(M; — M,)M,|F,] + E[M?|F,]
— M)?] + 2M,E[M; — M,]+M?
N————

equals 0
= E[(Mt - MS)2} + ME

Now, if X ~ Poisson(At), then E[X] = M\t and E[X?] = At(\t + 1).

BI(M; = M.)*) = E [{(N; = N,) = At = )}’]
=E[(N; — No)?] = 2A(t — $)E[(Ny — No)] + A% (t — 5)?
2t —8)2 At —5) — 2\t —8) - At — 8) + N3(t — 5)?

Thus,

E[M? — \|F,] = M2 — \s

We conclude that the process (M7 — At : t > 0) is a martingale. The Doob-Meyer
decomposition of the submartingale M? is then:

M? = (M? — \t) + \t

Example 5.17. Consider a Brownian motion B(t). The quadratic variation of the process
(B(t) : t > 0) over the interval [0, ¢] is given by [B]; = ¢. On the other hand, we saw,
that the square of Brownian motion compensated, (BZ—t : t > 0) is a martingale. Hence,
the Doob-Meyer decomposition of B(t)? is given by:

5.4 Computations with Martingales.

Martingales are not only conceptually interesting, they are also formidable tools to compute
probabilities and expectations of processes. For example, in this section, we will solve the
gambler’s ruin problem for Brownian motion. For convenience, we introduce the notion of
stopping time before doing so.
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Definition 5.9. A random variable 7 :  — N U {400} is said to be a stopping time for
the filtration (F3 : ¢ > 0) if and only if:

{w:t(w)<t}eF, Vt>0
Note that since F; is a sigma-field, if 7 is a stopping time, then we must also have that
{w:T(w) >t} € F.

In other words, T is a stopping time, if we can decide if the events {7 < t} occurred or
not based on the information available at time ¢.

The term stopping time comes from gambling: a gambler can decide to stop playing at a ran-
dom time (depending for example on previous gains or losses), but when he or she decides
to stop, his/her decision is based solely upon the knowledge of what happened before, and
does not depend on future outcomes. In other words, the stopping policy/strategy can
only depend on past outcomes. Otherwise, it would mean that he/she has a crystall ball.

Example 5.18. (Examples of stopping times).

(i) First passage time. This is the first time when a process reaches a certain value. To be
precise, let X = (X : ¢ > 0) be a process and (F; : t > 0) be its natural filtration. For
a > 0, we define the first passage time at a to be:

T(w) =inf{s > 0: Xs(w) > a}

If the path w never reaches a, we set 7(w) = co. Now, for ¢ fixed and for a given path
X (w), it is possible to know if {T(w) < t} (the path has reached a before time t) or
{T(w) > t} (the path has not reached a before time t) with the information available at
time ¢, since we are looking at the first time the process reaches a. Hence, we conclude
that 7 is a stopping time.

(ii) Hitting time. Mote generally, we can consider the first time (if ever) that the path of a
process (X : ¢ > 0) enters or hits a subset B of R:

7(w) = min{s > 0: X;(w) € B}
The first passage time is the particular case in which B = [a, 00).

(iii) Minimum of two stopping times. If T and 7/ are two stopping times for the same filtration
(Fi : t > 0), then so is the minimum 7 A 7’ between the two, where

(1 A7) (w) = min{7(w), 7" (w)}

This is because for any ¢ > 0:
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{wi(tAT(W) <t} ={w:TWw) <t} U{w:7(w) <t}

Since the right hand side is the union of two events in F¢, it must also be in JF; by the
properties of a sigma-field. We conclude that 7 A Tisa stopping time. Is it also the case
that the maximum 7 V 7’ is a stopping time?

For any fixed ¢ > 0, we have:

{w:(rVT)(w) <t} ={w:7(w) <t} N{w: 7'(w) <t}
Since the right hand side is the intersection of two events in F, it must also be in F; by
the properties of a sigma-field. We conclude that 7 V 7/ is a stopping time.

Example 5.19. (Last passage time is not a stopping time). What if we look at the last time
the process reaches a, that is:

p(w) =sup{t > 0: X;(w) > a}

This is a well-defined random variable, but it is not a stopping time. Based on the infor-
mation available at time ¢, we are not able to decide whether or not {p(w) < t} occurred
of not, as the path can always reach a one more time after ?.

It turns out that a martingale that is stopped when the stopping time is attained remains a
martingale.

Proposition 5.2. (Stopped Martingale). If (My = t > 0) is a continuons martingale for the filtration
(Ft :t > 0) and T is a stopping time for the same filtration, then the stopped process defined by

M; t<
Mt/\T: ‘ =7
M, t>rT

is also a continnous martingale for the same filtration.

Theotrem 5.3. (Doob’s Optional sampling theorem). If (My = t > 0) is a continnons martingale
Jor the filtration (Fy = t > 0) and T is a stopping time such that T < 00 and the stopped process
(Minr 2 t > 0) is bounded, then:
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Proof. Since (Mt : t > 0) is 2 martingale, we always have:

E[MT/\t] = My

Now, since 7(w) < 00, we must have that lim;_oo M;ar = M, almost surely. In
particular, we have:

E[M,]=E [ Jim MTM} = lim E[M,\] = lim M,
t—o00 t—o00 t—o00

where we passed to the limit, using the dominated convergence theorem (2.6). O

Example 5.20. (Gambler’s ruin with Brownian motion). The gambler’s ruin problem is
known in different forms. Roughly speaking, it refers to the problem of computing the
probability of a gambler making a seties of bets reaching a certain amount before going
broke. In terms of Brownian motion (and stochastic processes in general), it translates
to the following questions: Let (B : t > 0) be a standard brownian motion starting at
By =0anda,b>0.

(1) What is the probability that a Brownian path reaches a before —b?
(2) What is the expected waiting time for the path to reach a or —b?

For the first question, it is a simple computation using stopping time and martingale prop-
erties. Define the hitting time:

T(w) = inf{t > 0: B(w) > a or By(w) < —b}

Note that 7 is the minimum between the first passage time at @ and the one at —b.

We first show that 7 < 0o almost surely. In other words, all Brownian paths reach a or
—b eventually. To see this, consider the event E,, that the n-th increment exceeds @ + b

E, :={|Bn — Bn_1| > a+ b}

Note that, if E,, occurs, then we must have that the Brownian motion path exits the
interval [—b, a]. Moteover, we have P(E,,) = P(E}) for all n. Since the events F, are
independent, we have:

P(ECNESN...NnEY)=(1—p)"
As n — 0o we have:
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lim P(ECNESN...nES)=0

n—oo

The sequence of events (F},) where F,, = EY N ES N...N EY is a decreasing sequence
of events. By the continuity of probability measure lemma (1.8), we conclude that:

oo
lim P(F,) =P (ﬂl Fn> =0
n=
Therefore, it must be the case P(US2; E,,) = 1. So, E, must occur for some n, so all
brownian motion paths reach a or —b.

Since 7 < 00 with probability one, the random variable B, is well-defined : B, (w) =
Bi(w) if T(w) = t. It can only take two values: @ or —b. Question (1) above translates
into computing P(B; = a). On one hand, we have:

E[B,] = aP(B; = a) + (—b)(1 — P(B, = a))

On the other hand, by corollary (5.3), we have E[B;] = E[By] = 0. (Note that the
stopped process (Biar : t > 0) is bounded above by a and by —b below). Putting these
two observations together, we get:

A very simple and elegant answer!

We will revisit this problem again and again. In particular, we will answer the question
above for Brownian motion with a drift at length further ahead.

Example 5.21. (Expected Waiting Time). Let 7 be as in the last example. We now answer
question (2) of the gambler’s ruin problem:

E[B;] = ab

Note that the expected waiting time is consistent with the rough heuristic that Brownian
motion travels a distance ﬁ by time . We now use the martingale M; = Bt2 —t. On the
one hand, if we apply optional stopping in corollary (5.3), we get:

E[M,] = My =0
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Morteover, we know the distribution of B, thanks to the probability calculated in the last
example. We can therefore compute E[M,] directly:

a+b
ab,(a)klﬁ_ab
(a+b]

Why can we apply optional stopping here? The random variable 7 is finite with probability
1 as before. However, the stopped martingale is not necessarily bounded as before: B a¢
is bounded but 7 is not. However, the conclusion of optional stopping still holds. Indeed,
we have:

E[My;] = E[B},,] — E[t A 7]

By the bounded convergence theorem, we get lim; o E[BtQAT} = Ellim;— 00 BtQAT] =
E[B2]. Since T A t is a non-decreasing sequence and as t — 00, t AT — T almost surely,
as T < 00, by the monotone convergence theorem, lim¢—, oo E[t A 7] = E[7].

Example 5.22. (First passage time of Brownian Motion.) We can use the previous two
examples to get some very interesting information on the first passage time:

T, =inf{t > 0: B; > a}

Let T = T, A T_p be as in the previous examples with 7_, = inf{t > 0 : By < —b}.
Note that 7_p, is a sequence of random vatiables that is increasing in b. A brownian motion
path must cross through —1 before it hits —2 for the first time and in general 7_,, (w) <
T_(n+1)(w). Moreover, we have 7_; — 00 almost surely as b — o0o. That’s because,
P{r < oo} = 1. Moreover, the event { B, = a} is the same as {7, < 7_3}. Now, the
events {7, < T_p} are increasing in b, since if a path reaches a before —b, it will do so
as well for a more negative value of —b. On one hand, this means by the continuity of
probability measure lemma (1.8) that:

lim P{r, < 7_p} =P{ lim 7, < 7_p}
b—oo b—o0

=P{r, < oo}
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On the other hand, we have by example (5.20)

lim P{r, <74} = lim P{B, = a}
b—o0 b—o0

= 1.
bsoo b +a
=1
We just showed that:
P{r, <0} =1 (5.19)

In other words, every Brownian path will reach a, no matter how large a is!

How long will it take to reach a on average? Well, we know from example (5.21) that
E[7, A T_p) = ab. On one hand this means,

lim E[1, A7—p] = lim ab= o0
b—o0 b—o00

On the other hand, since the random variables 7_; are increasing,

b—oco

lim E[r, A7_p] = E { lim 7, A Tb:| = E[7,]
b—o0

by the monotone convergence theorem (2.3). We just proved that:

E[1,] = o0

In other words, any Brownian motion path will reach a, but the expected waiting time for
this to occur is infinite, no matter, how small @ is! What is happening here? No matter,
how small a is, there is always paths that reach very large negative values before hitting a.
These paths might be unlikely. However, the first passage time for these paths is so large
that they affect the value of the expectation substantially. In other words, 7, is a heavy-tailed
random variable. We look at the distribution of 7, in more detail in the next section.

Example 5.23. (When option stopping fails). Consider 7, the first passage time ata > 0.
The random vatiable B, is well-defined since 7, < 00. In fact, we have B,, = a with
probability one. Therefore, the following must hold:

E[B‘f'a] =a # By

Optional stopping theorem corollary (5.3) does not apply here, since the stopped process
(Biar, @t > 0) is not bounded. Biar, can become infinitely negative before hitting a.
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5.5 Reflection principle for Brownian motion.

Proposition 5.3. (Bachelier’s formula). 1et (By @ t < T) be a standard brownian motion on
[0, T'). Then, the CDF of the random variable supg << Bt i

P| sup B:<a|=P(|Br|<a)
0<t<T

In particular, its PDF is:

2 a2
max\@) = e 2
finax(a) 5T

2

3

Remark. We can verify these results empirically. Note that the paths of the random vari-
ables maxg<s<¢ Bs and | By are very different as ¢ varies for a given w. One is increasing
and the other is not. The equality holds in distribution for a fixed £. As a bonus corollary,
we get the distribution of the first passage time at a.

Corollary 5.2. Lera > 0 and 7, = inf{t > 0 : By > a}. Then:

[e%S) ) L2
P(TaST):]P)<maX Btza) :/ eiﬁdz
0st<T a 27T

In particular, the random variable 7o has the PDF:

a2

a e 2t

=V 6

This implies that it is heavy-tailed with E[T,] = oc.

fr. () t>0

Progf. The maximum on [0, T is latget than or equal to a if and only if 7, < T'. Therefore,

the events {maxo<¢<7 Bt > a} and {7, < T’} are the same. So, the CDF P(7, < t) of
22

Ta, by proposition (5.3) [ fuux(z)dz = [7° =€~ #7dz. To get the PDE, it remains

to differentiate the integral with respect to ¢. This is easy to do once we realize by a change
of variable u = x / V/t that:

e Zdr = e~ TVt du
/a V2nt [z/ﬁ V2rt

= /OO 2 e~ 2y,
a/\Vt \/ﬂ
F (1) = 2(1 - ®(a/V1))

212



Differentiating with respect to t, we get:

Fr.(t) = =26(a/V1) -a- (—2;,/2)

-0 ()

a 1 2

m‘n
b

=@ U

a2 a2

To estimate the expectation, it suffices to realize that for £ > 1, e~ 27 is larger thane™ 2 .
Therefore, we have:

00 —a?/2t —a?/2 00
a e ae
Elr,] = t dt > =124t
[7a] /0 Vor t3/2 T2 N

This is an improper integral and it diverges like V/t and is infinite as claimed. O

To prove proposition (5.3), we will need an important property of Brownian motion called
the reflection principle. To motivate it, recall the reflection symmetry of Brownian motion at
time s in proposition (4.4). It turns out that this reflection property also holds if s is
replaced by a stopping time.

Lemma 5.2. (Reflection principle). 1et (By 2t > 0) be a standard Brownian motion and let T be
a stopping time for its filtration. Then, the process (By : t > 0) defined by the reflection at time T:

5 _ B ft<r
YT B,—(Bi—B;) ift>T

is also a standard brownian motion.

Remark. We defer the proof of the reflection property of Brownian motion to a further
section. It is intuitive and instructive to quickly picture this in the discrete-time setting. 1
adopt the approach as in Shreve-I.

We repeatedly toss a fair coin (p, the probability of H on each toss, and ¢ = 1 — p, the
probability of T" on each toss, are both equal to %) We denote the successive outcomes
of the tosses by wjwaws . . .. Let

J

-1 ifw]' =H
+]. ifwj :T
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and define My = 0, M,, = Z?Zl Xp. The process (M, : n € N) is a symmettic

random walk.

Suppose we toss a coin an odd number (25 — 1) of times. Some of the paths will reach
level 1 in the first 25 — 1 steps and other will not rach. In the case of 3 tosses, there are
23 = 8 possible paths and 5 of these reach level 1 at some time 71 < 2j — 1. From that
moment on, we can create a reflected path, which steps up each time the original path steps
down and steps down each time the original path steps up. If the original path ends above
1 at the final time 2j — 1, the reflected path ends below 1 and vice versa. If the original
path ends at 1, the reflected path does also. In fact, the reflection at the first hitting time
has the same distribution as the original random walk.

The key here is, out of the 5 paths that reach level 1 at some time, there are as many
reflected paths that exceed 1 at time (2§ — 1) as there are original paths that exceed 1 at
time (2§ — 1). So, to count the total number of paths that reach level 1 by time (2j — 1),
we can count the paths that ate at 1 at time (2j — 1) and then add on #wice the number of
paths that exceed 1 at time (25 — 1).

With this new tool, we can now prove proposition (5.3).

Proof. Consider P(max,<7 By > a). By splitting this probability over the event of the
endpoint, we have:

P (math > a) =P (math >a,Br > a) +P (math >a,Br < a)
t<T t<T t<T

Note also, that P(Br = a) = 0. Hence, the first probability equals P(Br > a). As for
the second, consider the time 7,. On the event considered, we have 7, < T' and using
lemma (5.2) at that time, we get

P (math > a, By < a> =P (math > a, Br > a)
t<T T

t<

Observe that the event {maxtST B; > a} is the same as {maxtST BT >a}l. (A rough
picture might help here.) Thereforem the above probability is

P (math > q,Br < a) =P (maxét > a, Br > a) =P (math > a, By > a>
t<T t<T t<T

where the last equality follows from the reflection principle (Bt is also a standard brownian
motion, and By and Bt have the same distribution.) But, as above, the last probability is
equal to P(Br > a). We conclude that:
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2 g2
P By > =2P(Br >a) = —— 2T dx = P(|Br| >
(1;113%( t _a/> ( T —a/) \/271_71_,/& e *Tax (l T| —a’)

This implies in particular that P (max;<7 By = a) = 0. Thus, we also have P(max;<1 By <
a) = P(|Br| < a) as claimed. O

Example 5.24. (Simulating Martingales) Sample 10 paths of the following process with a
step-size of 0.01:

@ Bf —t,t€[0,1]
(b) Geometric Brownian motion : Sy = exp(B; — t/2),t € [0,1].

Let’s write a simple BrownianMotion class, that we shall use to generate sample paths.

Listing 10: 10 paths of B? — ¢

import numpy as np
import matplotlib.pyplot as plt

import numpy as np
import matplotlib.pyplot as plt

class BrownianMotion:
def __init__(self,stepSize,T):
self.stepSize = stepSize
self . T = T
self.N = int(T/stepSize)

# Construct the covariance matrix C for
# the gaussian vector B(1/N),...,B(1)
self.C = np.zeros((self.N, self.N))

for i in range(self.N):
for j in range(self.N):
s = (i + 1) * self.T / self.N
t = (j + 1) * self.T / self.N
self.C[i, j] = np.min([s, tl)

self .A = np.linalg.cholesky(self.C)

def samplePath(self):
Z = np.random.standard_normal (self.N)
B_t = np.matmul(self.A, Z)
B_t = np.concatenate([[0.0], B_t])
return B_t

Now, the process B? — t can be sampled as follows:

Listing 11: 10 paths of Bf — ¢

def generateSquareOfBMCompensated (numOfPaths,stepSize,T):
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N = int(T/stepSize)
X = [
brownianMotion = BrownianMotion(stepSize,T)
for n in range (numOfPaths):
B_t = brownianMotion.samplePath ()
B_t_sq = np.square(B_t)
t = np.linspace(start=0.0,stop=1.0,num=N+1)
M_t = np.subtract(B_t_sq,t)
X.append (M_t)

return X

10 paths of the compensated squared BM on [0, 1]

The gBM process can be sampled similatly, with M; = np.exp(np.subtract(B;,t/2)).
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10 paths of gBM on [0, 1]

Mt = CXp(Bt — t/2)

Example 5.25. (Maximum of Brownian Motion.) Consider the maximum of Brownian
motion on [0, 1]: maxs<1 Bs.

(a) Draw the histogtam of the random variable maxs<1 Bsusing 10,0000 sampled Brow-
nian paths with a step size of 0.01.

(b) Compare this to the PDF of the random variable | By |.

Solution.

I use the itertools python library to compute the running maximum of a brownian
motion path.

Listing 12: The process sup, ¢ Bs

brownianMotion = BrownianMotion(stepSize=0.01,T=1)
data = []

for i in range (10000):
B_t = brownianMotion.samplePath()
max_B_t = list(itertools.accumulate(B_t,max))
data.append(max_B_t [100])
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Histogram of max(Bj)
s<1

Frequency

0 1 2 3 4
max(Bs)

s<1

Analytically, we know that Bj is a gaussian random variable with mean 0 and variance 1.

B(|By| < 2) = B(|Z] < 2)
=P(—2<Z<2)
—P(Z<2)-P(Z<-2)
=P(Z<z2)—-(1-P(Z<z)

Fip, (2) =20(z) - 1

Differentiating on both sides, we get:

fiB1(2) = 26(2) = e~ 7, z€0,00)



PDF of | B, |
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Example 5.26. (First passage time.) Let (B : t > 0) be a standard brownian motion.
Consider the random variable:

T=min{t >0: B > 1}

'This is the first time that B; reaches 1.

(2) Draw a histogtam for the distribution of 7A10 on the time-interval [0, 10] using 10, 000
brownian motion paths on [0, 10] with discretization 0.01.

The notation T N 10 means that if the path does not reach 1 on [0, 10, then give the value 10 to the
stopping time.

(b) Estimate E[T A 10].

(¢) What proportion of paths never reach 1 in the time interval [0, 10]?

Solution.

219



Histogram of 71
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To compute the expectation, we classify the hitting times of all paths into 50 bins. I simply

did

frequency, bins = np.histogram(firstPassageTimes,bins=50,range=(0,10))
and then computed

expectation=np.dot (frequency,bins[1:]1)/10000.

This expectation estimate on my machine is E[7 A 10] = 4.34 secs. There were approxi-
mately 2600 paths out of 10, 000 that did not reach 1.

Example 5.27. Gambler’s ruin at the French Roulette. Consider the scenario in which
you are gambling $1 at the French roulette on the reds: You gain $1 with probability 18 /38
and you lose a dollar with probability 20/38. We estimate the probability of your forune
reaching $200 before it reaches 0.

(a) Write a function that samples the simple random walk path from time 0 to time 5, 000
with a given starting point.

(b) Use the above to estimate the probability of reaching $200 before $0 on a sample of
100 paths if you start with $1000.

Example 5.28. Doob’s maximal inequalities. We prove the following: Let (M}, : k >
1) be positive submartingale for the filtration (Fy : k& € N). Then, forany 1 < p < oo
anda >0

1
P (max M, > a) < —E[M?]
a

k<n "
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(a) Use Jensen’s inequality to show that if (M}, : k > 1) is a positive submartingale, then
SO is (M]f k> 1) for 1 < p < 0o. Conclude that it suffices to prove the statement for
p=1

Solution.
The function f(x) = 2P is convex. By conditional Jensen’s inequality,
(E[My41|Fi])" < E[M|Fy]

Thus,

E[M} | Fx] = (E[Myia|Fi])” = My

1) is a positive sub-
1) is also a positive

where the last inequality follows from the fact that (M}, : k
martingale, so E[Mj.1|Fx] > My. Consequently, (M,f : k
submartingale.

=
=
(b) Consider the events

By = ﬂ{w s Mj(w) <a}N{w: Mg(w) > a}
i<k
Argue that the By’s are disjoint and that ngn By, = {maxy<, M}, > a} = B.
Solution.

Cleatly, By, is the event that the first time to cross a is k. If By, occurs, Bg11, Biy2, - - -
fail to occur. Hence, all By, s are pairwise disjoint. The event | J, ,, By is the event that the
random walk crosses a at any time k < n. Thus, the running maximum of the Brownian
motion at time 1 exceeds a.

(c) Show that
E[M,] > E[M,15] > a » P(Bi) = aP(B)
k<n

by decomposing B in By’s and by using the properties of expectations, as well as the
submartingale property.

Solution.

Cleatly, M,, > M,1p > alp. And M, is a positive random variable. By monotonicity
of expectations, E[M,,] > E[M,1g] > a«E[1g] = aP(B) = a ), ,, P(B)), where the
last equality holds because the By’s are disjoint. -
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(d) Argue that the inequality holds for continuous paths by discretizing time and using
convergence theorems : If (M : t > 0) is a positive submartingale with continuous paths
for the filtration (F; : t > 0), then forany 1 < p < oo and a > 0:

1
P <max M, > a> < —E[M})

s<t a

Solution.
Let (M; : t > 0) be a positive submartingale with continuous paths for the filtration
(F: : t > 0). Consider a sequence of pattitions of the interval [0, ¢] into 2" subintervals :

DT{I; k=0,1,2,. 2}

And consider a sequence of discrete positive sub-martingales:

)

kt/2r — = Myysor, kEN,0<k L2

Next, we define forr =1,2,3,...

Ar =1 sup MV >a
seD,.

By using the maximal inequality in discrete time, gives us:

P(A,) = {Sseug M| > a} < iE {(My))p} - aipE[Mm

P <r;1Sai(Mg > a> =P <L_J1A’">

= lim P(A,)

T—>00

{Continuity of probability measure}

1
< lim —E [Mp]

r—oo aP

222



6 Ito Calculus.

The Riemann-Stieltjes integral of g with tespect to f is undetstood to be limit of the sums:

n—1

/0 o(s) - df(s) = tim S g(t)(F(tisn) — 1(E5))

The goal is to make sense of the above, when f is replaced by a Brownian motion (B :
t>0).

n—00 4

+ n—1
/9(5)~dBS: lim Y g(t;)(By,., — By,)
0 7=0

The major hurdle here is not the fact that the Brownian motion paths are random, but
instead that these paths have wnbounded variation. This means that the classical construction
does not apply for a given path.

Note that the sum Z;L;Ol g(t;)(By,,, — By,) is a random variable. If the end-point
tn = tis varied, it can be seen as a stochastic process. Since Brownian motion paths are
continuous, this new stochastic process also has continuous paths. As we shall see, this
stochastic process is in fact a continuous martingale. It turns out that these properties
remain in the limit as n — oo.

What is the intepretation of the stochastic integral? If we think of (B : ¢t > 0) as
modelling the price of a stock, then Z;:ol g(t;) (B, .,
at time ¢ that implements the following strategy: At t; we buy g(t;) shares of the stock
that we sell at time ¢;41. We do this for every j < m — 1. The net gain or loss of this
strategy is the sum over j of g(t;)(By,,, — By, ). Of course, in this implementation, the
number of shares g(t;) put in play could be random and depend on the past information

of the path upto time ;.

—By,) gives the value of a portfolio

6.1 Martingale Transform.

Let (M, t < T') be a continuous square-integrable martingale on [0, 1] for the filtration
(Fi : t < T) defined on some probability space (£, F,P). The idea of the martingale
transform is to modify the amplitude of each increment in such a way as to produce a
martingale when these new increments are summed up. The martingale transforms are to
the Ito Integral, what Riemann sums are for the Riemann integral.

Morte precisely, let (¢;, j < n) be a sequence of partitions of [0, 7] with ty = 0 and t,, =
T. For example, we can take t; = % Consider n fixed numbers (Y3, Yz, , ..., Y2, ;).
It is convenient to construct a function of time X; from these:
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X, = Y;]. ift € (tj,tj+1]

This can also be written as a sum of indicator functions:

n—1
Xe =Y Yidye.t), t<T ©.1)
=0

The integral of (X; : ¢t < T') with respect to the martingale M on [0, 7] also called a
martingale transform, is the sum of the increments of the martingale modulated by X; that is:

n—1
Ip = Yo(My — M) + ...+ Yy (Mp — My, ) =Y Y5(My,,, — M)
=0

This is a random variable in L?(£2, F,P), since it is a linear combination of random vari-
ables in L?. Note that, we recover My when X, is 1 for all intervals. We may think of
(M, : s < T) as the price of an asset, say a stock, on a time interval [0, T']. Then, the
term:

Ye, (M, M)

J J+1 J

can be seen as the gain/loss in the time interval (t;, ;1] of buying Y}, units of the asset
at time t; at price My, and selling these at time ¢;41 at price My, ,. Summing these terms
over time gives the value of implementing the investment strategy X on the intetval [0, T'.
It is not hard to modify the definition to obtain a stochastic process on the whole interval
[0, T]. Fort < T, we simply sum up the increments up to ¢. This can be written down as:

It = }/t(l (Mt1 - Mt(]) + oot }/t]. (Mt - Mtj)7 lft € (t]7tj+1] (62)

Example 6.1. (Integral of a simple process). Consider a standard Brownian motion (B :
t € [0,1]) on the time interval [0, 1]. We know very well by now, that it is a martingale.
We look at the simple integral constructed from it. We take the following integrand:

10 ift e (0,1/3]
X;={5 ifte(1/3,2/3
2 ifte (2/3,1]

Then the integrals I; as in equation (6.2) forms a process (I : t € [0,1]) of the form:

224



10B, ift € (0,1/3]
10B1/3+5Bg/3+2(3t —32/3) ift e (2/3,1]

We make three important observations. First, the paths of the process (I3, € [0, 1])
are continuous, because Brownian paths are. Second the process is a square-integrable
martingale. It is easy to see that it is adapted and square-integrable, because I; is a sum
of square-integrable random variables. The martingale property is also not hard to verify.
For example, we have for t € (2/3,1]:

E[l;|Fy/3] = 10By /3 + 5(Ba/s — Bis) + 2E[B; — By 3| Fa/3] = Iy)3.

since E[By — B3] F2/3] = 0 by the martingale property of Brownian motion.

We can generalize the integrand or the investing strategy X by considering values X,
that depend on the process, hence are random, but predictable in a way. Namely, we
can take X to be a random vector such that Xy, is Fy; measurable. In other words,
X, may be random, but it must depend only on the information available up to time ¢;.
Common sense dictates that the number of shares you buy today should not depend on
the information in the future. With this in mind, for a given filtration, we define the space
of simple (that is, discrete) adapted processes on [0, T as:

n—1

S(T)=¢ (X :t<T): Xy = Z Y;fjl(tj,tjﬂ](t),y;&j is F; measurable, E[th] < 00
j=0

(6.3)

In other words, the processes in S(T') have paths that are piecewise constant on a finite
number of intervals of [0, 7. The values Y3, (w) on each time interval might vary de-
pending on the paths w. As random variables, the ¥3,’s depend only on the information
available upto time ¢ jand have a finite second moment : E[Y;?] < oo. Note that, S(T') is
alinear space. If X, X' belong to S(T'), then aX +bX' € S(T) foralla,b € R. Indeed,
if the paths of X, X’ take a finite number of values, then so ate the ones of aX + bX".

Example 6.2. (An example of a simple adapted process). Let (B; : t < 1) be a standard
Brownian motion. For the interval [0, 1], consider the investing strategy X in S(1) given
by the position of the Brownian path at times 0,1/3,2/3:

0 ifsel0,1/3]
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Clearly, X is simple and adapted to the Brownian filtration. For example, the value at
s = 3/4is By/s. In particular, it depends only on the information prior to the time 3/4.

For a simple adapted process X, the integral I; of X with respect to the martingale (M :
t < T) is the same as equation (6.2).

Simple adapted process X

0.6
A
0.4 /\
=
< 0.2
0 yv\\/
—0.2 4
I I I I
0 0.2 0.4 0.6 0.8 1

S

Definition 6.1. Let (M; : t < T') be a continuous square-integrable martingale for the fil-
tration (F; : t < T). Let X € S(T) be asimple, adapted process X = 327~ Yidi,

§=0 i+1]
on [0, T. The martingale transform I;(X) is:

t n—1
L(X) = /O XodM, =Yy (M, — M)
j=0

It defines a process (I : t < T).

Example 6.3. (Another integtal of a simple process). Consider the simple process X of
(6.2) defined on a Brownian motion. The integral of X as a process on [0, 1] is:

0 if s € [0,1/3]
I(X) = { Bi/3(Bs — Byys) ifs € (1/3,2/3]
B13(Bays — Biys) + Bays(Bs — Byys) if s € (2/3,1]

As in example (6.2), the paths of I5(X) are continuous for all s € [0, 1], since the paths of
B; are continuous! This is also true at the integer times s = 1/3,2/3, if we approached
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from the left or right. The process (Is : s < 1) is also a martingale for the Brownian
filtration. The key here is that the value multiplying the increment on the interval (¢, j41]
is 3, —measurable. For example, take t > 2/3 and 1/3 < s < 2/3. The properties of
conditional expectation in (5.1) and the fact that Brownian motion is a martingale give:

E[l;|Fs] = E[B13(Bs3 — By/3) + Ba3(By — Bays)| Fs]
= E[B1/3(By3 — B1/3)|Fs] + E[Ba3(Bt — Ba3)|Fs]
= By3(Bs — Bys) + E[E[By/3(Bt — Byy3)|Fays]|Fs]
= By3(Bs — Biys) + E[By3E[B: — Byy3|F/3]|Fs]
= By3(Bs — Biys) + E[By/3(By)3 — Bas)| Fs]
= By3(Bs — Bys)
— 1,

Note that it was crucial to use the tower property in the third equality and that we took
out what is known at t = 2/3 in the fourth equality.

Martingale transforms are always themselves martingales. In particular, it is not possible
in this setup to design an investment strategy who value would be increasing on average.

Proposition 6.1. Martingale transforms are martingales. Let (M : t < T') be a continuons square-
integrable martingale for the filtration (Fy : t < T) and let X € S(T') be a simple process as in
equation (6.3). Then, the martingale transform (I = t < T') is a continnons martingale on [0, T for
the same filtration.

Proof. The fact that I;(X) is Ft—measurable for t < T is clear from the construction in
equation (0.2). Indeed, the increments Mtj+1 — Mtj are Fy—measurable for t;4; <t
since the martingale is adapted. The integrand X is also adapted. Moreover, I;(X) is
integrable since:

E[|1]] < E[|Ir]] = Z Vi, (M, — M)
n—1 n—-1
<E Z |Ytg (Mtj+1 - Mta Z E[ |Yt] ||(Mt;+1 MtJ)”
7=0 =0
n—1 1/2 1
/2
< Z (E[YSD (E[(Mty‘+1 - Mt]‘)Q])
§=0
{Cauchy-Schwarz}

Now, since both My, and My, , both belong to L?, and L? is a linear space, their differ-
ence also belongs to L?. Moteover, E[YZ] < 00. Hence, the above sum is finite.
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As for continuity, since (My : ¢ < T') is continuous, the only possible issue could be at
the points £; for some j. But in that case, we have ¢ > ¢; but close and any outcome w:

It(w) = Z }/tz (Mt1,+1 (w) - Mti (w)) + }/J(Mt(w) - Mtj (w)
=0

ast — t;r, Ii — Iy; by continuity of My(w). A similar argument holds for ¢ — ¢;7. If
both the left- and right- limits exist and are equal to I3, then I is continuous at ¢;.

To prove the martingale property, consider s < t. We want to show that E[I;|Fs] = I,.
Suppose that t € (t;,t;41] for some t; < T. By linearity of conditional expectations, we
have:

E[l|F,] = EJ:E[Yti(Mt
=0

Mt)

i1 i

Fs] 6.4)

where it is understood that ¢ = ;1 in the above to simplify notation. We can now handle
each summand. There are three possibilities 8 > t; 11, 8 € (t;,t;41) and s < ;. It all
depends on proposition (5.1). In the case s > t;1, we have:

E[}/tz (Mt'i+1 - MtL)l‘FS] = Y;fL (Mt Mt')

i1 i

since the whole summand is Fs—measurable. In the case s € (¢;,t;11), we have that Y},
is Fs—measurable; therefore:

ED/L (MtH»l - MtL)l‘FS] = Y;fiE[(MtHl - Mt1)|]:8] = Y;fi (MS - Mti)

by the martingale property. In the case, s < t;, we use the tower property to get:

E[Y;h (Mti+1 - Mtl) ]:S] = E[E[}/tl (Mti+1 - Mtz) ]:tz] ]:S]
= E[Y;iE[(Mtﬂ-l - Mtq) fh} ]:S]
= E[Ytz(Mtz - Mtz)|‘7:tz]|‘FS]
=0
since E[(My,, , — M, )|F:,] = 0 by the martingale property. Putting all the cases together,

in (6.4) gives for s € (tg, tg+1], say:

E[It|]:8] = Yrto(Mtl - Mto) +.F }/tk—1<Mtk - Mtk—l) + }/tk(MS - Mtk) =1
]
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Exercise 6.1. Let (M, : n € N) be a martingale in discrete time for the filtration (F, :
n > 0). Let T be a stopping time for the same filtration. Use the Martingale transform
with the process:

x )+ ifn < T(w)
n(w) = 0 ifn>7(w)

to show that the stopped martingale (M n,n € N) is a martingale.

Proof. Let n be an arbitrary time. At any given time n, by definition of stopping times, we
know if the event {7(w) < n} has occurred. Thus, X;, = 17 (u)<n} is F —measurable.
Also, E[X?2] < 1. So, X, is a simple adapted process.

Consider the martingale transform of the process (X, : n € N) defined above:

We have:

I = M, ifn<r71(w)
"M, ifn > 7(w)

That is, I, = Mpa,. By proposition (6.1), martingale transforms are martingales. So, a
stopped martingale is also a martingale. O

6.2 The Ito Integral.

We now turn to martingale transforms where the underlying martingale is a standard Brow-
nian motion (B : t > 0). This gives our first definition of the Ito integral.

Definition 6.2. (Ito Integral on S(T')). Let (B : t < T) be a standard brownian motion
on [0,7] and let X € S(T') be a simple process X = Z?:_ol Yi At ,t,4, on [0,7]
adapted to the Brownian filtration. The Ito integral of X with respect to the Brownian

motion is defined as the martingale transform:

n—1

T
/ X,dB, = Z Y, (Bi,,, — B,)
0 =0
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and similarly forany ¢t < T,

t
/XsdBS:Y;O(Btlth0)+...+Yt].(Bthtj) ift € (), tj41]
0

Note again the similarities with Riemann sums. The interpretation of the Ito integral is as
follows:

The value of implementing the strategy X on the underlying asset with price given by the Brownian motion.

The martingale transform with Brownian motion has more properties than with a generic
martingale as given in definition (6.1). This is because Brownian motion increments are
independent. We gather the properties of the Ito integral for X € S(T') in an important
proposition. The same exact result will hold for continuous strategies.

Proposition 6.2. (Properties of the Ito Integral). 1et (By : t < T) be a standard Brownian motion
on [0, T] defined on a probability space (2, F,P). The Ito integral in the definition (6.2) has the
Jfollowing properties:

* Linearity. If X, X’ € S(T') and a,b € R, then forall t < T,

t t t
/ (aX, + bX!)dB, = a/ X.dB, + b/ X'dB,
0 0 0

+ Continuous martingale. The process ( fot XsdBs,t < T) is a continuous mat-
tingale on [0, T'] for a Brownian filtration.

* Ito Isometry. The random variable fot X dBy, is in L*(Q, F,P) with mean 0 and

variance:
t t
:/E[Xf]ds:E[/ des], t<T
0 0

. [( [ xam)

Itis very important for the understanding of the theory to keep in mind that fot XdB;sisa
random variable. We should walk away from the temptation to use the reflexes of classical

calculus to manipulate it as if it were a Riemann Integral. The reason we use the integral
. . t . . . .

sign to denote the random variable fo XdBg is because it shares the lineatity property

with the Riemann integral.

It turns out that Ito’s isometry not only yields the mean and variance of the random variable
t . . . .

fO XdBg, but also the covariances of these random variables at different times, and the

covariances for two integrals built with two different strategies on the same Brownian

. . [ .
motion. What about the distribution of fo X.dBg? It turns out that the random variable

t . . . . .
fo XsdBs is not Gaussian in general. Howevet, if the process X is not random, then it
will be.
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Proof: 'The linearity property is clear from the definition of the martingale transform. The
continuity and the martingale property follow from proposition (6.1).

We now prove Ito’s isometry. We will use the properties of conditional expectation many
times. To simplify notation, for fixed ¢ € [0, T'], we can suppose that the pattition (¢, j <
n) is a partition of [0, ¢] with ¢,, = t. Since Y}, is F;,-measurable, we have:

E[Y;, (B, — B,)] = E[E[Y;, (By,,, — B,)IF,]
=E[Y,E[B;;,, — B, | ;]
=0

since E[Y}, (B
that:

141 — Bt;)] = 0 as Brownian motion is a martingale. Therefore, it follows

n—1

E [/Ot Xsst} =Y E[Yy, (B, — B,)] =0

=0

As for the variance, we have by conditioning on JF ;> that for ¢; < ¢;:

E[}/t])/tl (Btj+1 - Btj)(Bt Bt)] = E[nqlftj (Bt

i+l i
=0

— Bi)E[(By,,, — Bi;)| ]l

it+1

since E[Btj+1 — By, |—7:tj] = 0 and since all factors but By, , — By, are F -measurable.
Thus, this yields:

¢ 2 n—1
E (/ XsdBS) - Z E[Y:, Yy, (B, — By,) (Bt — Bt,)]
0 i,j=0
n—1
= ZE[YtiE[(Bth - Btj)2|}—tj]]
=0

by the previous equation and the fact that Y3, is F¢,-measurable. Since the increment
By, — B, is independent of Fy,, we have:

E[(B:

Lit1

- Btj)2|‘th] = E[(Btj+1 - Btj)2] = tj+1 - tj
Therefore, we conclude that:
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n—1

E =Y E[2|(tjy1 — ;)
=0

([ o)

From the definition of X as a simple process in equation (6.1), we have fot E[X2]ds =

E?:_ol E[Y;?](tj_,_l —t;) since X = Y3, on the whole interval (;,1;1]. O

Example 6.4. We go back to the Ito integral in example (6.2). The mean of I;(X) is 0
by proposition (6.2) or by direct computation. It is not hard to compute the variance. For
example at t = 1, it is:

E[I}(X)] = i E[X2du
1 1 1 1 2 1
=E[B}]- s +E[B}] s +EB} )3 = s +5 =3

Consider now another process Y on [0, 1] defined on the same Brownian motion:

Y; = Biljo,1/3(t) + B%/31(1/3,2/3] (t) + 33/31(2/3,1] (t)

Again the Ito integral J; = fg Y,dB; is well-defined as a process on [0, 1]:

0 ift € 0,1/3]
Jy = § BY)3(Bt — Biys) ift € (1/3,2/3]
B} 3(Bays — Biys) + B3 ;5(By — Byys) ift € (2/3,1]

The covariance between the random variables I and J; can be computed easily by using
the independence of the increments and suitable conditioning. Indeed, we have:

3
E[L(X)J1(Y)] = Y E[BissB}5(Bisny/s — Biss)(Biisnys — Bjss)]
4,j=0

If j > 14, we can condition on F}3 in the above summand to get:

E[Bi/3B35(Bi+1)/s — Bis)(B(jt1)/3 — Bjss)| Fjys)
=Bi/3B33(Bis1)/3 — B(j+1)/3)El(B(j41)/3 — Bjs)|Fiysl = 0
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The same holds for 7 > j by conditioning on F; 3. The only remaining terms are ¢ = j:

3

E[IlJl] = ZE[B?/B(B(z—&-l)/:i — B7/3)2]
=0
3
= E[BY,] - E[(B(i11)/3 — Bij2)’]
=0

by independence of increments. The first factor of each term is zero (due to the nature
of odd moments of a Gaussian centered at 0). Thetefore, the variables I; and J; are
uncorrelated.

Remark. An isometry is a mapping between metric spaces(that is, with a distance) that ac-
tually preserves the distance between two points. (It literally means the same measure in
Greek.) In case of Ito’s isometry, the mapping is the one that sends the integrand X to
the square-integrable random variable given by the integral:

I:8(T)— L*(Q,F,P)

T
X+—>/ X,dB,
0

The L?—norm of fOT XsdBs is (E [fOT XsdBSQ} )12 It turns out that the space S(T)

1/2
is also a linear space with the norm || X || g = (fOT E[XS]QdS) . Ito’s isometry says that

these two norms (and hence the distance) are equal. In fact, this isometry extends in part
to the L2 —space of functions on  x [0, T, for which S(T') is a subspace. We will see
that this isometry is central to the extension of the Ito integral in the limit as n — 00.

The next goal is to extend the Ito integral to processes X other than simple processes. The
integral will be defined as a limit of the integrals of simple processes, much like the Riemann
integral is a limit of the Riemann sums. But first, we need a good class of integrands.

Definition 6.3. For a given Brownian filtration (F; : ¢ < T'), we consider the class of
processes L2(T) of processes (X; : t < T') such that the following hold:

(1) X¢ is adapted. That is, X; is F;-measurable.
(2) The norm of X;:

T
X% = / E[X?)di = E

T
/ det] < o0
0
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(3) (X¢) is almost surely continuous.

It is not hard to check that the processes (B; : t < T) and (B? : t < T) are in
L2(T). In fact, if f is a continuous function and fOT E[f(B:)?]dt < oo, then the process
(f(By) : t < T)isin ﬁg (T'). Indeed, f(By) is Fi-measurable, since it is an explicit
function of B;. Moreovert, the second condition is by assumption. The third simply holds
because the composition of continuous functions is continuous. The main advantage of
processes in L2(T') is that they are easily approximated by simple adapted processes.

Lemma 6.1. (Approximation Lemma). Ietr X € L2(T). Then, there exists a sequence
(X () of simple step adapted processes in S(T), such that:

T
lim [ E[(X™ - X,)%dt =0
n—o0 0
Proof: (1) For a given n, consider the partition {]2?:, U -gi)T} and the simple step adapted

process given by :

Xt(n) = Z thl(tj»tjﬂ] (t)
§=0

In other words, we give the constant value X, on the whole interval (£;,%;11]. By con-
tinuity of paths of X, it is clear that Xt(n) (w) = Xt(w) atany t < T and for any w.

(%) Justification.

For any s € [0, T, let As be the set of all w, such that lim¢_, s X (t,w) = X (s,w). Then,
P(As) = 1.

Pick an arbitrary € > 0 and fix a point s € [0, T]. By definition of continuity, (3§ > 0)
such that |t — s| < ¢ implies | X; — X| < €. By the Archimedean property, there exists
N € N, such that 5k < 6.

Consider (X (™) : n > N). There exists a sequence of dyadic intervals Iy € In4q3 C ...
containing the point s. Thus, the process X (™) takes the (random) but constant value

Xg?) on the interval ]2—?: <t< (]—g# Foralln > N, since [(I,) < 9, it follows that
o

| Xz — Xs| < €. But, X ™) takes the value X ;= over (%, (j—;)T] So, forallm > N,
2'”/ 2'”/

X§") = X, r. Consequently, foralln > N, X§”) — Xl <e
om

This is true for all w € A. Thus, X\™ 255 X,

(2) Assume that (X" — X, ) is uniformly bounded. (3M) (Vw) s.t. | X™ (w)— X, (w)| <
M.
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T
HXt(”)—Xt‘ :/ E[(X™ - X,)?dt
0

L2

Passing to the limit on both sides, by the dominated convergence theorem:

T
= lim [ E[(X™ - X,)%dt =0

2
£2 n—oo Jq

Jim HXt(") - Xt‘

O

Lemma 6.2. (Comvergence in L implies convergence of the first and second moments). Let (X, :
n > 0) be a sequence of random variables that converge to X in L*(Q, F, P).

(a) Show that B[ X 2] converges 1o B[ X?].

Hint: Write X = (X — X,,) + X The Canchy Schwarz, inequality might be useful.
(b) Show that B[ X,] converges to E[X].

Hint: Write |E[X,,] — E[X]| and use Jensen’s inequality twice.

(a) We are given that limy, oo E[|X,, — X|?] — 0. Firstly, let ¢(x) = |z|. Let p € (0, 1).
We have:

c(pa+ (1 —p)b) = [pa+ (1 — p)b|
< plal + (1 —p)|b|
= pc(a) + (1 = p)e(b)

Hence, |z is a convex function. Consequently, 0 < |E[X? — X?2]| < E[|X? — X?].
Therefore, we can write:

0 < [E[X® - X7]| <E[X? - X7]]
=E[|(X - X,) + X,,)? — X7]]
=E[|(X - X,,)?2 +2(X — X)X, + X2 - X2|]
<E[|IX - X,,[*] + 2E[|(X — X,,)(X,)]]

< E[IX — X[+ 2 (BI(X - X)) " (B[ X))

{Cauchy-Schwarz}

Passing to the limit on both sides as n — o0, it follows that lim |[E[X2] — E[X?]| — 0.
Consequently, E[X 2] — E[X?].
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(b) We have:

0 < [E[X,] - E[X]| = [E[X,, — X]|
< E[| X, - X]

{since |z| is a convex function}

< (E[|1X, — X))

Passing to the limit on both sides, as n — oo, E[X,,] — E[X].

Lemma 6.3. We prove that the space L*(Q, F,P) is complete; that is, if (X, : n > 1) isa
Canchy sequence in L2, then there exists X € L?(Q, F,P) such that X,, — X in L.

(a) Argue from the definition of Canchy sequence that we can find a subsequence (X, : k > 0) such
that | Xom, — X, || < 278 forallm > ny, where ||-|| is the L* norm.

Progf. We are given that (X, : n € N) is a Cauchy sequence. For a Cauchy sequence,
given any € > 0, we can find N (€), such that for all m > n > N(e), || X,, — Xnnl|| < €.
Let e, = 2% We can choose ny to be the first n such that,

1
[ X — XmHL2 <€ = ok

O

(b) Consider the candidate limit Z;io (X 41 — Xn,) with X;,; = 0. Show that this sum
converges almost sutely (so X is well-defined) by considering

k
E HXMH - XWH
j=0

Proof. Firstly, by Jensen’s inequality, we have (E[|X[])? < E[|X|?]. So, E[|X]|] <
1

E[|X[*)Z or [ X]| 1 < 1 X]] 2.

We have:

k k 11/2
ZE [|X”.7‘+1 - XﬂjH < ZE [|an+1 - an‘ }
j=0 j=0

*1+}+ —l—i

= gt t ok

1
=2 1_2k+1
<2
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Pick an arbitrary € > 0.
Define Ag(€) := |X

N41

1
= Xy | > 575 -

By Chebyshev’s inequality, we have:

1 1
P <|Xnk+1 - X7lk| > 21“/3) = (|Xnk+1 o X"k|2 - 22k/3>

< PR [| Xy, — X |']

<2k L1

2k 2k/3

By BCL1(Borel-Cantelli Lemma), since Y , P( A}, ) converges, almost surely the event A (€) =
| Xn,s, — Xn,| > € occurs finitely many times. So, there exists K (€), such that for all
ng > ng, such that ’Xnk+1 - Xnk| < ¢, P-almost surely. It follows that, (X, ) is a
Cauchy sequence, P-almost surely. O

(¢) Show that [| X — Xy, ||;, — 0as k — oo. Conclude that || X|| < oo. (This shows

the convergence in L? along the subsequence!)

Proof. We have:

X=X =X — X + Xopyo = Xy + -+
= Z(anJrl - Xn;)

i>k

So

>

||X - ‘XVTLkHL2 = Z(anJrl - XHJ)

J>k L2

< Z ||(X"j+1 o X"J)||L2
i>k
{ Triangle Inequality }

1 1
< ok ' 9k+1

_ 1 1+1+1+
L 2 922 T




Thus, | X — X, || = 0.

(d) Use again the Cauchy definition and the subsequence to show convergence of the whole
sequence that is, || X — X, || — 0.

We have:

[X = Xn|l = X = Xn, + Xn, — Xaa|
<X = X [ + 1 Xy, — Xa|
{Triangle inequality}

Pick an arbitrary € > 0. There exists /1 (€) such that, || X — Xy, H < €/2. There exists
K> (€) such that for all n > np,, || Xn,, — X"H < €/2. Pick ng = max{ng,,nk,}
Then, forall n > ng, || X — X, || < e. Consequently, | X — X,,|| — 0. O

Theorem 6.1. Ler (By : t < T) be a standard Brownian motion on (0, F,P). Let (X :
t < T) be a process in L2(T). There exist random variables fot XsdBs, t < T with the following
properties:

(1) Linearity: If X, Y € L2(T) and a,b € R, then

t t t
/ (aXs + bY,)dBs = a/ X dBs + b/ Y,dBs, t<T
0 0 0

(2) Continuons Martingale: The process ( fg XsdBs,t < T) is a continuons martingale for the
Brownian filtration.

(3) 110’s Lsometry: The random variable fot XodBg is in L* (2, F,P) with mean O and variance

t 2 t t
(/ XSdBS) :/ E[Xf]ds:E[/ Xﬁds], t<T
0 0 0

E

1n other words,

(XM 2 = 11Xl 22

Proof. Consider the process X = (X; : t < T) in L2(T). By the approximation lemma

(6.1), we can approximate X by a sequence of simple adapted processes (Xt(n) < T).
In particular, that the sequence is Cauchy for the metric
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HX(H) _ X<m>‘

t 1/2
_ (n) _ y(m)y2
o= (] e = ximpae) ©5)

The key step is the following, We know that the integral I(™) = /i Ot xMaB s is well de-

fined as a random variable in L?(€, F,P). Moreover, we know from Ito Isometry, that
the L?—distance of the processes in equation (6.5) is the same as the L? distance of the
I (X)s. Since (X (™) is Cauchy in £2, it means that the sequence (1™, n € N) is
Cauchy in L?. By Cauchy completeness property, I (n) converges in L? to a random vari-
able that we denote by I; or fg XdBg. Furthermore, the limit I; does not depend on the

approximating sequence (X (”)). We could have taken any other sequence to approximate
X and Ito isometry guarantees, that the corresponding integrals will converge to the same
random variable.

We now prove the properties.

(1) Linearity. It follows by using linearity propery in proposition (6.2) for X (™) and Y ("),
the two sequences of approximating processes of X and Y that:

I(aX™ + 5y ™) = oI (X™) 4 b1(Y ™)
lim I(aX™ +0Y ™) =q lim I(X™)+b lim I(Y™)
n— 00 n—r 00 n—00
IaX +bY)=al(X)+bI(Y)

(2) Isometry. We refer lemma (6.2). The variance property now follows from the following

2
fact: 1£ 1™ — I, in L2, then E[(It(")> | = E[I?] and E[I™] — E[1,].

(3) Continuous Martingale. Write I; = fg XsdB;. We must show that E[I;|Fs] = I
for any £ > s. To see this, we go back to the definition of conditional expectations. The
random vatiable I3 must be F; measurable by construction. Now, for a bounded random
variable W that is Fs-measurable, we need to show that:

EWIL] = E[WI]

This is clear for It(n), the approximating integrals, because (It(n),t < T) is a martingale.
The above then follows from the fact that W1, s(n) converges to W1, in L? (and thus
the expectation converges) and the same way for t. The fact that the path t — I;(w) is
continuous with probability one is a bit more involved. It uses Doob’s maximal inequality.

O

Example 6.5. (Sampling Ito Integrals) How can we sample paths of processes given by
Ito integrals? A very simple method is to go back to the integral on simple processes.
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Consider the process Iy = fg X:dBs, t < T constructed from X € L2(T) and from a
standard brownian motion (B, t > 0). To simulate paths, we fix the endpoint, say T" and

a step-size 1/n. Then, we can generate the process at every t; = % by taking

Jj—1
Iy = ZXti (Bti+1 —Bu), j=n
=0

Here are two observations that makes this expression more palatable. First note that the
increment By, | — By, is a Gaussian random variable of mean 0 and variance % for every
i. Second, we have Iy, — I, _, = Xy, _, (Bt]. —By,_, ), so the values I, can be computed
recursively.

Once the conclusions of theorem (6.1) are accepted, we are free to explore the beauty and
the power of Ito Calculus. As a first step, we observe that with Ito’s isometry, we can
compute not only variances, but also covatiances between integrals. This is because an
isometry also preserves the inner product in L? spaces.

Example 6.6. Increments of martingales are uncorrelated.

(a) Let (M : ¢ > 0) be a square integrable martingale for the filtration (F : ¢t > 0). Use
the properties of conditional expectation to show that for t; < ta < t3 < t4, we have:

E[(My, — My, )(My, — My,)] =0

(b) Let (By : t > 0) be a standard brownian motion, and let (X} : t < T') be a process in
L2(T). Use part(a) to show that the covariance between integrals at different times ¢ < ¢/
is:

tAt
:/ E[X?%ds, t,t<T
0

t t’
E (/ Xsst) / X dB,
0 0
Solution.

(a) We have:

E [(Mt2 - Mtl)(Mt4 - Mt3)] =E [(Mtz - Mt1)E[(Mt4 - Mt3)|ft3H
=E[(My, — My, )(My, — My, )| Fi,]]
=0

(b) Let (X; : t < T) be a process in L2(T). We know that (X; : t < T) can be
approximated by a simple process (Xt(n) :t < T). Assume that t < t’. Now,
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p—1lg—1
E[It(n)ft(/n)] = E [K(J’n)Yi(:)(BtHl - Btj)(Btk+1 - Btk)}
j=0 k=0
p—1lqg—1
= E[Y;(,n)y’t(kn)]E [(Btj+1 - Btj)(Bthrl - Btk)]
j=0 k=0

Since (By : t < T') is a martingale, non-overlapping increments are independent. So, we
are left with:
o o S g [ (vm)?
n n n
E[1" ] E (Ytj ) E((B,,,, — B
j=0 -

p:1
- ZE
j=0 L

:/OtE (XS("))2 ds

X gy = |1 2- Thus,

(Yt_(jn))2: (tj+1—t5)

By Ito-Isometry,

tAt 2 tAt’ 2 2
E[IM 1] = / E [(XS(")) ] ds =E </ Xgn)st> —E {(It(;‘t)) }
0 0

But, I /\t’ is a random variable in L? and the terms (I : n € N) form a Cauchy
sequence in L? and converge to the Tto integral I;xz. It follows that:

E[l,1y] = E[I{\,/]

That is:

tAL
:/ E[X?|ds, t,t<T
0

( /O t XSdBS) ( /0 ' Xsst>

Corollary 6.1. Let (By : t < T) be a standard brownian motion, and let X € L2(T). We have:

(/Xd3)</ XdB)
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E[[I;] = / E[XZds, t,t<T




foramyY € L2(T), and

E [(/OtXSdBS) (/OtstBsﬂ = /OtE[XSYS]ds, t<T

Note that, when X is just a constant 1, we recover from the first equation the covariance of the Brownian
motion.

Proof. We just proved assertion (1) in the example (6.6). As for the second, we have on
one hand by Ito’s isometry:

( /0 o Ys}st)

/EX+Y 2ds
0

t t t
/EX2 ds+/ E[Yj]ds+2/ E[X.Y,]ds
0 0 0

On the other hand, by linearity of Ito integral and of the expectation, we have:

(/Ot{xs +Y;}st)2 (/0thst 4—2/stBs)2 |
(f wam) [ |( [ o)
e[ ) ()]

By Ito’s Isometry, || Is(X) || 2 = [| X || z2 and [|I(Y)|| 2 = [|Y]| 2. Hence, by equating
the above two expressions, we conclude that: )

B K /0 t xsst> ( /O tysst)] = /O E[X,Y.Jds

Thus, Ito isometry also preserves inner products. (I;(X), I;(Y)) 2 = (X4, Ys) 2. O

Example 6.7. Consider the processes (By : t < T) and (B? : t < T) for a given
standard Brownian motion. Note that these two processes are in L2(T') for any T' > 0.
By the existence theorem (6.1), the random variables

t

t
I, = | BydB,, J,= / B2dB,
0 0
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exist and are in L2(£2, F,P). Their mean is 0 and they have variances

t t t2
E[I7] :/0 E[B?]ds :/0 sds = Bl

and

t t
E[J}] = / E[Bl]ds = / 3s%ds = t3
0 0

The covariance by corollary (6.1) is :

E[L,J;] = /tE[Bg]ds =

The variables are uncorrelated.

Example 6.8. (A path-dependent integral) Consider the process X; = fg B,dB; on
[0, 7] as in example (6.7). Note that the process (X; : t < T) is itself in £2(T). In
patticular, the integral f (f X dBg is well-defined! (Note that the integrand X; is Fy —mea-
surable but its value depends on the whole Brownian motion upto time t). The mean of
the integral is 0 and its variance is obtained by applying Ito’s isometry twice:

(/OtXSdBS) /OtE
I
(

32 ds) ds

J,
[ i)

s*/2)ds

/

t3

6

(=)

In general, the Ito integral is not Gaussian. However, if the integrand X is not random,
the process is actually Gaussian. In this particular case, the integral is sometimes called the
Wiener Integral.
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Corollary 6.2. (Wiener Integral) Let (By : t < T) be a standard Brownian motion and let
f:[0,T] = R be a function such that fOT f2(8)ds < 0o. Then, the process (I(f) : t < T) =
( fot f(8)dBs : t < T) is Ganssian with mean O and covariance:

Cov ( / ' f(s)dB. / ' f(S)st> -/ ™ s

Proof. We prove the case when f is continuous. In this case, we can use the proof of the
approximation Lemma (6.1). Let (¢; : j < 2™) be a partition of 2" intervals. The lemma
shows that the sequence of functions:

2" 1
f(n) (t) = Z f(tj)l(tj7tj+1](t)) t<T
§=0
approximates f. The Ito integral of f() is:

2" —1

Y = 3" f(t) By, — Br)), te (t,t4]
1=0

This is a Gaussian process for any n. This is because for any choice of times S1, ..., Sm,
n n n . . . . . . .
the vector (Is(l ), I5(2 ), e 7fs(m)) is Gaussian, since it reduces to linear combinations of

. ; . . t .
Brownian motion at fixed times. Moreover, the random variable [ f(s)dBs is the L?

limit of I t(n) by existence theorem (6.1). It remains to show that an L?—limit of a sequence
of Gaussian vectors is Gaussian. This is sketched in the example below. The expression
for covariances follows from the collary on covariance of Ito integrals (6.1). U

Exercise 6.2. L?—limit of Gaussians is Gaussian. Let (X,, : n > 0) be a sequence of
Gaussian random variables that converge to X in L?(, F,P).

(a)Show that X is also Gaussian.

Hint: Use the characteristic function of a Gaussian random variable. Use also the fact that there is a
subsequence that converges almost surely.

(b) Find its mean and variance in terms of X.

Solution.

(a) The characteristic function of a random vatiable X is:

¢x(t) = E[e"¥]
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Example 6.9. (Ornstein-Uhlenbeck process as an Ito Integral). Consider the function
f(s) = €®. The Ornstein-Uhlenbeck process starting at X can also be written as:

t
Yt:e_t/ e’dB;, t>0
0

To see this mathematically, not that (Y; : ¢ > 0) is a Gaussian process by corollary (6.2).
The mean is 0 and the covariance by corollary (6.1) is:

S 2u S
B[V, = et e / 2y — ¢t {6]
0 2 1,

2s
eitis . 67 — 1
2 2

_ %(e—u—s) _ ), s <t

In this case, the process is stationary in the sense that (Y; : ¢ > 0) has the same distribution
as (Yirq : t > 0) foranya > 0.

Exercise 6.3. Another application of Doob’s maximal inequality. Let (B; : ¢t €
[0, 1]) be a Brownian motion defined on (€2, F, P). The Brownian bridge (Z; : t € [0,1])
is the stochastic process with the distribution defined in example (3.18). Another way to
construct a Brownian bridge is as follows:

t
1

Zy=(1—t dB,, t<1

o= )/0 1—-s ~ =

In this exetcise, we prove that lim;_,1 Z; = 0 almost surely as expected.

(a) Show that lim;_,; Z; = 0 in L%(Q, F,P).
Solution.

By Ito Isometry,




2
Thus, lim_,1 B[Z2] = 0. Hence, limy_,1 Z; = 0.
(b) Using the Doob’s maximal inequality of example (5.28) show that:

1 1

IP max |Zt|>5 <5*22n7_1

te[lfﬁ,lfﬁ

Solution.

Pick an arbitrary § > 0. Let A,(d) be the event that Z; exceeds § in the interval
[1 — 2%, 1- 2,,—1“] By Doob’s maximal inequality, the probability of this event is bounded
by:

1
P(40(0) <€ SEZ ]
1 (1 1 ) 1
Y on+1 | 9n+1
P
— 62 2n+1
S
- 62 2n—1

(c) Deduce that lim;_,; Z; = 0 almost surely using Borel-Cantelli Lemma.
Solution.
Consider the infinite series Y~ | P(A,(8)). We have:

oo

S P(4,(0) <

n=1

=1
5D T
n=1

Since Y2 | P(A,(0)) < oo, by BCL1(Borel-Cantelli Lemma 1), the event A,,(8) oc-
curs finitely many times, almost surely. There exists ng € N, such that for all n > ny,
. 112t < d with probability 1. But, limy,_,cc max ] | Z| =

X
te [1— g, 1- 53] te[1—gh,1- 5

Z1. Consequently, (V6 > 0),P(Z; <¢) = 1.

ma

Example 6.10. (Brownian bridge as an Ito Integral) We know that another way to con-
struct a Brownian bridge process is as follows:

!
Zy = (1— B
=00 [ g,
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We know that limy_,; Z; = 0 almost surely. The process Z is a Gaussian process by
corollary (6.2). The mean is zero and the covariance is, by corollary (6.1) is given by:

=(1-— 1—
E[Z:Z)] = (1— ) t/o 1752

ool
o)
(:

=(1=s)(1—1) (1= >

The above representations of the Ornstein-Uhlenbeck process and the brownian bridge
implies that they are not martingales.

—_

= s(1—1)

6.3 Ito’s Formula.

The Ito integral was constructed in the last section in a rather abstract way. Itis the limit of
a sequence of random variables constructed from Brownian motion. It is good to remind
ourselves that the classical Riemann integral is also very abstract! It is defined as the limit
of the sequence of Riemann sums. It does not always have an explicit form. For example,
the CDF of a Gaussian random variable

1T
@(I)ZE/ (1D gy

is a well-defined function of x, but the integral cannot be expressed in terms of the typical
elementary functions of calculus. But, in some cases a Riemann integral can be written
explicitly in terms of such functions. This is the content of the fundamental theorem of
calculus. It is useful to recall the theorem, as Ito’s formula is built upon it.

Let f : [0,7] — R be a function for which the derivative f’ exists and is a continuous
function on [0, 7]. We will say that such a function is in C1([0,T]). The fundamental
theorem of calculus says that we can write:

t
£~ 10 = [ fo)ds, =T 66
0
Note that, we often write this result in the differentnial form:
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The differential form has no rigorous meaning in itself. It is simply a compact and conve-
nient notation that encodes FTC (6.0).

The stochastic equivalent of the fundamental theorem of calculus is the Ito’s formula pro-
vided below. It related the Ito integral to an explicit function of Brownian motion. Note
that the function f must be in C2(R), that is, f’ and f” exist and are continuous on the
whole space R.

Theotem 6.2. (Ito’s Formuia) Let (By : t < T) be a standard Brownian motion. Consider
f € C2(R). Then, with probability one, we have:

f(By) — f(Bo) = /0 1/ (Bs)dBs + %/0 /" (Bs)ds, t<T 6.7)

We will see other variations in proposition and later sections. Before giving an idea of the proof, we make
some important observations:

Remartk. (1) Equation (6.7) is an equality of processes, which is much stronger than equality
in distribution. In other words, if you take a path of the process on the left constructed
on a given Brownian motion, then this path will be the same as the path of the on the
right constructed on the same Brownian motion. This equality holds in the limit where the
mesh of the partition of the interval [0, ] goes to 0.

(2) Note the similarity with the classical formulation in (6.0), if we replace the Riemann
integral by Ito’s integral. We do have the additional integral of f”(B;). As we will see
in the proof, this additional term comes from the quadratic term in the Taylor’s approx-
imation and from the quadratic variation of Brownian motion seen in theorem (4.5). As
in the classical case, it is very convenient to summarize the conclusion of Ito’s formula in
differential form:

df (By) = f'(By)dB; + %f//(Bt)dt (6.8)

We stress that the differential form has no meaning by itself. Itis a compact way to express
the two integrals in Ito’s formula and a powerful device for computations.

(3) An important consequence of Ito’s formula is that it provides a systematic way to con-

struct martingales as explicit functions of Brownian motion. To make sure that, f (f f'(Bs)dBg,t <
T defines a continuous square integrable martingale on [0, T'], we might need to check that
(f'(By),t <T) € L2(T). In general, the Ito integral makes sense as a local martingale.
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Corollary 6.3. (Brownian Martingales). Let(By : t < T') be a standard brownian motion. Consider
f € C2(R) such that fOT E[f/(Bs)?|ds < oo. Then the process:

1 [t
<f(Bt) — 5/ f'(Bs)ds, t< T>
0
is a martingale for the Brownian motion.

Proof: 'This is straightforward from the Ito’s formula:

1B =5 [ 1(Byds = 150)+ [ rmas,

The first term is a constant and the second term is a continuous martingale by proposition

6.1. O

The integral we subtracted from f(By) is called the compensator. A simple case is given by
the function f(z) = x2. For this function the corollary gives that the process BZ —t,t > 0
is a martingale, as we already observed. The compensator was then simply . In general, a
compensator might be random.

(4) The compensator is the Riemann integral fg f"(Bs)ds. It might seem to be a strange
object at first. The function f”(B;) is random (it depends on w), so the integral is a
random vatiable. There is no problem in integrating the random function f”(B;) since
by assumption it is a continuous function of s, since f” and Bs(w) are continuous. In
fact, the paths of fot 1""(Bs)ds are much smoother than the ones of Brownian motion in
general: the paths are differentiable everywhere (the derivative is f”/(B;)) and in particular
the paths have bounded variation.

To sum it up, Ito’s formula says that f(Bi) can be expressed as a sum of two processes:
one with bounded variation (the Riemann integral) and a (local) martingale with finite
quadratic variation (the Ito integral). In the next section, we study Ito processes in more
generality, which are processes that can be expressed as a sum of a Riemann integral and
an Ito integral.

Example 6.11. Let

fla)=a?

In this case, Ito’s formula yields:

t t
1
B} = / 3B%dB + / 6Bds
0 2 0

t t
:3/ deBs+3/ Bids
0 0
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We can look at a sample of a single path of each of these processes constructed from
the same Brownian motion. Note that they are almost equal (the discrepancy is only due
to discretization in the numerics)! From the above equation, we conclude that B} —
3 fot Bgds is a martingale. See the figure below for a sample of its paths. The process
(fot Bgds, t > 0)is not complicated. It is a Gaussian process since the integral is the
limit (almost sure and L?) of the Riemann sums :

n—1
Z By, (tj+1 —t))
=0

. . . t .
and each term of the sum is a Gaussian random variable. Clearly, the mean of f o Bsds is
0. The covariance of the process can be calculated directly by interchanging the integrals
and the expectation:

(/OtBsst) (/Ot BSdBS> =/Ot /Ot,E[BSBu]dsdu:/ot /Ot,(sAu)dsdu

Here the domain of integration is D = [0,¢] x [0,¢']. Assume that ¢ < t'. We can
divide the domain into two sub-domains D1 = {(z,y) : 0 < 2 < ¢,0 <y < z} and
Dy = {(z,y) : 0 <z < t,x <y < t'}. Consequently, we can evaluate the above
double integral as:

E

t ot
I:/ / min(z, y)dzdy
o Jo
t oz t ot
= / / ydydx + / / xdydx
o Jo 0 Ja
t g2 t ,
:/ [} der/ z [yl da
0o L21o 0
t 2 ¢
=/ —dx—|—/ z(t' — x)dx
0o 2 0
[, [5-5)
6 1o 2] 3 1o

B3tz 8

~ %6 2 3
3 2
76 2

In particular the variance at time 2 /3. The paths of this process are very smooth, as can
be observed in the figure below. In fact, the paths are differentiable and the derivative at
time t is By.
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Example 6.12. Let

f(x) =cosx

In this case, the Ito’s formula gives:

¢ 1t
cos By — cos By = / —sin(Bs)dBs + 5/ (— cos(Bys)ds
0 0

In particular, the process

1/t t
M; = cos By + 5/ cos BydBgs =1 —/ sin Bgds, t>0
0 0

is a continuous martingale starting at My = 1. It is easy to check that the process
(sin By, t < T)is in L2(T) for any T. sin By is F;—measurable since it is a function
of B;. Moreover, Also, sin(z) is continuous, and the composition of continuous func-
tions is continuous.

Where does Ito’s formula come from? It is the same idea as for the proof of the Funda-
mental Theorem of Calculus(FTC). Let’s start with the latter. Suppose f € C1(R); that is:

f is differentiable with a continuous detivative. Then, f admits a Taylor approximation
around s of the form:

f&) = f(s) = f'(s)(t = 5) + E(s,1) ©.9)
(This is in spirit of the mean value theorem) Here, £(s, ) is an error term that goes to 0

faster than (t — s) as s — ¢ (for example (t — 5)%). Now, for a partition (tj,7 <n)of
[0,t],say t; = ;t, we can trivially write for any n:

F&) = £0) =" fltjr) — £(t))

Jj=0

Now, we can use the equation (6.9) at s = ¢;:

ftjvr) — f(t) = ()t — t5) + E(t5,t541)
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Therefore, we have by taking the limit of large n:

n

F0) = 10 = Jim 3 F0)(t =)+ sty = [ £ds+0
j=0

Jj=0

The idea for Ito’s formula is similar to the above with two big differences : first we will
consider a function of space and #ime. Second, we shall need a Taylor approximation to the
second order around a point z: if f € C%(R) we have:

1
fy) = f(@) = (v = 2)f (@) + 5y = 2)° ' (2) + E(w, ) (6.10)
where &(z, ) is the error term that converges to 0 faster than (z — y)% as y — .

Proof. Recall that by assumption f € C%(R). We will prove the particular case, where f
is 0 outside a bounded interval. This implies that both the derivatives are bounded, since
by the preservation of the compact set theorem, continuous functions preserve compact
sets. We first prove the formula for a fixed ¢. Then, we generalize to processes on [0, T].
Consider a pattition (t; : j < n) of [0, t]. From the Taylor’s series expansion above:

n—1 n—1 n
F(Be) = f(Bo) = Y f'(By,)(Bryyy — Be)) + % P"(By)(Bryyy = Be)? + Y _E(By,. Biy.)
j=0 j=0 j=0

6.11)

Asn — 00, the first term converges (as a random variable in L?) to the Ito integral. This
is how we proved proposition (6.1) using simple processes. We claim that the second term
converges to the Riemann integral. To see this, consider the corresponding Riemann sum

n—1

> (Bt — 1)

Jj=0

This term converges almost surely to the Riemann integral fg 1" (Bs)ds since f" is con-
tinuous. It also converges in L? by theorem by the dominated convergence theorem, since
1" (+) is bounded by assumption. Therefore, to show that the second term converges to
the same limit, it suffices to show that the L?-distance between the second term and the
Riemann sum goes to 0. That is,

n—1

lim E 7"(B,) (B = Bu)” = (b — 1)} 6.12)

n—roo

<.
I
o
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This is in the same spirit as the proof of the quadratic variation of the Brownian motion
in theorem (4.5). To lighten the notation, define the variables :

X (Bt1+1 _Btj>2_<tj+1_tj)7 j<n-—1
We expand the square in (6.12) to get:
n—1n-—1
DD E[f(By)f"(Bi)X; Xy]
=0 k=0
For j < k, we condition on Fy, to get:

n—1ln—1 n—1

SN E[F(B)f (By)X;Xk] =2 E[E[f/(B)f"(Be,)X; Xk| F, ]

=0 k=0 j<k
// 2
+§ E[ (By,) Xj}

The first term on the right hand can be expressed as :

n—1
2 Z E[E [f"(Be,)f" (Be)X;Xu| Fo, ]| =2 E[f"(Bi))f" (Bu) X;E [ Xi| Fo,]]
i<k j<k

{Taking out what is known}
The random variable E [ X}, | F3, ] turns out to be:
E [Xklj:tk] =E [(Btk+1 - Btk)2] - (tk+1 - tk)
{. Bi,y, — By, is independent of Fio}
= (te41 — tr) — (te41 — i)

=0

So, the entire summand of the first term equals 0, and we are left with:
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1
L

2

(7"(By)" X3

<
Ll
T

3
3
|

F“ﬂ
i

:(f//(Btj))2 {(Btj+1 - Bta‘)Q — (tj41 — tj)}2]

3 .
[l
-~ o

4

:(f/,(Btj))Q {(Btj+1 - Bty‘) -2 (Btj+1 - Btj)2 (tj+1 - tj) + (tj-i-l - tj)zH

F||1
o

) =0
i_l r 2 4 2
= E|E [(f/l(Btj)) {(Btj+1 - Btj) -2 (Btj+1 - Btj) (tj+1 - tj) + (tj-i-l - tj)z}‘ ]:tj”
j=0
{Conditioning on F, }
n—1 ~
- E _(f”(Btf))Q E {{(Btﬁrl - Btj)4 -2 (Btj+1 - Btj)2 (tj+1 - tj) + (tj+1 - tj)2}‘ thj”

= E [(f//(Btj»Q E H(Btjﬂ - Btj)4 —2 (Btj+1 - Btj)2 (tj+1 - tj) + (thrl - tj)Q}H

=2_E [(f"(Btg))Q (3(tj1 —15)* = 2(tj41 — )" + (tj1 — tj)z)]
7=0
=2 Z_:E {(f"(BtJ))Z} (tiy1 — ;)
7=0

Since f”(x) is bounded, the last result approaches 0, as the mesh size becomes finer and
finer and n — o00. It remains to handle the error term in (6.11). This follows the same
idea as for the second term and we omit it.

To extend the formula to the whole interval [0, T, notice that the processes of both sides
of the equation (6.7) have continuous paths. Since they are equal with probability one at
any fixed time by the above argument, they must be equal for any countable set of times. It
suffices to consider the processes on the rational times in [0, 7], which are dense in [0, 7.
Since the paths are continuous and they are equal on these times, they must be equal at all
times on [0, T7]. O

Recall from equation (6.8), that Ito’s formula can be written in the differential form:

df(Bt) = fl(Bt)dBt + %f”(Bt)dt
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This notation has no meaning by itself. It is a compact way to write (6.7). This allows
us to derive an easy and useful computational formula: if we blindly apply the classical
differential to f to second otder in the Taylor expansion, we formally obtain:

4 (B) = (BB, + [ (B)(dB.) 61)

Therefore, Ito’s formula is equivalent to applying the rule dt = dB; - dB;. In fact, it is
counterproductive to learn Ito’s formula by heart. It is much better to simply compute the
differential upto the second order and apply the following sizzple rules of Ito calculus:

| dt  dB;
dt [0 0
dBy | 0 dt

It is not hard to extend Ito’s formula to a function f(¢, z) of both time and space:

f:[0,T] xR—R
(t,z) = f(t,z)

Such functions have partial derivatives that are themselves functions of time and space.
We will use the following notation for the partial derivatives:

0 7] 0?
0uf(t.0) = o (t,0), 0uf(t.0) = SL(t2), Duulti) = 5L 5(00)

The reason for this notation is to avoid confusion between the variable that is being differ-
entiated and the value of time and space at which the derivative is being evaluated. It might
appear strange at first, but it will avoid confusion down the road (especially when dealing
with several space variables in a later section). To apply Ito’s formula, we will need that
the partial derivative with respect to time O; f exists and is continuous as a function on
[0,7] x R and that the first and second partial derivatives in space O, f and Oy f ex-
ist and are continuous. We say that such a function f is in C1'2[0, 7] x R. Then, with
probability 1, we have for every ¢t € [0, T:

Proposition 6.3. (Ito’s formula) Let (By = t < T') be a standard brownian motion on [0, T).
Consider a function f of time and space with f € CY2([0,T)XR). Then, with probability one, we have
Jorevery t € [0,T,

f(t,Bt)—f(O,Bo):/o &Cf(s,Bs)st—i—/O {&f(s,Bs)—s—;&mf(s,Bs)}ds

or in differential form we have:

df(ta Bt) = a:rf<t7 Bt)dBt + (atf(taBt) + %6xa:f(ta Bt)) dt
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Proof: 'The idea of the proof is similar as for a function of space only, as it depends on a
Taylor’s approximation and on the quadratic variation. Here, however, we need to apply
Taylot’s approximiation to second order in space and to the first order in time. We then
get something of the form:

n—1
F(t,By) = £(0,Bo) = > 0uf(t;, By,)(Br,,, — Bi,) + 0uf (t;, By,)(tj1 — t;)
j=0
1 2
+ iazzf(tjv Btj)(Btj+1 - Btj)
+ 0,0 f (¢, Btj)(Btj+1 — Bt].)(thrl —t;)+ €
The first two lines becomes the integrals in the Ito’s formula. We see a new animal on the

last line: the mixed derivative 0;0, f. This term is related to the limit in the cross variation
between By and t given by:

n—1
nli>moo Z(Btj+1 - Btj)(thrl - tj)
j=0

It can be shown that it goes to 0 in a suitable sense.

Let (tj : j < n) be a sequence of partitions on [0, t]. We have:

2 2
n—1 n—1
2
E Z(th —t;)(Bt;,, — Bt;) <AL E Z(Btjﬂ — By))
iz i=0
n—1
2
= [An* Y E[(Biy1 — B,)?]
=0
2
+2[|An|* > E[(Bi1 — By,)(By,,, — By,
i<k

SiﬂCC E[(Bt].+1 - Btj)(Btk+1 - Btk)] e O and E[(Bt]._H - Btj)Q] - (tj+1 - t]), we
find that the above variance is | A, || - £. Asn — oo, [|A,]]* — 0. Consequently, the
cross-variation approaches 0 in the mean square sense.

This justifies the rule dt - dB; = 0. We can also justify the rule dt - dt = 0.

n—1 n—1
D (e — 1) <A D (41— 1)
=0 =0

= [|An]| -t
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Asn — 00, ||An]] = 0, and we get the desired result.

Once these facts are known, the rest of the proof is done similarly to the one for the
function of space only. We do notice though that the formula is easy to derive once we
accept the rules of Ito calculus. By writing the differential to second order in space, and to
first order in time and applying the rules of Ito calculus, we get:

df(tht) = 6wf(taBt)dBt + {&Ef(ta Bt) + %aa:mf(t7 Bt)} dt

As in the one variable case, we get a corollary to construct Martingales:

Corollary 6.4. (Brownian Martingales) Let (By : t < T) be a standard Brownian motion. Consider
f € CH2([0,T] x R) such that the process (p f (t, By) : t < T) € L2(T). Then, the process

ft,Be) - t 0o (5, By) + 204 f(5, By) L ds,t <T
0 2

is a martingale for the Brownian filtration. In particular, if f(t,x) satisfies the partial differential
equation Oy f = — %04y f, then the process (f(t, By),t < T) is itself a martingale.

We now catch a glimpse of the powerful connection between two fields of mathematics:
the study of martingales is closely connected to the study of differential equations. We will see this
connection in action in the gamblet’s ruin problem in the next section.

Example 6.13. Consider the function f(¢,2) = tx. In this case, we have: Oy f = =z,
Oz f = tand Opp f = 0. Tto’s formula yields:

d(tBy) = tdB, + xdt

Therefore, the process My = t By — fg B,ds is a martingale for the Brownian filtration. It
is also a Gaussian process by corollary (6.2). The mean is 0 and the covariance by corollary
6.7) is:

(tAt)3

tAL
E[M, M) = / s2ds =
0 3

Example 6.14. (Vasicek Interest Rate Model) Let (B; : t < T') be a standard Brownian
motion. Vasicek assumed that the instantaneous spot rate under the real-world measure
evolves as an Ornstein-Uhlenbeck process with constant coefficients. Thus:

257



th = k(9 — Tt)dt + O'dBt (614)

Rearranging the equation, multiplying both sides by the integrating factor and integrating
from s to t, we have:

dry = kOdt — kridt + cdB;
dry + krydt = kOdt + od By
e dry + krye'dt = kOeM'dt + oe*'dB,
d(e*'ry) = kbertdt + oet'dB,

t
eflr, — eFsry = 0(eft — eF*) + o’/ ektdB,

S

t
ektT't _ Tseks +9(ekt o eks) +U/ ektdBt

S

t
ry = roe—k =) | g(1 — eh(t=2) JrU/ eht-w g

for all t. By corollary (6.2), fst e *t=wdB, is a Gaussian process with mean 0 and vari-
ance:

t t
/ e—2k(t—u)du — e—2kt / erudu
s s

672kt[

=—]e

2k
e—2kt

= ol

2ku}t
s

2kt _ 2ks]

€

(1= —2k(t—s)
2]{)( e )

Thus, the Vasicek process is Gaussian with mean:

Elr = ree Rl=) 4 0(1— e*k(tfs))
and variance:

0.2(1 _ e—2k:(t—s))

Var(r] = ok
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Thus, 7; can be negative with positive probability. The possibility of negative rates is
indeed a major drawback of the Vasicek model. However, the analytical tractability that
is implied by a Gaussian density is hardly achieved when assuming other distributions for
the process 7. If we let t — 00, we get E[r;] = 6. So, the drift of process (r¢ : t < T')
is positive, whenever 7, < 6 and whilst it is negative, whenever 7, > 6 and so it pushed
everytime, to be closer on average to the level f. Hence, it is mean reverting.

The solution of the stochastic differential equation (6.14) can also be verified using Ito’s
lemma. Let:

t
re =7roe M 4 0(1 — e ) + O’/ e Ft=vgB,
0

And consider the function:

flt,z) =roe  +0(1 — e *) + ge Hz

where (X;,t <T) = [ e*dB,

0
Then,

0. f(t, Xt) = gekt
Ouf(t, Xy) = —roke ™ 4 ke * — ok X,e ™™ = —kf(t,x) + k6
awwf(taXt) =0

By Ito’s Lemma:

df (t, Xy) = oe dX, + (—kf(t,z) + kO)dt
df (t, Xt) = k(0 — f(t,z))dt + cdB;

Example 6.15. (Cox-Ingersoll-Ross (CIR) Model). Let (B; : t > 0) be a Brownian
motion. The Cox-Ingersoll-Ross model for the instantaenous spot interest rate process 7
is:

d’l’t = k(9 — Tt)dt + J\/?TtdBt

They introduced a square-root term in the diffusion coefficient of the instantaneous short-
rate dynamics proposed by Vasicek. The resulting model has been a benchmark for many
years because of its analytical tractability and the fact, that contrary to Vasicek (1977)
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model, the instantaneous short rate is always positive. The condition 2kf > ¢ has to
be imposed to ensure that the origin is inaccessible to the process. Unlike the Vasicek
equation the CIR solution does not have a closed-form solution.

Although, we cannot derive a closed-form solution , the expectation and variance of 7
can be be computed.

k

Consider the function f(t,z) = e*x, where X; = r;. We have:

Qo f(t, ) = e
Ouf(t, ) = keklx
Ovaf(t,2) =0

By the Ito’s-Lemma, we have:
df (t, X;) = e*d X, + keP axdt

= P k(0 — 10))dt + o\ /redBy + ke rydt
d(eMry) = ¥ kOdt + Mo\ /rid B,

Integrating both sides of the equation, we have:

t t
ekl |b = k:@/ ektdt—&—a/ ekt /rid By
0 0
t
eFtry —rg = G(ekt — 1) + cr/ ekt\/EdBt
0

t
re=roe M4 0(1 —e M) + a/ \/rtdBy
0

We know that, (I; = fot TidBg, t < T) is an Ito integral with mean 0. So, the mean of
the process (ry : t < T) is :

E[ry] = roe " + 0(1 — e7*t)

The variance of the Ito integral is given by:
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2

Var[]t]:E[If]:/O E[(v/r,)]dt

- /O Bt

t
= / (roe ™ +6(1 — e *))dt
0

¢ ¢
= (rp — 0)/ e Rt 4 0/ dt
0 0

—kt _
)(677]{1) + 0t
=2 -1+ 0t

Example 6.16. (Geometric Brownian Motion revisited). Consider an asset price process
that satisfies

Sy = f(t, By) = Spel#=7)rHoB

o2

Thus, f(t,z) = Soe(”*T)””. Do f(t, By) = Sogoeh=o" /D408 — 58, 9. f(t, B;) =
Spo2e(n=0®/2)t+0Br — 528 and O f(t,B;) = (u — 2) S;. Therefore, by Tto’s

o
2
Lemma:

1 2
dSt = O'StdBt + {20-251‘, + /,LSt - Oést} dt
= uStdt + O'StdBt

In integral notation, the asset price (S; : ¢t < T) is given by:

t

t t
Se=So+o [ F(t.B)dB+ [ nite B
0 0

6.4 Gambler’s ruin for Brownian Motion with a Drift.

We solved the Gambler’s ruin problem for the standard Brownian motion in example
(5.20). We now deal with the case where a drift is present. Consider the Brownian motion
with a drift:

Xt:O'Bt"—/,Lt

where (Bg,t > 0) is a standard Brownian motion.
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7 Multivariate Ito Calculus.

7.1 Multidimensional Brownian motion.

Definition 7.1. (Brownian motion in Rd). Take d € N. Let BV ... B be indepen-
dent standard Brownian motions in (€2, F,P). The process (B : ¢ > 0) taking values in
R? defined by :

B,=B",....B"), t>0

is called a d—dimensional Brownian motion or a Brownian motion in R%.

The Brownian filtration (F; : ¢ > 0) is now composed of the information of all Brownian
motions. In other words, it is given by the sigma-fields:

Fi=0BW 1<i<ds<t)

For evety outcome w, the path of trajectory of a d—dimensional Brownian motion is a
curve in space parametrized by the time ¢:

t = By(w) = (B (w), B (w),..., B{" ()

Of course, this curve is continuous, since each coordinate is. The below numerical project
gives an example of one path of a two-dimensional brownian motion. This is a very rugged
and intertwined curve!l We might wonder, what it does as ¢ — 00. Does it wander
around (0, 0) ad infinitum or does it eventually escape to infinity? We will answer this
question in a later section. For doing so, we shall need a version of Ito’s formula for multi-
dimensional Brownian motion. We finish this section by noticing that it is also easy to
construct Brownian motions in higher dimensions for which the coordinates are correlated.

Example 7.1. (Example of Brownian motion with correlated coordinates) Let (B : ¢ >
0) be a two dimensional brownian motion. Let —1 < p < 1. We construct the two

dimensional process as follows: W; = (Wt(l), Wt(2)> where:

W = g
W = o5 4+ T 7B

Wt(l) = Bt(l) is Gaussian with mean 0 and vatiance ¢. Since, Bél) and Bt@)are inde-
pendent gaussian random variables and the sum of IID Gaussians is Gaussian, Wt(Q) is

. . . . 1 2) .
Gaussian with mean 0 and variance ¢. The covariance between Wt( ) and Wt( ) is:
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EW W = BBV (0B + V1 - p2B)]

= Elp(B")* + V1 - 2B B

Hence, the coordinates at time ¢ are not independent.

Exercise 7.1. 2D Brownian Motion. Consider a two-dimensional Brownian motion

(BEI), B§2)) starting at (0, 0).

(a) Plot one path of this Brownian motion on the plane R2 on the plane in R2 on the time
interval [0, 5] using a discretization of 0.005 and 0.001.

Solution.

Two dimensional brownian motion

(b) Consider now the process (W; : t > 0) for p = 1/2 as in example (7.1). Plot one path
of this process on the plane R? on the time-interval [0, 5] using a discretization of 0.001.
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Correlated Brownian motion W (t) = (Wt(l), Wt(z))

0 o
—05 oz ;
= -1 -
—1.5 1
_2 | y 3
|
-1 —-0.5 0 0.5

Correlated Brownian motion paths

7.2 Ito’s Formula.

Theotem 7.1. Ito’s Formula. Let (By : t > 0) be a d—dimensional brownian motion. Consider
f € C2(RY). Then, we have with probability one that for all t > 0:
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~ [ R AR
180~ 180 =3 [ on BB+ 15202 Bgds )

Remark. We stress that, as in the one-dimensional case, in theotem (6.7), Ito’s formula
is an equality of processes (and not an equality in distribution). Thus, the processes on
both sides must agree for each path. Interestingly, the mixed partials Oy, o, f(Bs), i # j
do not appear in the formula! We see from Ito’s formula that the process f(B;) can be
represented as a sum of d 4 1 processes: d Ito integrals and one Riemann integral (which
is a process of finite variation). In vector notation, the formula takes the form:

F(By) — £(Bo) = /0 V(BT dB, + /O V2£(B.)ds

whete it is understood that the first term is the sum of the d Ito integrals in the equation.
The symbol V2 is the Laplacian of f: Zd o (Bﬁl), cee Bgd))ds

i=1 8r?

In differential form, Ito’s formula becomes very neat:

d d
- i, L 3 _ 1
df(Bt) - gt azzf(Bs)dBt + 5 6§1f(Bs)dt - Vf(Bt)Tst + §v2f<Bt)dt

i=1

Example 7.2. Consider the functions (1) f(x1, x2) = 23+23 (2) f(21,2) = €% cos 1o
and the processes (X¢ : ¢t > 0) and (Y; : ¢ > 0). If we apply Ito’s formula to the first
process, we have:

t t 1 t
X, = / 2BMdBM + / ng2>43§2>+5 / (4dt)
0 0 0

t t
= / 2BMdBM 4 / 2B@dB? 4 2t
0 0

The second process gives:

t 1 t
Y; = cos B(gz) / eBgl)ngl) — B /sin B‘gz)ngz) + 5/ (eB-gl) cos B‘EQ) — B cos B‘EQ)) dt
0 0

t
=1+ cos B® / B aB — B / sin B dB®
0
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Exercise 7.2. Cross-Variation of B,gl) and Bt(2). Let (t; : j < n) be a sequence of
pattitions of [0, t] such that max; |t;41 — t;| — 0 as n — oo. Prove that:

(2) @Y 2
ngmooz D o-BMBE -BP)=0 inL

This justifies the rule dB{") - dB® = 0.
Hint: Just compute the second moment of the sum.

Solution. We have:

2
n—1
1 1 2 2
E (> B, BB, - BY)
j=0
1) 1 2 2
—ZE (B, = BB, — BYY)

1 1 1 1 2 2 2 2
+2ZE[ (B, BONBLY, ~ BB, — BB, - BY)]
j<k

_ZE B(l) Bt(jl))2] [(B(Q) . B( )) ]

tj+1 ti+1
1 1 1 1 2 2 2 2
w23 e (B, - BO)|E[(B, - B B (B2, - BO)| B [(B]), - BY)]
i<k
n—1
<max\t]+1 til Y (tjr1—t;) +0
7=0
Passing to the limits, as n — 00, max; [t;+1 — t;| — 0. Consequently, Zn 1(3(}11 —

Wy p®@ (2) :
B, ') (By,,, — B;,’) — 0inthe L? sense.
Proof. 'The proof of the formula follows the usual recipe: Taylor’s theorem together with
the quadratic variation and the cross-variation. In this case, we do get a cross-vatiation
between the different Brownian motions. More precisely, consider a pattition (¢ : j < n)
of [0, t]. Then we can write:



We can apply the Taylot’s series expansion for each j to get:

n—1

f(By) = f(Bo) = > _ Vf(Bi,)(By,,, — By,)
=0
(Btj+1 - Btj)THf(Btj)(Btj+1 - Btj) +&

where H f is the Hessian matrix of f. We wrote the expansion using the vector notation
to be economical. Let’s keep in mind that each term is a sum over the derivatives. The first
term will converge to d Ito integrals as in the one-dimensional case. Now, the summand
in the second term is:

(1) (1)
(1) (1) (d) (d) aglf(Btj) azlzdf(Btj) Btm . Btj
(B J+1 tJ Bt 41 Btj ) . .'. :
azrdxl f(Bt ) agdf(Btj) B(Ja:)_l Bt(]d)

So, (B(l) - B( )) is pre-multiplied with the term 92 f(By,) and it is post-multiplied

J+1
k . .
(B k) _ gl )). Consequently, the second term in the Taylor’s series expansion can be
tJ+1 tj >
re-wtitten as:

1 7 7 1 k
Z 262 (BB —-BI?+ > 2, f(B)BY, - B (BY, - BY)

7j=0 \i=1 1<i<k<d

The second term on the right converges to 0 in the L? sense when i # k, from exercise
(7.2). This explains why the mixed detivatives disappear in the multi-dimensional Ito’s for-
mula. As for the case i = k, it reduces to the quadratic variation as in the one-dimensional
case. This is where the Riemann integral arises, after suitable conditioning on Fy,, the
sigma-field generated by B, s < 1. O

As in the one-dimensional case,it is not necessary to learn Ito’s formula by heart. It suffices
to write the differential of the function f to second otrdetr. We can then apply the rules of
multivariate Ito calculus:

|- Jat|aB [aB? | ... ]

a 0] o0 0 |0
aB | o | at 0o | o
aB® o] o at |0

0] o 0 | dt
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Note that the rule dBéi)dBéj) = 0 for ¢ # j is being motivated by the cross-variation
result (7.2).

How can we construct martingales using the Ito’s formula? Recall that an Ito integral

(f(;5 XsdBs,t < T) is a martingale whenever the integrand is in £2(T'), the space of
adapted processes with continuous paths and for which:

T
/ E[X?]ds < oo
0

The only difference here is that the integrand is a function of many Brownian motions.
However, the integrands involved in the Ito integrals of the multidimensional Ito’s formula
(7.1) are cleatly adapted to the filtration (F : ¢ > 0) of (By : t > 0) as they are functions
of the Brownian motion at the time. The arguments of Ito integral in (6.2) and (6.1) apply
verbatim, if we take the definition of £2(t) with the filtration (F; : t > 0) of (B : ¢ > 0).
With this in mind, we have the following corollary.

Corollary 7.1. (Brownian Martingales) Let (By : t > 0) be a Brownian motion in RE. Consider
f € CEH(RY) such that processes (O, f(By),t < T) € L2(T) foreveryi < d. Then, the process :

t
f(By) — %/ V2f(By)ds, t<T
0

is a martingale for the Brownian filtration.

For example, consider the processes X; = (Bt(l) )2+(Bt(2) )2andY; = exp(Bt(l)) cos(Bt(Q) ).

Then, we have :
1 [t 1 [t
7/ VQXSds:f/ 4ds = 2t
2 0 2 0

and

1 [t 1 [t
f/ VQYSds:f/ 0-ds=0
2 0 2 0

Thus, the processes X; — 2t and Y} are martingales for the Brownian filtration. In one
dimension, there are no interesting martingales constructed with functions of space only.
Indeed, (f(B¢) : t > 0) is a martingale if and only if f”(2) = 0 for all z. But, such
functions are of the form f(x) = ax + b, a,b € R. In other words, in one dimension,
Brownian martingales of the form f(By) ate simply aB; + b. Not very surprising! The
situation is very different in higher dimensions. Indeed, corollary (7.1) implies that f(B;)
is a martingale whenever f is a harmonic function:
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Definition 7.2. A function f : R? — R is harmonic in R if and only if V2 f(z) = 0 for
all z € R%. More generally, a function f : R? — R is harmonic in the region O C R? if
and only if V2f(x) = 0 forallz € O.

Note that the function f(x) = e cos g is harmonic in R%. This is why the process

Y, = exp(B,gl)) cos(BiQ)) is a martingale. The distinction to a subset of R in the above
definition is important since it may happen that the function is harmonic only in a subset
of the space; see for example equation. It is possible to define a Brownian martingale in
such cases by considering the process until it exits the region. This will turn out to be
important as we move ahead.

The multidimensional Ito’s formula generalizes to functions of time and space as in propo-
sition (6.3):
Definition 7.3. A function f : [0,00) x R? — Riis in C12([0,T] x R?) if the partial

detivative in #me :

0
ot (t7x)

exists and is continuous and the second order partial derivatives in space:

2
78‘%2']0(15,.131,@‘2,...,]}2‘,...,.Td), 1SZSd
%

exist and are continuous.

Theotrem 7.2. (Ito’s formuia) Let (By : t < T') be a d-dimensional Brownian motion. Consider a
Sunction f € CH2([0, T) x RL). Then, we have with probability one for allt < T':

=1

d t t d
(6.8 = 50,50 = Y [ 0n. (s B)aB + [ (@f(a B, + Z@fj(&&)) ds
i=1"0 0

The martingale condition is then similar to the ones in corollary (7.1): if the processes
(Op, f(5,Bs),t <T) € L2(T) for every 1 < i < d, then the process

d
f(tht)_At {atf(szs)++Zaglf(szs)}dsa tST

=1

is 2 martingale for the Brownian filtration. In particular, if f satisfies the partial differential
equation:

of 1o,

then the process (f (¢, By) : t < T) itself is a martingale.
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7.3 Recurrence and Transience of Brownian Motion.

In one dimension, we established in example

8 Ito Processes and Stochastic Differential Equations.

Let’s start with the definition of Ito processes.

Definition 8.1. (Ito Process). Let (B(t) : t > 0) be a standard brownian motion defined
on (2, F,P). An Ito process (X (t) : t > 0) is of the form:

X(t) = X(0) + /0 V(s)dB(s) + /0 D(s)ds @.1)

where (V(t),t > 0) and (D(t), ¢ > 0) are two adapted processes for which the integrals
make sense in the sense of Ito and Riemann. We refer to (V' () : ¢ > 0) as the local volatility
and to (D(t) : t > 0) as the local drift.

We will often denote an Ito process (X (t) : ¢ > 0) in differential form as:

dX(t) = D(t)dt + V(t)dB(t) 82)

This form makes no rigorous sense; when we write it, we mean (8.1). Nevertheless, the
differential equation has two great advantages:

(1) It gives some intuition on what drives the variation of X (t). On one hand, there is a
contribution of the Brownian increments which are modulated by the volatility V' (¢). On
the other hand, there is a smoother contribution coming from the time variation which is

modulated by the drift D(¢).

(2) The differential notation has computational power. In particular, evaluating Ito’s for-
mula is reduced to computing differentials, as in classical calculus, but by doing it upto the
second order.

An important class of Ito processes is given by processes for which the volatility and the
drift are simply functions of the position of the process.

Definition 8.2. Let (B(t) : t > 0) be a standard Brownian motion. An Ito process
(X (t) : t > 0) of the form

dX(t) = (X (t))dt + (X (1))dB(t), X(0) =z 8.3)
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where p and o are functions from R to R, is called a time-homogenous diffusion. An
Tto-process (Y(t),t > 0) of the form:

dY (t) = p(t, X ())dt + o(t, X (£))dB(t) Y(0) =y 8.4)

where p and o are now functions [0, 00) xR — Ris called a time-inhomogenous diffusion.
The equations above are called stochastic differential equations (SDE) of the respective process

(X(t)) and (Y(2)).

In other words, a diffusion (X (¢),¢ > 0) is called an Ito process whose local volatility
V (t) and local drift D(t) at time ¢ depend only on the position of the process at time ¢ and
possibly on the time ¢ itself. It cannot depend on the path of the process before time ¢ or
on the explicit values of the driving Brownian motion at that time (which is not the process
X (t) itself). The class of diffusions, and of the Ito processes in general, constitutes a huge
collection of stochastic processes for stochastic modelling.

Note that an SDE is a generalization of ordinary differential equations or ODEs. Indeed,
if there were no randomness, that is, no Brownian motion, the SDE would be reduced to

This can be written for X (t) = f(¢) as:

df
at ()

This is a first-order ordinaty differential equation. It governs the deterministic evolution
of the function X (¢t) = f(t) in time. An SDE adds a random term to this evolution that
is formally written as:

dx dB(t)

S = WX (W) + o (X))

We know very well, that Brownian motion is not differentiable; hence the above is not
well-defined. The ill-defined term dB(t)/dt is sometimes called white noise. However,
equation (8.3) is well-defined in the sense of the Ito process. These types of equations are
well-suited to model phenomena with intrinsic randomness.

Here are some examples of diffusions:
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Example 8.1. (Brownian Motion with a drift). If we take X (t) = 0 B(t) + ut for some
o > 0and p € R, then we can write X (¢) as:

X(t):/otadB(t)—k/Otudt, X(0) = 0

In the differential form this becomes

dX(t) = pdt + odB(t)

In this case, the local drift and the local volatility are constant.

Example 8.2. (Geometric Brownian Motion). We consider the process S(t) = exp((s—
02/2)t + o B(t)). To find the stochastic differential equation, we apply the Ito’s Lemma
to

f(t,2) = exp((n — 0% /2)t + o)

We have:

1
df (t,z) = ((,u —0%/2) + 202> exp((u — 02 /2)t + ox)dt + o exp((u — 02 /2)t + ox)dB(t)
= pS(t)dt + oS(t)dB(t)
Note that the local drift and the local volatility are now proportional to the position. So,
the higher S(t), the higher the volatility and drift.

Example 8.3. (Any smooth function of Brownian motion). Ito’s formula gurarantees
that any smooth function f (¢, B(t)) of time and a Brownian motion is an Ito process
with volatility V'(t) = 9;f(t, B(t)) and drift D(t) = 0, f (¢, B(t)) + %@wf(t, B(t)).
We will see in further ahead, that, in general, any reasonable function of an Ito process
remains an Ito process.

Example 8.4. (An Ito process that is not a diffusion) Consider the process

X(t) = /0 B2(s)dB(s)

This is an Ito process with local volatility V' (t) = B(t)? and local drift D(t) = 0. How-
ever, it is not a diffusion, because the local volatility is not an explicit function of X (t).

It turns out that the Brownian bridge is a time-inhomogenous diffusion and that the
Ornstein-Uhlenbeck process is a time-homogenous diffusion. To understand these ex-
amples, we need to extend Ito’s formula to Ito processes.
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8.1 Ito’s Formula.

The first step towards a general Ito’s formula is the quadratic variation of an Ito process.

Proposition 8.1. (Quadratic variation of an Ito process). Let (B(t),t > 0) be a standard Brownian
motion and (X (t) : t > 0) be an Ito process of the form dX (t) = V (£)dB(t) + D(t)dt. Then,
the quadratic variation of the process (X (t) : t > 0) is:

n—1 t
o N 2 2
<XX 2= i 3K (t) - X(0) [veras e
Jor any partition (tj7 ji<mn) of [0, t], where the limit is in probability.

Remark. Note that the quadratic variation is increasing in ¢, but it is not deterministic
in generall The quadratic variation is a smooth stochastic process. (It is differentiable)
Observe that we recover the quadratic variation for the Brownian motion for V' (t) = 1
as expected. We also notice that the formula follows easily from the rules of Ito Calculus,
thereby showing the consistency of the theory. Indeed we have:

d< X,X >; = (dX(t))* = (V(t)dB(t) + D(t)dt)?
=V (t)?(dB(t))? + 2V (t)D(t)dB(t) - dt + D*(t)(dt)?
=V (t)%dt

Proof. The proof is involved, but it reviews some important concepts of stochastic cal-
culus. We prove the case when the process V is in L2(T') for some T' > 0. We write
I(t) = fg V(s)dB(s) and R(t) = fot D(s)ds. We first show that only the Ito integral
contributes to the quadratic variation and the Riemann integral does not contribute, so
that:

<X, X > =<I,1I> (8.6)

We have that the increment squate of X (¥) is:

(X (tj41) = X(t5))* = (I(tj41) = I(t;))* +2(I(tj41) — I(t;))(R(tj51) — R(t;)) + (R(t;41) — R(t;))?

The Cauchy-Schwarz inequality implies :

n—1 1 vz, 1/2
D Utj) = 1) (R(tjea) = R(t)) < | D ((tjea) = 1(t))? > (R(tja1) = R(t)))?
j=0 Jj=0 Jj=0

273



Therefore, to prove equation (8.0), it suffices to show that Z;L;Ol (R(tj+1)—R(t;))?> =0
almost surely. Since D(s) is an almost surely continuous process, the stochastic process
R(t) = fg D(s)ds has continuous paths with probability 1. Therefore:

S (Rits1) = R = mas [Rityi1) ~ R(6)| D (Ritse) - Rit)
7=0 - j=0

Since, R(t) is continuous on the compact set [0, ¢], it is uniformly continuous a.s. So, as
[tj+1 — t;| = O, by uniform continuity it follows that max [R(¢;+1) — R(t;)| — 0 as.

It remains to prove that < I, [ >;= fot V (s)%ds. We first prove the case when V' € S(T')
is a simple adapted process. Consider a pattition (¢; : j < n) of [0,t]. Without loss of
generality, we can suppose that V' is constant on each [t;,¢;11) by refining the partition.

We then have:
n—1 n—1
Z(I(tj+1) - I(tj))2 = Z V(tj) (B(tj+1) - B(tj))2
Jj=0 j=0

2
Now, we have seen in the proof of Ito’s formula (6.12) that E [{Z?_ol V(t;)2((B(tjs1) — B(t;)* — (tj41 — t]—)} } —
0, so Z;Zol V(t;)?(B(tj+1)—B(t;))? approaches Z:L:_Ol V(t;)%(tj+1—t;) in the mean
square sense. As the mesh size becomes finer, the L2-limit is fot V(t)2dt.

The case V' € L2(T) is proved by approximating V' by a simple process in S(T"). More
precisely, we can find a simple process 143 (t) that is e-close to V in the sense:

119~ 1 = 1| [ (veap) - [vas@l= [ B0 - Vo) <

0
8.7)

To prove the claim, we need to show that for ¢t < T,

n—1

E Z(I(tj+1)—f(tj))2—/0 (V(s))%ds|| -0 as n— o0

3=0
L'-convergence implies convergence in probability of the sequence Z;:ol (I(tj+1) —
I(t}))?. We now introduce the V(€)(t) approximation inside the absolute value as well as

its corresponding integral () (t) = fot V() (s)ds. By the triangle inequality, we have:
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n—1 n—1
<E | |Y_((tja1) = 1(t)* = T (tj1) = 1O)% || +E ||D (1 (tj01) = 19(1)) —/0 (V(O(s))%ds
J=0 j=0

t () (s))%ds — t s))%ds
+E /0<v<>>d /0<v<>>d

|

We show that the first and third terms converge uniformly and that the second term goes
to 0 as n — o0.

The second term goes to 0 as . — 00 by the argument for simple processes. < I(€), 1(€) >, =
[T V©(s)2ds
0 .
For the third term, the linearity of the integral and the Cauchy Schwarz inequality (applied
to E [}) imply that it is:
1/2
]g E ] E

The first factor is smaller than the square root of € by equation (8.7), whereas the second
factor is bounded.

B|| [z [ weras [0 - vis)a

]1/2

/ot<V 9 (s)+V(s))%ds

The first term in equation (8.8) is handled similarly. The linearity of the Ito integral and

n—1 ( ti+1

the Cauchy-Schwarz inequality applied to E [Z =0 \J¢ )} give that the first term is:
3
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(-1 tit1 i
E (V())*dB(s) — (VE(t))2dB(s)
L Jz:% /tf /tj
= (1% [ v - vienase [ v+ vienase
L|7=0"" J

. 97 1/2
/t '7 <v<s>—ve<s>>dB<s>> E

)

1/2

/t W) + ve(st(S))

J

J=0

5

J=0

By Ito isometry, the first factor in the above expression can be simplified:

-1 i 2 1/2 n—1 ti 2
E|Y ( [ we- ve<s>>dB<s>> -YE ( [ e~ vws))dB(s))
=0 \’% j=0 2
-y /”1 E[(V(s) — V¥(s))2lds
j=0 "t

By equation (8.7), this factor is smaller than €. The second factor equals Z;lz_ol :7“ E[(V(s)+
J

V¢(s))?]ds by Tto-isometry and is uniformly bounded. This concludes the proof of the
proposition. O

Note that quadratic variation < I,1 >y= [(V/(s))?ds is computed path-by-path and
hence the result is random. On the other the variance of the Ito integral Var(I(t)) =
E[I?] = [E[VZ]ds is the mean value of all possible paths of the quadratic variation and
hence is non-random. We are now ready to state Ito’s formula for Ito processes. We write
the result in differential form for conciseness.

Theotrem 8.1. (Ito’s formula for Ito processes). Let (B(t) : t > 0) be a standard brownian motion,
and let (X (t) : t > 0) be an Ito process of the form dX (t) = V (t)dB(t) + D(t)dt. Consider a
Sunction f(t,z) € CL2([0,T] x R). Then we have with probability one for allt < T

df (t, X (t)) = 0, f(t, X(£))dX (t) + O f (¢, X (t))dt + %amf(t,X(t))d <X, X >,

This can also be written as:

df (t, X (t)) =0, f(t, X (1)) V (t)dB(t) + &cf(tX(t))D(t)+3tf(f,X(t))+%(V(t))Qamf(tX(t)) dt
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The proof of the theorem (8.1) is again a Taylor approximation with the form of the
quadratic variation of the process. We will omit it.

Example 8.5. (Ornstein-Uhlenbeck Process). Consider the Ornstein-Uhlenbeck process
(Y(t): t > 0):

Y(t)=Y(0)e " + e_t/o e’dB(s)

Note that this process is an explicit function of ¢ and of the Ito process X (t) = Y (0) +
fot e*dB(s). Indeed, we have:

Y(t)=e tX(t)

Let f(t,z) = e tz. Then, f.(t,z) = e !, fuz(t,x) = 0and f;(t,z) = —e 'x. So, by

1to’s lemma,

df (t,x
dy (¢
dy (t
dy(t

ol X ()t + Folt, X)X (1) + 5 faalt, X(1)d < X, X >,

Y (t)dt + e "dX(t)

—Y (t)dt + et (e'dB(t))

~Y (t)dt + dB(t) (8.9)

N~

This is the SDE for the Ornstein Uhlenbeck process.

The SDE has a very nice interpretation: The drift is positive if Y (¢) < 0 and negative if
Y (t) > 0. Moreover, the drift is proportional to the position (exactly like a spring pulling
the process back to the x-axis following the Hooke’s law!). This is the mechanism that
ensures that the process does not venture too far from 0 and is eventually stationary.

The SDE (8.9) is now easily generalized by adding two parameters for the volatility and
the drift:

dY (t) = —kY (t)dt + 0dB(t), ke R,0>0 (8.10)

It is not hard to check that the solution to the SDE is:

t
Y(t) = Y(0)e ™ + e_kt/ e*odB(s) (8.11)



Exercise 8.1. The Ornstein-Uhlenbeck process with parameters. Use the Ito’s for-
mula to show that the equation (8.11) is the solution to the Ornstein-Uhlenbeck SDE
(8.10).

Solution.

Let X(t) = Y(0) + [ e*0dB(s), s0 dX (t) = e*odB(t). Then, Y (t) = e ¥ X (t).
Let f(t,z) = e *'x. Then, by Ito’s formula:

df (t,z) = —ke M X (t)dt + e *1dX (t)
dY (t) = —kY (t)dt + e " eFodB(t)
dY (t) = —kY (t)dt + odB(t)

The latest version of Ito’s formula is another useful tool for producing martingales from
a function of an Ito process. We start with two examples generalizing martingales for
Brownian motion.

Example 8.6. (A generalization of (B(t))? — t). Let (V(t) : t < T) be a process in
L2(T). Consider an Tto process (X (t) : t < T) given by dX (t) = V(t)dB(t). Note
that (X (¢))? : t < T) is a submartingale by Jensen’s inequality, since E[X2(t)|Fs] >
(E[X (t)|Fs)? = X?(s). We show that the compensated process

M(t) = X2(t) — /Ot VZ(s)ds, t<T

is a martingale for the Brownian filtration. (This is another instance of the Doob-Meyer

decomposition). By the Ito’s formula for f(x) = 22, we have:

df (z) = fo(X (t)dX (t) + %fm(X(t))d <X, X >
= 2X(1)dX (t) + (V(t))%dt
df (X (1)) = 2X(H)V(t)dB(t) + (V(t))%dt

In Integral form this implies:

(X(1))* = (X(0))? +2 / X(5)V(s)dB(s) + / (V(s))%ds
0 0

/§
~~

~—
I

(X(1))* — / (V())%ds = (X(0))? +2 / X(s)V(s)dB(s)
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We conclude that (M (t) : t < T) is a martingale, provided X (t)V (t) € L2(T).

There is another more direct way to prove that (M (t) : ¢ < T') is a martingale whenever
(V(t):t <T) e L2(T). This is by using increments: for t’ <t < T,

E[XZ|F] = B[(X; + (Xp — X1))?|F]
=E[X? +2X,(Xy — X;) + ( Xy — X)?|F]
= X7 42X, B[ Xy — X¢|Fi] + E[( Xy — X¢)?|F)

Since (X; : t > 0) is a martingale, E[(Xy — X¢)|M;] = 0, so the middle term equals
zero and we are left with:

E[X7|F] = X7 + E[(Xe — X¢)?|F]

By conditional Ito Isometry,

t t t
E[(Xt/—Xt)2|]-'t]:/ des—/ des=/ VZds
0 0 t

Example 8.7. (A generalization of the geometric Brownian motion). Let o (¢) be a con-
tinuous, deterministic function such that |o(t)| < 1,¢ € [0, T]. The process

M(t) = exp (/Ot o()dB(s) — ;/Ot 02(3)d5> L t<T

is a martingale for the Brownian filtration. To see this, note that we can write M (t) =
f(t, X(t)) where f(t,z) = exp(z — %f02(s)ds) and X (t) = fg o(s)dB(s), so
dX (t) = o(t)dB(t). Ito’s formula gives:

df (t,x) = fo(t, X (t)dt + fo(t, X (£))dX (t) + %fm(tX(t))d <X, X >

M () = —%az(t)M(t)dt + M(®)o(t)dB() + %M(t)o%ﬁ)dt
— M(®)o(t)dB()

M(t) = M(0) +/0 M(s)o(s)dB(s)
Observe also that:
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E[ME] _fo 2(s) dSE[ 2 flo s)dB(s)] — efot o?(s)ds

. . . . t
since fo $)dB(s) is a Gaussian random Varlable with mean 0 and variance [ 0%(s)ds.

So, E[e 2 ‘7( $)dB(s)] = exp[ x 4 % fo (s)ds] = exp 2[0 (s)ds).
We conclude from the equation that (M (t),t > 0) is a martingale.

Example 8.8. (Martingales of Geometric Brownian Motion). Let

S(t) = S(0) exp(aB(t) — 02t/2)

be a geometric brownian motion. We find a PDE satisfied by f (¢, x) for f(t, S(t)) to be
a martingale. It suffices to apply Ito’s formula of theorem (8.1). We get:

A1 (8, S0)) = Flt, SOVt + folt, SONISE) + 5 fualt, SEAS(E) - dS (1)

Now note from the earlier result that dS(t) = S(t)odB(t). So, dS(t) - dS(t) =
10%(S(t))%dt. So,

of 2 f of ,

arte,50) = { 5 + 32502 54 ar-+ o5 ant)

Finally, the PDE for f(t, ) is obtained by setting the factor in front of dt to 0, because we
want f to be a martingale process. It is important to keep in mind, that the PDE should
always be written in terms of the time variable ¢ and the space variable . Therefore, the
PDE of f as a function of time and space is:

L2 0f OF 4 oy —
x 5‘x2(t’x)+ 5t (t,z) =0

No more randomness appears in the PDE!

Here is a specific case where we can apply the Ito’s formula to construct martingales of
Ito processes.

Example 8.9. Consider the process given by the SDE:

dX(t) = X(t)dB(t), X(0) =2
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Let’s find a PDE for which f (¢, X (t)) is a martingale for the Brownian filtration. We have
by Ito’s formula that:

(1, X (1) = flt, Xt + L6, XONX(E) + 3 Fon(t, X(0)d < X, X >4

_ (g{ Fox0res ﬁ) dt+ X ()5 dB(

Setting the drift term to 0 gives the PDE:

of 0% f
§+— 53 =0

It is then easy to check that X (t) is a martingale and so is ¢ + log(X (¢))?, since the
functions f(t,z) = x and f(t,z) = t + logx? satisfy the PDE. However, the process
tX (t) is not, as the function f(t,x) = xt is not a solution of the PDE.

Now, consider the stopping time 7 = min{¢ > 0, X(t) > 3, or X(¢) < 1}. We will
show that P(X, = 1) = 1/2.

By the optional stopping theorem, we know that a stopped martingale is a martingale. And
E[X,] = E[X,]. We have:

2 = E[Xo] = E[X,] = 1P(X, = 1) 4+ 3P(X, = 3)
= 1B(X; = 1) +3(1 - P(X, = 1)
—3-2P(X, =1)
P(X, =1)=1/2

8.2 Multivariate Extension.

Ito’s formula can be generalized to several Ito processes. Let’s start by stating an example
of a function of two Ito processes. Such a function f(z1,x2) will be a function of two
space variables. Not surprisingly, it needs to have two derivatives in each variable and they
need to be a continuous function; we need f € C>*2(R x R).

Theorem 8.2. (Ito’s formula for many Ito processes) Let (X (t) : t > 0) and (Y (t) : t > 0) be
two Ito processes of the form:

dY () = U(t)dB(t) + R(t)dt 8.12)



where (B(t) : t > 0) is a standard Brownian motion. Then, for f € C**2(R x R), we have:

df (X (), Y (1)) = fo(X (@), Y (£))dX (t) + f(X(2), Y (£))dY (t) + %fw(X(t), Y(t)d < X, X >

+ [y (X (1), Y (t))d < X, Y >, +%fyy(X(t),Y(t))d <Y)Y >,

The idea of the proof is the same as in theorem 8.1 : Taylot’s expansion and quadratic
variation, together with the cross-variation of two processes.

dX(t) - dY (t) = (V(£)dB(t) + D(t)dt)(U(t)dB(t) + R(t)dt)
— ULV (t)dt

Example 8.10. (Product Rule) An important example of this formula is Ito’s product rule.
Let X (t) and Y (¢) be as in equation (8.12). Then:

AX (Y (1) = Y(£)dX (t) + X ()dY (£) + dX (t) - dY (1)

Exercise 8.2. Let (2, F,P) be a probability space and let (B; : ¢ > 0) be a standard
brownian motion. Using integration by parts, show that

/ B(s)ds = / (- 5)aB(s)

and prove that fg B(s)ds ~ N(0,t3/3).
Is

a standard Wiener process?
Solution.

Using integration by parts:



We set u = B(s) and dv/ds = 1. Then:

/ ' Bls)ds = sB(s)h / ' sdB(s)
=tB(t) — /Ot sdB(s)

- /O (t— $)dB(s)

Thus, fg B(s)ds is a Gaussian random vatiable with:

E Uot B(s)ds] _E [/Ot(t _ s)dB(s)}

=0

and

E (/OtB(s)ds>2] = /Ot(t—s)2ds
=P
=3 |

t3
T3

Thus, using the properties of Ito Integral, fot B(s)ds = fg(t — $)dB(s) is a martingale.
Now the quadratic variation < M, M >;= 0, and this can be a bit tricky. Remember,

<f0t f(&BS)dB(S),f(;t f(s,Bs)dB(8)> = fot f?(s, Bs)ds if and only if f is a function

of the time s and the position of the Brownian motion B(s). Since, f is a function of ¢
as well, this rule cannot be applied.

By first principles, we can show that, the quadratic variation is indeed 0:

n—1

n—1
Jim B ()(—’(lﬁavrl)*-’(fj))2 = lim E Z;)ij(tjﬂftj)z
J= J=

n—1
. 2
= Jim  max [tjp1 —t]-E E . By (tj41 —t))
iz
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Since the paths of By are continuous, so are the paths BZ on the compact interval [0, t]. So,
(B2, s € [0,t]) is uniformly bounded. Thus, the expectation term is bounded. As n —
00, the mesh size approaches zero, and consequently the quadratic variation approaches
zeto.

Exercise 8.3. (Generalized Ito Integral). Let (€2, F,P) be a probability space and let
(Bt : t > 0) be a standard brownian motion. Given that f is a simple process, show that:

‘ roaf  af 1. 9f
| sts.man. = ism - | {Bsat+ax+2338x2 s
t 8f
—/0 B, dB,
and
K traf  19%f taf
/Of<s,Bs)ds—tf<t,Bt>—/o s{atUW} ds—/o s ap,
Solution.

1 suppress (t, Bt) for simplicity. Applying the product rule to By f, we get:

d(Bif) = fdB; + Bidf + dB; - df
_ of of 10°f 2
= fdB; + B, (atdt + 5B+ 555 (dBy)
2
+dB; - (afdt + gdBt + 1M(dBt)2)

ot ox 2 0x?
_ of of 1 of
— fdB, + <Btat +o 23t> dt + By5-dB;

¢ i of of 18*f b of
Btf_/0 des+/O (Bsat+é):c+28x238) ds+/0 Bsa—des

' L(oof  Of  10%f Y
/0 deS _Btf_/o (BS&+&C+28;CQBS) dS—/O Bs%st

Applying product rule to ¢ f (¢, B:), we get:
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d(tf) = fdt + tdf + dt - df
of  of 19%f

= fdt+t (atdt +5-dB, + 2(,)%2(d13t)2>

+dt <afdt + ﬁdBt + 182f(dBt)2>

ot oz 2 0z2
B of 10%*f of
= fdt+t (& + 26332) i+t dB,

t t 2 t
af 10°f af
tf = d — +-—=1]d —dBy
f /Of5+/08(8t+28x2) s+/osax p
‘ to(of 19 tof
ds=tf — - 4+ ——=]ds— —dB
/Ofs ! 08<8t+23x2) s /Osax :
The following example will be important when we discuss the Girsanov theorem.

Example 8.11. (A generalization of the Geometric Brownian Motion). Consider ( |, Ot V(s)dB(s),t >
0) an Ito process. Define the positive process:

t t
Mt:exp(/ VSdBS—/Vfds>, t>0
0 0

Consider

8.3 Martingale Representation and Levy’s characterization

We know, very well, by now that an Ito integral is a continuous martingale with respect
to the Brownian fitration, whenever the integrand is in £2(T"). What can we say about
the converse? In other words, if we have a martingale with respect to some Brownian
filtration, can it be expressed as an Ito-integral for some integrand (V' (¢t) : ¢t € [0,T1).
Amazingly the answer to this question is yes.

Theorem 8.3. (Martingale Representation Theorem). Let (B(t) : t € [0,T]) be a Brownian
motion with filtration (Fy = t > 0) on (Q, F,P). Consider a martingale (M (t) : t € [0, T]) with
respect fo this filtration. Then, there exists an adapted process (Vi t < T') such that:

t
M, = M, +/ VidB,, t<T (8.13)
0

One striking fact of this result is that (M : ¢ < T') ought to be continuous. In other words,
we cannot construct a process with a jump that is a martingale adapted to a Brownian
motion!
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Instead of proving the theorem, we will see how the result is not too surprising with
stronger assumptions. Instead of supposing that M is Fi-measurable, take that My is
o (Bt)-measurable. In other words, My = h(B;) for some function h. In the case that h
is smooth, then it is clear by the Ito’s formula that the representation that the representation
in equation (8.13) holds and V; = h/(By).

The relevance to hedging of this is that the only source of uncertainty in the model is
the Brownian motion appearing in theorem (8.3), and hence there is only one source of
uncertainty to be removed by hedging. This assumption implies that the martingale cannot
have jumps because Ito integrals are continuous. If we want to have a martingale with
jumps, we will need to build a model that includes sources of uncertainty different from
or in addition to Brownian motion.

9 Change of Probability.

9.1 Change of Probability for a Random Variable.

Consider a random variable X defined on (2, F,P) with E[X] = 0. We would like to
change the mean of X so that u # 0. Of course, it is easy to change the mean of a random
variable: If X has mean 0, then the random variable X + p has mean p1. However, it might
be that the variable X + p does not share the same possible values as X. For example,
take X to be a uniform random variable on [—1, 1]. While X + 1 has mean 1, the density
of X + 1 would be non-zero on [0, 2] instead of [—1, 1].

Our goal is to find a good way to change the undetlying probability P, and thus the distribu-
tion of X, so that the set of outcomes is unchanged. If X is a disctete random vatiable, say
with P(X = —1) = P(X = 1) = 1/2, we can change the probability in order to change
the mean easily. It suffices to take P so that I@(X =1)=pandP(X =-1)=1-p
for some appropriate 0 < p < 1.

If X is a continuous random vatiable, with a PDF fx, the probabilities can be changed
by modifying the PDF. Consider the a new PDF:

Ix(x) = fx(x)g(x)

for some function g(z) > 0 such that [ f(z)g(x)dz = 1. Clearly, fx (x)g(x) is also a
PDF and fx(z) > 0if and only if fx (x)g(z) > 0, so that the possible values of X are
unchanged. A convenient (and important!) choice of function g is:

ax ax

e e
= e i BN €R ©.1)

g()

assuming X has a well-defined MGF. Here a is a patameter that can be tuned to fit to a
specific mean. The normalization factor in the denominator is the MGF of X. It ensures
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that fx (z)g(x) is a PDF. Note that if a > 0, the function g gives a bigger weight to large
values of X. We say that g is biased towards the large values.

Example 9.1. (Biasing a uniform random variable). Let X be a uniform random variable
on [0, 1] defined on (2, F, P). Cleatly, E[X] = 1/2. How can we change the PDF of X
so that the possible values ate still [0, 1], but the mean is 1/4. We have that the PDF is
fx(x) = lifx € [0,1] and O elsewhere. Therefore, the mean with the new PDF with

parameter @ as in the equation (9.1) is:

1
E[X]:/ xf(z)dx
0
1 ar
Te
= ——d
/o Efe=X] ™"
1
- / ze*dx
et —1 Jp
azx1 1
- [aze} 71/ e dx
er —1 a |, aly

a e’ le*—1
e —1\ a a a

e? 1

e —1 «a

For E[X]to be equal to 1/4, we get numerically a =~ —3.6. Note that the possible values
of X remain the same under the new probability. However, the new distribution is no
longer uniform! It has bias towards values closer to zero, as it should.

Example 9.2. (Biasing a Gaussian random variable). Let X be a Gaussian random variable
with mean j1 and variance 2. How can we change the PDF of X to have mean 0? Going
back to (9.1), the mean p under the new PDF with parameter a is:

287



&=

[eaX
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1
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1 1
= i oy 271_0 T - exp

] 27TO'

x2 —2/w—|—,u — 2a0? x)}
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2

<x f2u+aa Har + (u+ ac?)? — 2uac? —a 04>}d
x

eua+a202/2 1 1
= eua-i- 2,2 \/70—/ T exXp 5
1 > 1 —
_ / esp (xwﬂw)> i
2710 J—o 2 o

For the specific choice of the parameter a = /02, we recover the PDF of a Gaussian
random variable with mean 0. But, we can deduce more. The new PDF is also Gaussian.
This was not the case for uniform random variables. In fact, the new PDF is exactly the
same as the one of X — p. For if, a = j1/0?, we have:

- 1 o z?
E[X] = 27“7/ Z exp {_W} dx

and observe that if Y = X — p, then:

Fy(z) =P(X — p < 1)

=P(X <z+p)
= Fx(z+p)
d d
2 (Ro@) = L (e + )
fr (@) = fx(x+p) - ——(x+p)
fr (@) = fx(x+p)
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In other words:
For Gaussians, changing the mean by recentering is equivalent to changing the probability as in (9.1).

This is a very special property of the Gaussian distribution. The exponential and Poisson
distributions have a similar property.

Example (9.2) is very important and we will state it as a theorem. Before doing so, we notice
that the change of PDF (9.1) can be expressed more generally by changing the underlying
probability measure(length, atea, weights) P on the sample space €2 on which the random
variables are defined. More precisely, let (€2, F,P) be a probability space, and let X be a
random variable defined on Q. We define a new probability P on Q as follows:

If £ is an event in F, then:

B(e) = 1] = / e - f(x)dz
= [ 1e - g(@)x(@)da
:/ng . %fx(x)dx

aX
- [15 e} 9.2)

—

E[eaX ]
Intuitively, we are changing the probability of each outcome w € &, by the factor

eaX (w)

E[eoX]

9.3)

In other wotds, if a > 0, the outcomes w for which X has large values are favored. Note
that equation (9.1) for the PDF is recovered, since for any function h of X, we have:

In this setting, the above example becomes the preliminary version of the Cameron-Martin-
Girsanov theorem:

Theorem 9.1. Ler X be a Gaussian random variable with mean . and variance o? defined on
(Q, F,P). Then, under the probability P given by:

=

P(E) =K |:156:2X+ ”2] ., EeF 9.4)
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the random variable X is Gaussian with mean O and variance 0.

Moreover, since X can be written as X =Y 4 p where Y is Gaussian with mean O and variance o2

under B, we have that ®° can be written as:

u2

BPE)=E [1gea”2xéa] , E€F ©.5)

It is good to pause for a second and look at the signs in the exponential of equations
(9.4) and (9.5). The signs in the exponential might be very confusing and is the source of
many mistakes in the Cameron-Martin-Girsanov theorem. A good trick is to say that, if
we want to remove i, then the sign in front of X or ¥ must be negative. Then, we add
the exponential factor needed for Ptobea probability. This is given by the MGF of X or
Y depending on how we want to express it.

The probabilities P and P, as defined in the equation (9.4) are obviously not equal since
they differ by a factor in (9.3). However, they share some similarities. Most notably, if
& is an event of positive P-probability, P(£) > 0, then we must have P(§) > 0, since
the factor in (9.3) is always strictly positive. The converse is also true: if £ is an event of
positive P-probability, P(£) > 0, then we must have that P(£) > 0. This is because the
factor in (9.3) can be inverted, being strictly positive. More precisely, we have:

P(€) = E[l¢]
e () |
() |

-1
The factor (?E[eiax]) is also strictly positive, proving the claim. To sum it all up, the

=E

probabilities P and [P essentially share the same possible outcomes. Such probability mea-
sures are said to be equivalent measures.

Definition 9.1. Consider the two probabilities P and P on (Q, F). They are said to be
equivalent, if for any event & € F, we have P(E) > 0 if and only if P(€) > 0. Thus,
P and P agree on the null sets. If A € F is such that P(A) = 0, then P(A) = 0 and

vice-versa.

Keep in mind that two probabilities that are equivalent might still be very far from being
equal!
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9.2 The Cameron-Martin Theorem.

Theorem 9.2. (Cameron-Martin Theorem for constant drift). Let (B(t),t € [0,T) beaP—Brow-
nian motion with constant drift 0 defined on (0, F,P). Consider the probability Pon S given by:

PE)=E [6_6B(T)+§Tlg} , EE€F 9.6)

Then, the process (~B (t),t € [0,TY)) nnder Pis distributed like a standard brownian motion. Moreover,
singe we can write By = O+ By for some standard brownian motion (By, t € [0,T]) on (Q, F,P),
the probability ®° can also be written as:

PE)=E [B_QB(T)_ngg} ©.7)

It is a good idea to pause again and look at the signs in the exponential in equations (9.6)
and (9.7). They behave the same way as in theorem (9.1). There is a minus sign in front of
Bt to remove the drift. Before proving the theorem, we make some important remarks.

(1) The end-point. Note that only the endpoint B (T') of the Brownian motion is in-
volved in the change of probability. In particular, T' cannot be +-00. The Cameron-Martin
theorem can only be applied on a finite interval.

2 _
(2) A martingale. The factor My = e 0B~ 5T — =0BD+30°T jnyolved in the
change of probability is the end-point of a P—martingale, that is, it is a martingale under
the otiginal probability IP. To see this:

E[Mr|F] = E [ B30T 7,
— ¢ 9BOOR {e—a(B(T)—B(t))|ft} BT
{Using B(T') — B(t) L F:}
— o—9BOR {e—a(B(T)—B(t))} 6_§T
— o OB() S (T—t) =& T

02
— 0Bt

2
In fact, since B(t) is a P-standard Brownian motion, M (t) = e B~ ‘Tt

brownian motion.

is a geometric

Interestingly, the drift ofB(t) becomes the volatility factor in M7! E[M2] = E[eiQ@B(T)fwT] =
6—92T .E[e—QeB(T)] _ 6—02T . 6202T _ 692T‘
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The fact that M () is a martingale is very helpful in calculations. Indeed, suppose we want

to compute the expectation of a function F(B(s)) of a Brownian motion with drift at
time s < 7. Then, we have by theorem (9.2):

E[F(B(s))] = E[MrM; ' F(B(s))]
E[M; ' F(B(s))]
= E[¢"PD 2" F(B(s))]

Now, we know that under I@’probability, (B (t),t € [0,T7) is a standard brownian motion,

= . . B(t)— 102t .
or P-standard brownian motion for short. Therefore, the process /P =297 is a mar-
tingale under the new probability measure P, or a P-martingale for short. By conditioning

over Fy and applying the martingale propetty, we get:

Il
=h
&
N
<
EX
=
|
-
ES
S
=

[603(8)7%928}7(3(8) ]
[eGB(s)—%Ost(B(S)

Il
& &

The last equality may seem wrong as removed all the tildes. It is not! It holds because
(E(t)) under P has the same distribution as (B(t)) under IP: a standard brownian motion.
Of course, it would be possible to directly evaluate E[F(B(S))] here as we know the
distribution of a Brownian motion with drift. However, when the function will involve
more than one point (such as the maximum of the path), the Cameron-Martin theorem is

a powerful tool to evaluate expectations.

(3) The paths with or without the drift are the same. Let (B(t),t < T) be a standard
Brownian motion defined on (€2, F,P). Heuristically, it is fruitful to think of the sample
space of {2 as the different continuous paths of Brownian motion. Since, the change of
probability from IP to I@Simply changes the relative weights of the paths (and this change of
weight is never zero, similarly to equation (9.3) for a single random variable), the theorem
suggests that the paths of a standard Brownian motion and those of a Brownian motion
with a constant drift 6 (with volatility 1) are essentially the same.

The form of the factor My = efﬁBTHﬂT can be easily understood at the heuristic level.
For each outcome w, it is proportional to e "?57 () (The term e /2T i simply to ensure
that P(2) = 1) Therefore, the factor My penalizes the paths for which By (w) is large
and positive (if § > 0). In particular, it is conceivable that the Brownian motion with
positive drift is reduced to standard Brownian motion under the new probability.

(4) Changing the volatility. What about the volatility? Is it possible to change the proba-
bility P to P in such a way that the Brownian motion undet [P has volatility ¢ # 1 under P?
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The answer is no! The paths of the Brownian motions with different volatilities are inher-
ently different. Indeed, it suffices to compute the quadratic variation. If (B; : ¢ € [0,T])
has volatility 1 and (B, t € [0, T]) has volatility 2. then the following convergence holds
for w in a set of probability one (for a partition fine enough, say t;41 — t; = 27", Then
Bt=f1-dBtandBt=f2-dBt

n—1

T
Jm 3B @)= By = [0t s =T
=

n—1

T
Jim (B () = By ) = [ 22ds—ar
3=0

In other words, the distribution of the standard brownian motion on [0, T'] is supported
on paths whose quadratic variation is T, whereas the distribution of (Bt, t > 0) is sup-
ported on paths where the quadratic variation is 47". These paths are very different. We
conclude that the distributions of the two processes are not equivalent. Hence, a change
of probability from IP to P is not possible. In fact, we say that they are mutually singular,
meaning the set of paths on which they are supported are disjoint.

Proof.

Let (Bt~ : ¢t € [0,T]) be a Brownian motion with constant drift § defined on (2, F,P).
Thus, Bt = 0t + Bt.

Claim. Bt is a I@—martingale.

Let

Mt = f(t, Bt) = CXp(—eBt - (92/2)t)

So:

62 1
My = == Mydt — OMyd By + 5eQM(t)dzt
= —HMtdBt

Consider the product (M, Bt) We have:

d(M,B,) = BydM, + M,dB, + dM, - dB,
= —BOM;dB; + My (0dt + dB;) — OM,dB,(0dt + dB;)
= —B,0M,dB, + OM,dt + M,dB, — O M,dt

(—B.0 + 1) M,dB,
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Thus, by the properties of Ito integral, M Byisa martingale under IP. By the abstract Bayes
formula (9.4):

Thus, Bt isa Iﬁ’—martingale.

Claim. Our claim is that under the P measure, B, ~ A\’ I?P(O, t) and to do this we rely on
the the moment-generating function.

By definition, for a constant W:

Mg, (0) =R {exp (\pétﬂ

:MT exp (\I/Bt)]

- ] , )
=E |exp (-93T + %T T \IlBtﬂ

- 02
= |exp (—9(0T +Br) + 5 T+ (6t + Bt)ﬂ

- 62

= exp <922T - \110t> E(—0(Br — B:))E (¥ — 0)By)
= exp <—022T + \110t> exp [;92(T - t)} exp [;(\I/ - 9)%]
=exp {; (6% —2¥60 — (¥ — 6)?) t]

= exp {—; (6% — 206 — (V> — 200 + 6%) t}

= exp(—0?t)

Thus, B, ~ NF(0,1).

Claim. Finally, to show that Bt is indeed a2 P—standard brownian motion, we have the
following:
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(a) By = 0(0) + By = 0 and B has almost surely continuous paths.

(b) We would like to prove that, for s < ¢, B; — B, ~ ./\/]15(0, t —s). We have:

E[Bt - Bs] = E[Bt] - E[Bs]
0

And,

E[(B; — B,)? = E[B? — 2B,B, + B?|
E[Bf] — 2E[B, B,] + E[B]
t+ s — 2E[B,B,]

(c) The non-overlapping increments of a I@’—martingale are independent. To see this, sup-
pose tl § tQ § t3:

E[(B, — By, )(B, — By,)] = E[E[(By, — By,) (B, — By, )| Fi,]]
[
[

Btz - Btl)E[(Bts - Bt2)|~7:t2]]
Btz - Btl)(Bt2 - Btz)ﬂ =0

E
E

(
(

Also, the covariance

So,E[(By — By)?| =t+s—2s=1t—s.
Consequently, Bt is a P-standard brownian motion.

Example 9.3. (Bachelier’s formula for Brownian motion with a drift) One of the most
interesting formulas we have seen so far is Bachelier’s formula for the maximum of the
Brownian motion in proposition

9.3 Radon-Nikodym Theorem.
Theotem 9.3. Ler (U, F,P) be a probability space. Let Q be another probability measure. Under

the assumption that Q is absolutely continnons with respect to P, that is, Q(A) = 0 <= P(A) = 0,
there exists a non-negative random variable Z such that:
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_ @

Z =
dP

and we call Z the Radon-Nikodym derivative of Q with respect to PP.

At a heuristic level, as long as P and Q agree on the possible events (and null sets), we can
define a likelihood ratio of the little probability elements dQ(w) and dP(w). This is an

almost surely non-negative random variable with expectation 1.

It follows that:

Q(&) = E?1¢]
=/ liwesydQ(w)
Q

= A l{weg}ZdP(w)

=E[Z1¢]

Since Q is a probability measure, Q(2) = EF[Z - 1] = EF[Z] = 1.
and
EQ[X] = EF[ZX]
1

EF[X] = E@[EX]

Definition 9.2. (Density Process). We can define the Radon-Nikodym derivative(likelihood
ratio) process:

d
20) = B| =E127
t

Then, Z(t) is a P—martingale with Z(0) = E¥[Z(t)] = 1. To see this:
E°[Z(t)|Fs] = EV[E7[Z|F ]| 7]
= E'[Z| ]

{Tower law}
— 2(s)
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Theotem 9.4. (Abstract Bayes’ Formula) Let (Y, F, ) be a probability space and let Q be any other
probability measure on it and suppose that Q << . By the Radon-Nikodym theorems, 3Z = dQ/dP,
Z >0 as. withBE[Z) = 1. Then, we have:

E*[ZX|Fi]

BRI =

Proof. We use the definition of conditional expectations. Out claim is that for all A € F,

/EP[ZX|]-}]d}P’:/EP[Z\Ft}EQ[X\Ft}dP
A A

For the left side:

/ EF[Z X |F;]dP = / ZXdP
A A

{Definition of conditional expectations }

:/Xd@
A

{Radon-Nikodym Derivative }

For the right side:

/A EF[Z| F|EQ[X | F;)dP = /A EF[ZEQ[X|F,)|F;|dP
{Since EQ[X | F,] is F; — measurable}
:/ ZEQ[X|F;)dP
{De;nition of conditional expectations }
- [ Bex|Fd

{Radon-Nikodym Derivative}

:/AXdQ
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9.4 Change of Measure for processes.

Theotem 9.5. (Change of Measure). Let (2, F,P) be a probability space and let M (t) be any
density process. Let X (t) be any Fy-measurable random variable. Then:

B ()] = 5 | X (DI

Proof. Recall that M = dQ/dP. By the conditional Bayes’ formula:

P
B (1)IF] = ey
_ BPEIMX(T)Fr]|1 7

M(t)
{Tower law; definition of density processM () }
_ EPX(T)EIM|Fr] 7

M(t)
{Taking out what is known}
_ EFX(T)M(T)| 7]

M(t)
_ EF[X(T)M(T)| 7]
- M(t)
M(T)

=EP {M(t)X(T)u-}}

O

A density process may be used to artificially construct a new measure. Let M (t) be any
P-martingale with M (0) = 1. We choose a final hotizon time T and define the Radon-
Nikodym detivative as Z = M (T'). The cotresponding measure:

Q(A) = E9[14] = EF[M(T)14]

9.5 Black-Scholes Merton Option Pricing Formulae.
Let (W(t),t € [0,T]) be a Brownian motion on the probability space (2, F,P). The

Black-Scholes model consists of two assets (i) a stock and (ii) a risk-free bank account with
dynamics as follows:
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dS(t) = pS(t)dt + o S(t)dW (t)

Let f(x) = lnz. Then, by Ito’s lemma:

4 (x) = fola)da + g furo)dr - do
1 1 1

df(S(t)) = %dS(t) - 5stu)dsos)
= pdt + odW (t) — %Sé)Qa?SQ(t)dt

d(In S(t)) = (u - ;ﬁ) dt + odW (t)

In (5((3))) = /Ot (u— ;ﬁ) dt+/0tJdW(t)
S(t) = S(0) exp K” - 502) "t ch(t)]

The dynamics of the locally risk-free bank account are:

dB(t) = rB(t)dt

The dynamics of the discounted stock price process ate:

d(e " S(t)) = d(e”")S(t) + e "t dS(t) + d(e”")dS(t)
= —re " dtS(t) + e " (uS(t)dt + o S(t)dW (t))
=e "'S{t)(p—r)dt + e "o S(t)dW (t)

= e S (t) {(Ma_r)dt + dW(t)}
=e "o S(t)(0dt + dW (1))
Define

aQ
dP

2
670W(t)7%t

t

and
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WQ(t) = W(t) + 6t
dWQ(t) = dW (t) + Odt

Then, by the Girsanov theorem, WQ(t) is a Q-standard brownian motion. WQ(t) ~
NQ(O, t). Under Q, the dynamics of the discounted stock price is:

d(e™"S(t)) = e "o S(t)dWO(t)

The measure Q is said to be risé-nentral because it is equivalent to P (Q(A) = 0 <
P(A) = 0; they agree on null sets) and in addition it renders the discounted stock price
into a martingale. Indeed:

e=TS(1) = S(0) + /0 =8 (u)dW ()

and the process fot e~ o.S(u)dWQ(u) is an Tto-integral and therefore a Q-martingale.

The undiscounted stock price process (S(t),t € [0,T) is described by the Q-dynamics:

dS(t) = uS(t)dt + o S(t)(dW2(t) — dt)
uS@)dt — oS(t) - =L dt 1+ oS ) dwt)

g

= uS(t)dt — pS(t)dt + rS(t)dt + o S(t)dWe(t)
= rS(t)dt + oS (t)dW(t)

and

S(t) = S(0)exp [(r — 0?/2)t + oW (t)]

By the risk-neutral pricing formula, the price of a derivative security with payoff V (T') is:

V(t) = EQe~ Ji rduy (1) F,]

We have r(u) = r. And further, for a european call option: V(T') = ((S(T) — K) -
1¢sr>kKy- Thus:
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V(t) = e "TOEQ(S(T) — K) - 1{s(ry>r} | F]
= e "TOEQ[S(T) - Lisrysky|Fe] — e_T(T_t)EQ[K' Lis(rysky|Fil
_ efr(Tft)]EQ[S(T) r(Tft)EQ[

Lis(ry>ky|Fe] — Lis(ry>xy | F]

The second expectation is easily solved. We have:

EQU{S(T)>K‘]:15} =Q{S(T) > K|FH]

Using the fact, that

Q{S(T) > K|F;} = Q{log S(T) > log K| F;}

= Q{log S(t) + <7“ — 02> (T —t) + o (WUT) — WOt)) > log K}

Let Z be a standard normal random variable following N©(0,1). Then, W(T) —

Wot) =T —tZ:

Q{S(T) > K|F,} = Qflog S(t) < )+ o (WUT) — WD) > log K}

w\“m w\%

Ja
= Q{log S(t) < > —t) +oVT —tZ > log K}

_o(z> log K —log S(t) — (7’ — %2) (T —1)

}

log%ﬁ- (7"—%) (T -1

=0z < T
—®(d_(r,S()), T=T—t

The first expectation is typically solved using a change of numeraire.

Let Q be another probability measure related to Q defined by the Radon-Nikodym deriva-
tive:

_dQ  S(T)e T o? 0
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and correspondingly, let us define the Radon-Nikodym derivative process (M (t),t €
[0,T7]) as:

M) = 5| =E9(M|F]

Clearly, M (T) is a non-negative random variable.

We note that:
Q efrT
B ()] = S
5(0)

- 50 "

{Discount stock price is a martingale under Q}

Further, M (t) is an exponential Q-martingale. So:

By the change-of-measure theorem, the first expectation can be expressed as follows.

S(Tye T

E°[L{s(r)> w1 Fe] = E2 {5(15)6” - 1{S(T)>K}]:t:|

SHELs(rys i = E® [ST)e™ T - Lsirys ) i

= B2 [S(T)e T A (grys i 7] = SOQUS(T) > K|F}
So, the value of a European call option can be written as:

V(t) =EYS(®) - Liserysxy | Fe) — e "TTIELK - 1s(r)s 1))

or equivalently:

V(t) = S(QLS(T) > K|F} — Ke"T=9Q{S(T) > K|F}
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Finally:

QS(r) > K17} = B9 |3 s 1

_ RO [e—%(T—tHa(W@(T)—W@(t))1{S(T)>K}‘ft}

Define Y := N®(0,1). Then, W(T) — W(t) = /(T — t)Y. Now, it is easy to see
that the event { ST > K} is the same as {Y < d_ (7, S(t))}. Thus:

) d_(7,5(t)) 2
s> K17y = [ e (<G avi) By

—0o0

1 d_(7,5(t)) o2 y2
= E/ exp (—27' + U\ﬁy) exp <—2> dy

1 d_(7,5(t)) 1
— ?/ exp [—( 2T+2U\ﬁy+y2)} dy
1 pd-(ns) ,
:E/ exp [—Q(y-i-aﬁ) }dy
— 00

1 d_(7,S5(t))+o/T 1 5
= — exp |—=2"| dz
V 27T [oo |: 2 :|

Letdy(7,S(t)) =d_(7,5(t)) + oy/7. Then:

_ N

Q{S(T) > K|F,} = (d+(r, 5(1))
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